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PREFACE TO VOLUME III 


4 ца present volume continues the theory of series begun in Volume II, 
and then proceeds to the theory of measurement. Geometry we have 
found it necessary to reserve for a separate final volume. 


In the theory of well-ordered series and compact series, we have followed 
Cantor closely, except in dealing with Zermelo’s theorem (ж257--8), and in 
cases where Cantor's work tacitly assumes the multiplicative axiom. Thus 
what novelty there is, is in the main negative. In particular, the multi- 
plicative axiom is required in all known proofs of the fundamental proposition 
that the limit of a progression of ordinals of the second class (2.6. applicable 
to series whose fields have N, terms) is an ordinal of the second class (cf. x265). 
In consequence of this fact, a very large part of the recognized theory of 
transfinite ordinals must be considered doubtful. 


Part VI, on the theory of ratio and measurement, on the other hand, 
is new, though it is a development of the method initiated in Euclid Book V 
and continued by Burali-Forti# Among other points in our treatment of 
quantity to which we wish to draw attention we may mention the following. 
(1) We regard our quantities as in а generalized sense “vectors,” and 
therefore we regard ratios as holding between relations. (2) The hypothesis 
that the vectors concerned in any context form a group, which has generally 
been made prominent in such investigations, sinks with us into a very 
subordinate position, being sometimes not verified at all, and at other times 
а consequence of other more fruitful hypotheses. (3) We have developed 
a theory of ratios and real numbers which is prior to our theory of measure- 
ment, and yet is not purely arithmetical, 1.6. does not treat ratios as mere 
couples of integers, but as relations between actual quantities such as two 
distances or two periods of time. (4) In our theory of “vector families,” 
which are families of the kind to which some form of measurement is 


* Cf. Peano’s Formulaire, т. (1895), pp. 28—57. 
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applicable, we have been able to develop a very large part of their properties 
before introducing numbers; thus the theory of measurement results from 
the combination of two other theories, one a pure arithmetic of ratios and 
real numbers without reference to vectors, the other a pure theory of vectors 
without reference to ratios or real numbers. (5) With a view to geometrical 
applications, we have devoted a special Section to cyclic families, such as the 
angles about a given point in a given plane. 


The theory of measurement developed in Part VI will be required in the 
next volume for the introduction of coordinates in Geometry. 


We have to thank various friends for their kindness in bringing to our 
notice mistakes and misprints noted in the Errata, both in this and in 
previous volumes. 


А. М. М. 
В. В. 


15 February 1913 
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SECTION D. 


WELL-ORDERED SERIES. 


Summary of Section D. 


A “well-ordered " series is one which is such that every existent class 
contained in it has a first term, or, what comes to the same thing, one which 
is such that every class which has successors has a sequent. We will calla 
relation in general well-ordered if every existent class contained in its ве 
has one or more minima. Then a well-ordered series is a series which is a 
well-ordered relation. 


Well-ordered series have many important properties not possessed by 
series in general. A well-ordered series is Dedekindian, except for the fact 
that it may have no last term; 4e. every section having a last term is 
Dedekindian. A well-ordered series which is not null has a first term, and 
every term of the series (except the last, if there is one) has an immediate 
successor. A very important property of well-ordered series is that they 
obey an extended form of mathematical induction, which we shall call 
“transtinite induction," namely the following: If с is a class such that the 
sequent (if any) of any class contained in т and in the series is a member of 
c, then the whole series is contained in о. (It will be observed that A is 
contained in с, and therefore, by «20614, БЕР is a member of c.) This 
differs from ordinary mathematical induction by the fact that, instead of 
dealing with the successors of single terms, it deals with the successors 
of classes. A closely analogous property, which holds for all well-ordered 
relations, whether serial or not, is the following. If с is a class such that, 


whenever Ре Со, where z is any member of СҰР, д itself belongs to о, then 
C*PCa. If P is well-ordered, this property holds for all o's ; and conversely, 
if this property holds for all o’s, P is well-ordered. Hence this property 
is equivalent to well-orderedness. 


If P is a well-ordered series, minp selects one term out of each member 
of Clex*C*P. Hence С“Р, which is minp**Cl ex*C*P, is a member of the 
multiplicative class of Clex‘C*P ; hence the multiplicative class of Cl ех“С“Р 
exists, and therefore the multiplicative class of any class contained in 
СІ ех“СЕР exists (by «88:22). It follows that if 8% can be well-ordered, and 
A ~e x, the multiplicative class of к exists; and that, if every class can be 

R. & W. IIl. 
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well-ordered, the multiplicative axiom holds. The converse of this latter 
proposition also holds, as has been proved by Zermelo (cf. *258). 


Another important set of properties of well-ordered series results from 
ж208:41 ff. Two ordinally similar well-ordered series can only be correlated 
in one way; and no proper section of a well-ordered series is ordinally 
similar to the whole series. (A “proper” section is a section not the 
whole.) 


From the uniqueness of the correlator of two similar well-ordered series, 
it follows that all the uses of the multiplicative axiom in #164 сап be avoided 
if the fields of the relations concerned consist of well-ordered series. 1.6. 
taking ж164:45, which is the fundamental proposition in this subject, we 
have, without assuming the multiplicative axiom, 


P,Q є Rel? excl. 2:9! Psmor Qa Ri‘smor . = . P smor smor Q, 


whenever C*P and С%) consist of well-ordered series. Hence, under this 
hypothesis, the multiplicative axiom disappears from the hypotheses of all 
the consequences of #16445. 


Ordinal numbers (x251) are defined as the relation-numbers of well- 
ordered series. (This definition is in accordance with usage: otherwise, there 
would be no special reason against defining “ordinal numbers” as the 
relation-numbers of series in general. The relation-numbers of series will 
be called serial numbers.) Sums of an ordinal number of ordinal numbers 
аге ordinal numbers, but products of an ordinal number of ordinal numbers 
are not in general ordinal numbers. The product of an ordinal number of 
serial numbers is а serial number, and the product of an ordinal number (not 
zero) of ordinal numbers other than zero is not zero, 1.6. a product of ordinal 
numbers, in which the number of factors is an ordinal number, does not 
vanish unless one of the factors vanishes. (For relations in general, the 
corresponding proposition requires the multiplicative axiom.) If v is ап 
ordinal number, and д is any serial number, p exp,» (ie. и” as it would 
naturally be called) is a serial number; but if p >l, шехр,у is not an 
ordinal number unless v is finite. 


The theory of sections aud segments (#252, 253) is much simplified for 
well-ordered series, owing to the fact that every proper section has a sequent. 
Proper sections are identical with proper segments, and both are identical 


with Р“СР, The series of sections, s‘Py, is РГР СР. The series of 
segments, <Р, is PP or Pip C*P according as there is or is not a last 
term of C*P. The series of sectional relations, Ps, is PUPPY GPP; 
its domain is рФесе, and its field is PYPP уиР. If 
zeC P, PL PG is never similar to P. 
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The theory of greater and less among well-ordered series and ordinal 
numbers is dealt with in ж254 and «255. Cantor has proved, by means of 
segments, that of any two different ordinal numbers one must be the greater. 
This is proved by showing that of any two well-ordered series which are not 
similar, one must be similar to a segment of the other. We define an 
ordinal number a as less than another В if series P and Q can be found such 
that P is an a and Q is a B and P is similar to some relation contained in Q, 
but not to Q. It can be proved that all the ordinals less than Nr‘Q belong, 
one each, to the proper segments of Q. Hence to say that the ordinal 
number of P is less than that of Q is equivalent to saying that there is a 
proper segment of Q to which P is similar. 

When two series have the same ordinal, they also have the same cardinal, 
in virtue of «15118, but the converse does not hold. When the cardinal 
number of one series is greater than that of the other, so is the ordinal 
number. When two classes can be well-ordered, any well-ordering will make 
the one class similar to a part of the other, or the other similar to а part of 
the one, in virtue of the properties of segments of well-ordered series. Hence 
of two different cardinals each of which is applicable to classes which can be 
well-ordered, one must be the greater—a property which cannot: be proved 
concerning cardinals in general. 

In *256 we deal with the series of ordinals in order of magnitude. We 
show that, this is a well-ordered series. and that the series of all ordinals of 
a given type has an ordinal number which is greater than any of the ordinals 
of the given type. This constitutes the solution of Burali-Forti’s paradox 
concerning the greatest ordinal: there is no greatest ordinal in any one 
type, and all the ordinals of a given type are surpassed by ordinals of higher 
types. 

X257, «258 and ж259 deal with “transfinite induction " and its appli- 
cations, of which the most important is Zermelo's theorem, namely, 
ж258:34. bs. prel.d:SeesClexu. =. 

(ЯР). PeQ. CCP = и. 8 = mingt Cl ех 
where 0) is the class of well-ordered series. This proposition leads to the 
following : 
#25836. Е: ре 0“О м1. =. lea Cl ех 

Т.е. а class can be well-ordered or is a unit class when, and only when, а 
selection can be made from its existent sub-classes. Hence we arrive at 
ж258:37. F:Multax.z. 00 v1- Сів 

Г.в. the multiplicative axiom is equivalent to the assumption that every class 
can be well-ordered or consists of a single member. 

The proof of Zermelo's theorem uses an extension to transfinite induction 
of the ideas of *90 and ж91, which is explained in x257. 


ж250. ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES. 


Summary of ж250. 

A relation is called “ well-ordered” when every existent sub-class of its 
field has one or more miniina. А well-ordered series is defined as a well- 
ordered relation which is a series. We shall denote the class of well-ordered 
relations by “ Bord,” which is an abbreviation for “ bene ordinata" or “ bien 
ordonnée.” The class of well-ordered series will be denoted by О. Thus 
our definitions are 

Bord = Р (Clex'C*P C чаше) Df, 
О = Ser л Bord Df. 
Well-ordered relations other than series will be seldom referred to after the 
present number. 

By applying the definition of “ Bord” to unit classes, it appears that a 
well-ordered relation must be contained in diversity (*250104) A well- 
ordered relation is one whose existent upper sections all have minima 
(ж250°102). Hence by «21117, 
ж250103. +: Pe Bord. =. P,, e Bord 

Hence by ж250:104, 
ж250105. +: Pe Bord. D. Pp CJ 

By considering couples, it can be shown (250111) that a well-ordered 
relation in which no class has more than one minimum is connected ; hence 
by «204-16 and «250-105, it is a series. Thus we have 
#250125. Е: PeQ.=. Et! minp“Cl ex‘C*P, 

Те. a well-ordered series is a relation such that every existent sub-class 
of the field has a unique minimum. This might have been taken as the 
definition of О. 

By the definition of О we have 
#260121. +:.РеО.=: Ребе: аС СР. ц!а.2.. Е! тіпра: 

zmiPeSeriglanC'P.2,. E! minj/a 

Applying this to С“Р we have 
ж25013. F:PeQ—vÀ.2.E! BP 
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We have also 
«250141. H: РеО.Э.Р(ас0 
ж25017. Fi P,QeQ А.Э: PsmorQ.=. Pf aP smor Q} 0 

This proposition justifies the subtraction of i from the beginning, and is 
useful in the theory of segments of well-ordered series. 

We have next (#250°2—'243) an important set of propositions on P, when 
Pe( The most useful of these is 
#26021. к: PeQ.2.D'PzD'P, 

Le. in a well-ordered series every term except the last (if any) has an 
immediate successor. (It is not in general the case that every term except 
the first has an immediate predecessor) Another useful proposition is 
ж250:242, +: РсО.Э.Р-Р,ФР,Р 

The next set of propositions (ж250:8--362) is concerned with “ trans- 
finite induction.” We have 


li 


x25033. +.Q=connexa P (a COC'P^o.2,. seqpéa Co :2.. CP Co} 

Le. a well-ordered series is a connected relation P such that the whole field 
of P is contained in every class с which is such that the sequent (if any) of 
every sub-class of С“Р ag is a member of с. 


^ > 
#25035. +.Bord=P{weC'P. P'zCo.2,.2€0:2,. CP Co} 

Те. a well-ordered relation is a relation P whose field is contained in every 
class т which contains every member of СР whose predecessors are all 
contained in т. We may say that a property is “ transfinitely hereditary " 
in P if it belongs to the sequents of all classes composed of members of С“Р 
which possess the property. In virtue of «25033, if P is well-ordered) 
every transfinitely hereditary property belongs to every member of С“Р, and 
conversely. 

Our next set of propositions (ж2504--44) is concerned with A and 
couples. We prove that АєО (ж2504) and that «4у.Э.2|усе0 
(ж25041). 

ж250:5--54 аге concerned with selections. We have 
x2505. һ:Ре0.2. 

пи» [Cl ех“С“Р e e4*Cl ех“С“Р , CCP = Prod‘Cl ex‘ P 
whence 
#25051. Е:асС 0.2. ea Сех“а 

Observe that CQ is the class of those classes that can be well-ordered. 
From ж250:51 we deduce 
«25054. +: C“Qui=Cls.3. Mult ax 


The converse, which is Zermelo’s theorem, is proved in *258. 
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ж250:6——:67 are concerned with consequences of *208. We show that 
two well-ordered series cannot have more than one correlator (ж250:6) ; that 
if P is a well-ordered series, and В is contained in a proper section of Р, 
РЕВ is not similar to Р (#25065); and that if P is any well-ordered 
relation, and a is any class such that there are terms in C*P which are later 
than any member of an СЕР, then Р is not similar to P а (#250°67). 


«25001. Bord- Ё (Olex'C*P © Ччит») Df 

#25002, О = бег n Bord Df 

#2501. +: РеВог@ . = . С] ех‘0“Р C U‘minp [(#250°01)] 
4250101. b:.PeBord.=:q!anC'P.>,.q!minpfa [#2501 20515] 


#250102, Е: Pe Bord. =. sect*P — иА C min, 


Dem. 
Е. #2501. ЭН: PeBord. 2. sect*P А C ть (1) 
=. #20519. D F. min (Pj, Ya = min (P, аса 
[20568] = nins Рича @) 
F 490331. #21113. 2 Fig Tan OP. >. Рича евесиР А (3) 
F .(8).2 Fs sect! — ИА C Amins- 2: ал СР. 2, гд !minp (Pya). 
Гел D. -g | min (Р). 
[205-26] 2..9! minp‘a: 
[#250101] 2: P c Bord (4) 
+. (1). (4). D+. Prop 


ж250103. -:PeBord.z. P oe Bord [%#250°102. *211:17] 
ж250104. +. Bord C RIJ 


Dem. 
F.x2501.2F: PeBord.zeC*P. Эжеш. 
[*205 194] 3.-—(zPz):2F.Prop 


#250105. Е: PeBord.2. P, GJ. [4250103104] 

ж20011. F::Peconnex.2:. Pe Bord. = :g ал CP. D, Е! minya: 

z:aCCP.gla.D,. E! пара 

[№250-1'101 . ж205'32] 
ж250111. |:. P e Bord . D : P есоппех. =. minp e 1 — Cls 
Dem. 

Б.ж2501 24711. 2 

Ка: Pe Bord.minp e1 — Cls. D i. r, y e OP. D : (tmo му) Веит vyjel: 

[x544] Э: Иру (fy — Pisu y)= ts.. 
ёамиу-РЧикмгу)-иу (1) 
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F.(1).2F:. Pe Bord. тіпре1 —Cls.2, уе CP zi y.2: 

ye Pria viy). y.s e Pus v ty): 
[«250104) Э:яРу.у.уРх (2) 
i. (2). ж209103. 3+: Pe Bord. minpe 1 — Cls . 2. Р econnex (3) 
|. (8) .*205°31. 2 F . Prop 


*250:112. Е: Р єсоппех n Bord. =. E і! minpCl ex‘O*P 
Dem. 
F.«2501111.2 
F:Peconnex м Bord. = . minp e 1 — Сів . Cl ex*C*P C Ч ‘пр. 


[*71-16] =. Е minp“d‘minp. Cl ex*C* P C (*min;. 
[«205:1516] =. E!! minp*Cl ех “Р: D+. Prop 
ж250:113. +. connex ^ Bord = О 
Dem. 

F «2041 . (#25002). К.О C connex n Bord 0) 
F.x250105.2 Р: Peconnex л Bord. D. Peconnex.P,, СУ. 
[x20416] D. P eSer (2) 
F.(2).(x250:02). D F : Р есоппех n Bord. D. Pe) (8) 


К. (1). (3). DF . Prop 
#25012. +:PeQ.=.PeSern Bord ((ж250:02)) 


#250121. Н:. Ре0. =: PeSer:a CCP. g!a. D.. E! minp ‘a: 
:PeSerig!aaCP.2,.E!minp'a [x2501211] 


Mh 


x250122. FE: Pe OQ. =: PeSer: 1! OP ар Pen n CP). 2,. Е 1 ведра 
Dem. 
Е.ж20618 42501212 
be Ре. 2: Ребе: gi РарФеал P).2,. Etseqéa (1) 


F.420462 .2 Е 
- 
к: РеЅег. дал СР... 10 Pn p'P'p'P'(a с CP). 
> 
[40569] Э.ц10“Рар PPa p Pant P) (2) 


Е. (9). x101. 
bi. PeSer:q! CP ap Pan CP). 2,. Elseqp'a:2: 

Я! ао CP .2,. E! seq fP арФча АСР). 
[*206:181-54] Da. E ! minpfa : 
[«250121]2: Pe Q (3) 
F.(1).(3).2F. Prop 
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#250123. к. Реп кА. =: PeSerig tp ал CP) . D. Е! веда 


Dem. 

һ.ж250192,2 

Hi PeSeriq up Plan CP). 2, Е!зедра:Э. Pe Q а) 
һ.ж406.ж2452,2 

big 1p Pa a СР). Э, . Е ! ведра: 2. E! всам А. 

(ж206:18) 2.Я!Р (2) 


Һ.ж950:1992.»4002.2 
Е:. Ре0.2:РеЗег: ас СР. a! ty Pro СР). 2..Е!зечьа (3) 
F.«x20614.2 н: аи CP А.Ә. здра = ВР 


[x20512] әлі СР (4) 
Е. 33-24. #250121. DF: РеО-15А.Э.ЕїлоиС“Р (5) 
F. (4).(5).2Н:РеП-ИА. ап (РЕАЛА. О.Е! segra (6) 
+. (3). (6).2 

br PeQ—UA.d: Ребе: діра т C P).2, E! ведра (7) 


F.(1).(2). (7). DF. Prop 
x260124. Е: Ре0.=.Р є Ser. зесР-СРСАеар 


Dem. 
Е. #250122 «2117008. 2F : PeQ.3. PeSer. sect*P—iC'P С Ч*зедр (1) 
F.«2117. Dt: P eSer. sect/P — CP CGtseqp.2: 
B esee P — A . Dg . E 1зе4240*Р В). 
[4211723] De. E! шпн: 
(ж950:109:19) 2:Ре0 (2) 


F.().(2).2 t. Prop 


#250125, К: Ре0. =. Е 11 тіп» СІех“СӨР — [250112113] 


The above proposition might be demonstrated, independently of 
ж250:112:113, as follows: 


(a) If E!! шіп, Сіех“СЕР, it follows that теСӨР.Э.Е! minp't'z, 
whence zeC*P. 2 .c»(rPz) whence PG J. 
(b) If E! minP"*Cl ex‘C*P, it follows that 
лу СР. у.Э. Е! minp (ete v (бу), 
whence it follows that 
uPy.~(yPa).v.yPa.~(aPy). 
Hence Р есоппех . Р G J. 
(с) ШЕ! minp“Clex‘C*P it follows that 
zPy.yP2.D. E! min (ie v tfy v иг), 
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whence =Ру.уРг.2.-~(гРл), 
and by P?GJ (which has just been proved) 
Ру.уРг.Э.х+{. 


Hence, since, by (5), Р econnex, we must have 

aPy.yPz.3.«Pz, їе. Petrans. 
Hence ЕН minp“Cl ex*C P, 2. Pe Ser. 
Hence the above proposition is obvious. 


x250126. Е: Ре0. E! шахра. ~ E!segpía.2. EP. а. BP = шахр“ 
Dem. 


c 
F.x250123. Transp. OF: Hp. 2. ug piP (ал СР). 
< 


{*205`65] 2.- ! P'maxp'a. 
[*33:4] 2.maxj'a- «ГУР. 
[x93:103] D. шахра є ВР Б 
[«202:52] >. maxpfa= BYP: Db. Prop 
#25013, Е: РеО-#, .2.Е! ВР 
Dem. 
F.X39:24. OF: Hp. 2. qi CP. 
(2501211. 2.Е!шіпм ОР. 
[«20512) 3. E! B'P:2t.Prop 
#250131. H: Pe. D:q 1! P. S. E! ВР 
Dem. 
H. #98102 . ж38:24. DF: ET B'P.D. p IP (1) 
К. (1).ж9250183.ЭР.Ргор 
*25014. +: Pe Bord. 2. RIP C Bord 
Dem. 


5.ж9501.ж20526.2 

F:PeBord.QG P.2.Ol ex'C*P C(I'ming. тіор Clex*C*QG шо. 01) 
[460:42.«35:64] 2 . Cl ex*C*Q C Cl ex*C* P. (I*minp л Cl ex*C*Q C Aming (2) 
F.(1). (2) .x2244621 . D F : Pe Bord. QGP. D. Cl ex'C*Q C (I*ming . 
[«2501] 2.0 Вог4: D+. Prop 


#250141. H: РеО .Э.РГасО [325014. 42044] 


ж250142. Е: P e Bord . D. КЕР a соппех С Q 
Dem. 
F.«25014.2 H: Hp. D. RIP n connex C Bord л connex 
Іж950:1181 СО: ЭН. Prop 
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425015. F:PeQ.E1B*P.2.P c Ded 
Dem. 
=. #250101. 2Е:. Нр.ЭгдїалСР,Э, Паша (1) 
=. #20614. 2k: Нр.2:ал “Р=А. 5..1! рона (2) 
Е. (1). (2). эк:Нр.Э. (а). g (піра v ргесма). 
[2141] D. PeDed. 
[1214114] 2. Pe Ded :2 F. Prop 


> 
#200151. Е: PeQ.zed'P.D. Pp Руд e Ded 


Dem. 
= 
t. 4250141. DH: Hp. 2. PE Parce а) 
> ЮМ > > 
К.ж205°41. DF: Нр.Э.ВСи(РГР,х)-таахь Pye 
[205-197] Зи, 
(453 31 Э.Е:ВСьеЧРГ Puro) (2) 


F. (1). (2). 495015 . D H. Prop 
4250152. F. QCsemi Ded (82147 . 4250124] 
426016. H:Pen.glan P.D. Рабка реа г (P) 
[0205-65 . #950121] 
#25017. |:. РО О-иА.2: PsmorQ. S. PEG Рашо0| 490 
[4204-47 . ж950:181 


This proposition is useful in connection with the series of segmental 
relations in a well-ordered series, for the series of proper segmental relations 
in a well-ordered series is (as will be proved later) 


E 
Р ЭР Р, 
and this is ordinally similar to PẸ аР. Hence, by the above proposition, 


two well-ordered series which are not null are ordinally similar when, and 
only when, the series of their segmental relations are ordinally similar. 


#2502. +: PeBord.>.D‘P = D(P= P1) 


Dem. 
< 
F. x834. Dk:xseDP.=.9! Pe (1) 
< > = 
F.x2501.x20516.2 F :. Ре Bord. 2:9! Ре. =. ма Ра. 
|»205:951| =.ceD(P+ P) (2) 


|. (1). (2). ЭР. Prop 
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425021. F:PeQ.D.DP=DP, [4201-63 . 4250-2] 


In virtue of this proposition, every term of a well-ordered series (except 
the last, if any) has an immediate successor. 


x25022. +: PeSern Ded. D'P- D'P,. 2. PeQ—vÀ 


Dem. 
F.«214101.2F : Hp. ~E! maxp‘a. 2. E! seqp'a 49) 
F. x20645. 2 F: Hp. maxp'ae р . D, E! seqp'max p'a . 
[*206:46] 2.Е! ведра (2) 
Е. (1).(2). ЭЕ:. Нр.Эгсг-(шахра = BP) . D.. Е! зедр‘а : 
[x93-118] э: “(в Р ea). Da. E! seqp'a : 
[4202:511.«214:5] Эг ip Реал CP). Da. E! зед: 
[«250123] D:PeN -iÀ :. ЭН. Prop 


425028. +: PeQ. EIBP.=. PeSera Ded. DP = DP, 
Dem. 


F.425022.42145.2 i Pe Sern Ded. DP= DP, .D.PeQ.E!BP (1) 
Е. 2501591.  DF:PeQ.E!B P.D. Ребег л Ded. DP=D'P, (2) 
F.(1).(2). DF. Prop 


425024. К: Ре0.2.Р:Ё,= PEDP 


Dem. 
F.x2011.x1312.2F :. Hp. zPz.2 :yPz.D.yP'ziy- 2.2. yP'z: 
[Transp} Din (уРЗ).Э.с-(уРл). уйл: 
[4201:63.4202:103] Э:уР,г.2.«Ру а) 
К.(1).ж20163. Эк:Нр rPz.zP,gy.2.aPy a, ge DP @) 
F. #25021. Dtk: Пр. z, yeD'P.zPy.2.(gz).yPiz. 
[4201:68] D.(qe).yPz.2P,y. 
[4341] Э.сү(РЧР,у (3) 


F.(2).(3). DF. Prop 


#250241, к: Pe 0. 2. Pj PP (IP) 1 P. [Proof as in #250°24] 
ж250242. +: РсОП.Э.Р-Р,юР,Р 


Dem. 
|. #20163. DH :: Нр.2:.=Ру. =:=Ру.у. «Ру: 
[*250:21] =:2Р,у.м.(92). 2Р2. 2Р?'у: 


[4250241] шілР,у.У.(я2).«Р,2.гРуш D F . Prop 
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«250243. Е: РеО.2. РГ АР, = (@Р,)1 (Piv PiP) 
[Proof as in ж250:242) 

The following propositions deal with the extended form of mathematical 

induction which is characteristic of well-ordered series. 
-» 

+2503. Е.РеВог:аСС“Роо.Э,.ведраСо:Э.С“РСое 

Dem. 

ay 
b.*250°101.5+:PeBord.q!C’P—o.3.q!minp(C'P—«). 


[«205:14] 29 «(44)-46 ЕЕЕ с. Ре Со. 
[*206'4.%250°104] D . (qa). ее Cis o.P'rCo.k кеп» (Ре) T 

[#13195] Э.(Яг,а).а- P'r.aC CEA Ф.тєвефрб-а. 
|»10:241 D.(qa).aC Pao. y! segra- с (1) 


Е. (1). Transp. ЭР. Prop 


> Y > 
ж250301. Р: P есоппех . ~ Я ! прут. о = (5Р-Р“т.аСс.Э.зеара Со 
Dem. 
> 
|. #205'122 . ж202:501 . DF: Hp. D.o Cp Pr. 


«= 
[40767] der CHEM. (1) 
F. x206:134. D F : Hp. zseqpa. 2. P'z C — p P''a 
< 
[14016] C- p Po 
[(1)] c- Ta 
[x37:462] Dare Рет. 
[x206-18.Hp] D.cea: Db. Prop 


ж250:31. Би Р econnexi.a C OP ла. Э, sega СогЭ, ОР Cord. Pe 
Dem. 
F.«250301.2 
Fs. P econnex . Я 1 Рат. од miner. c= CP - Pen 2: 
а Со.Э..ведра Со: 10 P -o (1) 
Һ.(1).ж1028.2 
Fs Ресовпех : (q1). д!С'Рлт.<ц!штыт:Э: 
(qa):aCo. >, .seqpaCa:g! CP o (2) 
- (2). Transp . 2 
Би Peconnex:s.aCa.>,.seqp'aCo: dy. OP Can: 
Я1 Рот. 2, g! minr: 
[ж2501011 2:РеВога (3) 
К. (3). #250113. DF. Prop 


T 
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#26032. b::. Peconnex.3:: Pe Bord.=:. 
> 
a COP о.Э..зедраСо:Э,.С“РСс |ж250:3:311 
А > 
#25033. Е.О =соппех п P [aC CP n a. D, „ведра Со: 2, . CPC o] 
[025032118] 
ж250:34. +:.Pe Bord: ze CP. Ре Са. 3..260:2.CPCo 
Dem. 
> 
b.a25011. Db: Pe Bord. Я !C'P—o.D.q!ininp(C*P~a). 
2» 
[ж205'14] 3.(uz).zeC'P —o.P'zCo (1) 
Н. (1). Transp. ЭР. Prop 


x250:341. ЕнхєСР Pots oc анг. PCen. PeBord 

Dem. 

Һ.ж205:192. 437-462. D 

Буд ТОРӨл ээ арт. с СР Рет. б*Р.РиСа.Э. 
ace Pis qi Po. 

[Hp] 2.гес.ң!С ФР -с (1) 

+. (1).41028 D Fs (qr) я: Рат. одет. 2: 
(qo) :260Р. Р Со. Э,. тесі! CP- о (2) 

+. (2). Transp. DH Нр.2:910Рат.2,. Наш: 

{*250°101] D: Pe Bord :. I. Prop 


Ж > 
#250:35. Е. Вога = PízeC*P . P' Co.2,.260:2,. CP Caj 
(ж250:84:341) 


- « 
«25036. H: РеО0:ХСо. ХА СР. О, . ведь Со: Э.Р“с Со 
Dem. 


F.x250121.2 E: Pe Q. gq! Po — 6.2 Et шить (Po — в) а) 
F. x20514. ж37:46.2 
2 ОУ > > v 
Fiz-qminj(P*o—g).2.9g!o 6 Pic. Pon (Р“в-в)=А. 
> > Y 

[424311] 2.g!en P'a. P's- oC Р“о (2) 
Һ.(2).ж202501.2 

nmm > > > 
Е: PeSer.c=minp\(Po—v).d.qtan Pa. Pia—o Cp Plon CP). 


> > > 
[ж4016] 2.9! сл P'z.P'z—oc Cp P(o n Р“). 
> 
(440611 >. Pix oC Plon Piz) (8) 


> > > 
Е. (3). +: Hp(8). D. P'zC(o n Px) v Pon Ра). 
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— 
[x206:171] О.х-зеар(ал Pfr). 
> > > > 
[(2)] 2. я! ол Р“. сп Ре Со. ~ ведр(а л Рт) Сс}. 
> 
[+1024] D.(qr) AC og tx ОЧ . ~ (веде C о) (4) 
F.(4). Transp. 2 F : Hp. 2. Е! шт» (че о). 
{(1)-Transp] Э.Вчо-ат-А:ЭЕ. Ргор 


ч > 
4250361. H:. Рей. Р, Со: А Со. (An CP). 2, limaxp'rCo:d. 


PoCo 
Dem. 
> c 
F.«206:4643. D F : Hp. AC o . E! maxp'A . 2. ѕедрА = P,fmaxp/A. 
> 
ЇНр| 2. segr AC o 0) 
> > 
F.«207:4.2 Е: Hp. Со. я! (Aan CCP). ~ Е! max PA .D.seqp/A = limaxp/A. 
> 
[Нр] D.seqprCa (29) 
-» 
F.(1).(2). DF: Hp. 2:3. Со. 9! (^о СР). 2, .seqp'A Со: 
[*250-36] э: Рио Со:. Db. Prop 
“ > 
«250362. t:.PeOX. Pio Co:XCo.qg!1X 0 СР... Пить Со:2. 
Palo 
| «250361 . 12126] 
#2504. — F.Àen 
Dem. . А 
F.x6033. ЭР.С1е АСА піп (А) (1) 
К.(1).ж9501.2К.А e Bord (2) 
+. (2) «20424 . D Р. Prop 
ж25041. һ:44у.2.ғууе0 
Пет. 
F.*6039. 2 t.Cl ex'C'(z | y) 2 vto v tty v (“ж v FJ) (1) 
F.x20515. ОЕ: Нр.Р= = | у. 2. пормих=х. шриу=у (2) 
F.«205181. ОР:Нр(2).Э. штрь(ия v му) 2 x (3) 
F.(D. (2). (3). D F : Hp(2). 2. Cl ex'C«(z } y) C ачить. 
[ж2501] 2.2 } ye Bord (4) 


К. (4). «20425. D F . Prop 
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2 > > 
#25042 Е:РеП@-МА.2.Е!2р.9=РиВ“Р. Р ь- BYP. PE Р 9,ь-А 
Dem. 


F.X12113.2 igo 2. 5 oc PBT (1) 
F.425013.2 F : Hp. D.E! BP. 

[42502142047] ^ э.Е!:!Р BP (9) 
F.(1).(2). D+: Hp. 2. E125. 2p= PBP (3) 
[20471] >. Pe, = «ВР (4) 
[420035] Э.РЬРФ,-А (5) 


F.(3).(4). (5). ЭҺ. Prop 


25043. F.0,- Oa C«0 


Dem. . 
=. #56:104.2+:Ре0,.=.Р=А. 
[#250-4.ж83:2411 ш.Реп.ОР-А. 
[ж71:37.ж541] =.Ре0 n 00:2 F. Prop 
x26044. t.2,- Ол 2 
Dem. 
F.«5611.2 t: Ре2,. =: (2,9). vy. P-idly: 
[125041] =:РеО: (ца, у).24у.Р=е{у: 
[45611:38] =: РО о 099. PAP-À: 
[420414] =: РеОл 62: 2 H. Prop 


#2505.  F:PeQ.D2.minp[ Olex'C!P e ва С] ех СЕР. 
ЕСЕР = Prod'Clex'C'P — [420533 2501 11517] 

This proposition is of great importance, since it gives the existence- 
theorem for selections from any class of existent classes whose sum can be 
well-ordered (cf. «25053, below) Observe that “aeC“” means “a is a 
class which can be well-ordered.” 
#25061. F:acC' "Q.D. Tes Cl exfa [12505] 
x25052. F:aeC*O.8Ca.D.g 1e, СЇех" 8. [x88222. 25051] 
#25053. Е: ‘ке 0“О. A ek. Dg сү 


Dem. 
F.x602357.2F : Hp. 2. « COlex*s'«. 
[488:22.«250:51] D яч! вк: ЭН. Prop 
ж25054. F:C*0v1-—Cls.D.Multax 
Dem. 


|. ж250-53 . «834.2 F :. Hp. 2: A sex. 2,. са: 
[x88:37] 2: Mult ax :. D F . Prop 
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The above proposition states that if every class which is not a unit class 
is the field of some well-ordered series, then the multiplicative axiom holds. 
The converse of this proposition has been proved by Zermelo (cf. #258-47). 


«2506. +: Р, 00. Рвтог Q.D. Psmor Qel (|(ж20841.ж250121) 


This proposition is very useful, since it enables us, when two similar 
series of similar well-ordered series are given, to pick out the correlators of 
all the pairs without assuming the multiplicative axiom. J. given 
P,QeRelexcl. Se Psmor Q. S Gsmor, if NeC*Q, the correlator of S.N 
and № will be V (8*N) sor N if S*N,NeQ. This enables us to dispense 
with the multiplicative axiom in the hypotheses of «16444 and its con- 
sequences, whenever the relations concerned have fields whose members are 
well-ordered series. 


#25061. F:PeQ.2.Psuor P-v(Ip CP) [«208:42] 
«25062. F:PeBord.Secror* . D . ~ (ga). (82) Ре [x20843] 
x25063. Н:РеПОл Опу“ 0.2. КЕР е М"Р=иР («20845] 


This proposition will be useful in showing that а finite series is not 
similar to any proper part of itself, and is a series which is well-ordered and 
has a converse which is also well-ordered. 


c 
ж25064. F:PeBord. Secror*P.O.C*Pep'P**D'S-A [ж208:46] 


In virtue of this proposition, a part of a well-ordered series can only be 
similar to the whole if the part extends to the end of the series. Thus eg. 
no proper section of a well-ordered series can be similar to the whole. 


«25065. F:PeQ.aesect*P — UC P. 8Ca. D. ~ {P smor Р] В} 
Dem. 


к.я4016. 2E: Hp. D.p POP, а) C p POP [ в) a) 
F.x211133.2 F: Hp. a e1.2.a- O(P Ea). 

[911703] D. gtp POP, а). 

гал Э.цїрРЧОЧР в) 2) 
Н.(2):440668 2E: Hp awel. AIP. D. д10:Рар “ОР | В). 
[*208°47] D>.~{Psmor(PEB)} (3) 
F.x21L1.x2413.2 F: Р= А.Э. sect P~ C PA (4) 
F.(4).Tranp. ӘР:Нр.О.Я!Р (5) 


F.x20035 #250104. DF: Hp. cp! P. ae1. 2. [Рэтог (Рф В)} (6) 
F.(3). (8). (6). D F. Prop 


#250651. Е: PeQ.2. МР n Р весР —(C P) 2 ЛА [«250:65] 
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4250662, H: Pe Bord. QG P. g 1C P ар POQ. d.~ (P smor Q) 
[#208-47] 


«250603. +: P eBord. !С“Рл p Pea ^ CP). 2. (PsmorPEa) 
Dem. 
F.X3T41.2 E. С(Рра)Сал CP. 
(44016) Db. реа C P) C р ОР ра) 
F.(D. Эк:Нр.Э.д!С Р p PPY a). 
[4250652] 23.-—(Psmor(PEa)) :2F. Prop 


a) 


x25066. +: PeQ.aesectP.Psmor (Р ).Э.4-0“Р [x25065 . Transp] 


425067. К: Ре0.2е0*Р.7 ~ {P smor (Р Ра?) 


Dem. 
> 
F.«211302. 2F : Hp. D. P'zesect/P (1) 
> 
ғ.ж20052. ЭЕ:Нр.2. P'z4 (СР (2) 


Е. (0). (2) .ж250-65. D F. Prop 
> 
#2507. H: PeQO.:izeCXP.2,. PE PyfzeQ: PeSer 
Dem. 


— 
F.x250141.2 EF: Be Q.2:26eC P. 2,. PE Руш О (1) 
F.«250121.2 
> > 

Ба. деб .2,. РЕ ЕР е О: =:2еС“Р.ч!ао ОЧР Рул). Э... 

Е! min (P | Руа: 

> 

[#20255] 2: хе AP na. Dza. Et min(P[ Рал): 


[x205:27] 2,, . E! minpfa: 
[31023] Эгц! Рла.Э,. E! minp a (2) 
F.x20518.x202:52. D+: Pe Ser Ja ВР .D.E!minp‘a (3) 
Е. (2) . (3). DbnseOP. D, Р] Pye О: РеЗег:Э: 

5 чал С:Р.Э,. Е! тіпуа: 
(ж250:121) 2:Ре0 (4) 
Б. (1). (4). ЭБ. Prop 


This proposition is used in proving that the series of ordinals in order of 
magnitude is well-ordered (ж256'3). We prove first that if PeQ, the 
ordinals up to and including Nr‘P are well-ordered; thence, by the above 
proposition, it follows that the whole series of ordinals is well-ordered. 


R&W п. 


ж251. ORDINAL NUMBERS. 


Summary of *251. 


The name “ordinal numbers” is commonly confined to the relation- 
numbers of well-ordered series, and will be so confined in what follows. The 
relation-numbers of series in general are commonly called “order-types*.” 
Thus а is an order-type if ae Nr“Ser, and a is an ordinal number if a e Nr**Q. 
In the present number we shall be concerned with a few of the simpler 
properties of ordinal numbers and of the sums, products, and powers of well- 
ordered series. 


We put NO2N**0O Df, 
where “NO” stands for “ ordinal number.” 


We prove in this number that any relation similar to a well-ordered 
relation is well-ordered (ж251:11), and therefore any relation similar to a 
well-ordered series is a well-ordered series (#251111). We prove 


4251132142. Н:ае №О.=.&+1МО.=.1+ае МО 
#2511516. +.0,,2,¢NO 
#25124. Е: а Ве МО.2.а«+Ве МО 


We prove that if Р is a well-ordered series ot mutually exclusive well- 
ordered series, E*P is a well-ordered series (ж251:21) ; that if P is a well- 
ordered series of series, ПЕР is а series (ж251:3) ; that if P is а series and Q 
is a well-ordered series, P? and Р exp Q ave series (ж251:42) ; that if P, Q are 
well-ordered series, so is Р x Q (ж251:55), and therefore the product of two 
ordinal numbers is an ordinal number (x251:56). 

In virtue of the uniqueness of the correlator of two well-ordered series, 
we have 


#25161. F:. P,Q є Ве? еха. CPC 33.2: 
y HP smor Q) о Ri‘smor. = . P smor smor Q 


whence, without assuming the multiplicative axiom, 


* We shall also speak of them as “serial numbers,” 
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#251621. b OCP CO. я! (О пот 0) п Rifsmor. 2. 
УМР = УМ). UNP = П М 
#25165. F:ac МО - “А. ВеМЕ. Рев. С: РСа. 2. 
ENrP-8xa.IINr'P-aexp, 8 
Finally, we have propositions (X251 771) showing that the existence of an 
existent О in any type is equivalent to the existence of 2, in that type, and 
therefore holds for every type of homogeneous relations, except (possibly, so 


far as our primitive propositions can show) in the type of relations of 
individuals to individuals, 


#25101. NO-Nr«Q Df 
#2511.  FiaeNO.z.(qP).PeQ.a- МР [(25101)] 


#25111. +: Pe Bord. P зтог Q. 2. Qe Bord 


Denm. 
b .x205:8 ,ж2501 . 31431. 2 


H: Pe Bord. Se Рапог Q.O:aCC CP. !a.2,. +! alio Sa: 
[437763431] 2: Ве SCl око. 1 B Dg eq luing: 
[+71491] (B OL ок C P 24 qt minh: 

[41 51-11131.x37:25] : BeClex'CQ. Эв. ning : 

[«2501] 5:0 =Вота :. D+. Prop 


3 
3 


#251111. Е: Pe OQ. PsmorQ.d.QeQ [«25111 204/21] 
x25112. F:PeBord.2. Nr'P C Bord [25111] 
#251121. Е: PeQ.2. Nr'P CO [251111] 
#251122. Е: ае NO.2.aC 0 |ж251:121:11 
#25113. F:PeBord.zee CP. z, Рр гє Bord 
Dem. 

эж 
|. #205553 #2501. Db Hp. Gg tCPaa.d.qtmin(P гу 0) 
F.x205831. DE: Hp.C(Ppanasez.d.qtimin(Pz)a (2) 
Б. ж161714. Dis. Hp.giC(P+2z)na.o: 

gil Paav.CPaa=A.qluena: 
[#16114] 2:9 10‘Роа.м. ОР г) 5а = 102 (8) 
Е. (1).(2).(3).2 
=> 

Ес. Нр.2:я! C(P452) па. D.. ў! min(P-+ 2) (9 
К.(4).ж250°101. ЭН: Pe Bord, ze P.D. P- ze Bord (5) 


Е. ж250-14-104. *20041. ЭЕ: P- ze Bord, 2. P e Bord. ze» e СЕР (6) 
Е. (3). (6). DF. Prop 
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#261131. Е: Ре0. ze eC P.z.P-pzeQ [X20451 25113] 
x261182. F:ae NO. z .ai ie NO 


[PART V 


Dem. 
F.x251111.x18112. DF: Ре0. E. | Ao Pen. 
(Ж181:11.(ж181:01).ж251:131| ш.Р4ьге0. 
[x1813.«2511] =.Nr'P+ieNO (1) 
F.(1). «2511. 2 +. Prop 
x25114. К: PeBord.z~eC'P.=.2¢ Pe Bord 
Dem. 
F.x205:832 #16112. 2 
> > 
F: Hp.D:z~ea. D. min (ze РУа- minp‘a: 
[*250:101] 2 :g ! (ao C*P) . 2 ea.2. y! min (2 ¢ Pya (1) 
F.x205833.x16112.2 
F:Hp.zea.q1P.2.g аб (г Руа (2) 
F.(1).(2.2 
Е: Hp. gq! P. dig lan Cee P). D.. Almin (ze Pya: 
[#250101] D: ze Ре Bord (3) 
F.x161301.42504. Dk: P=A.d.2¢+ Pe Bord (4) 
Е. (3). (4). Dt: PeBord.z~eC'F.3.24¢ Pe Bord (5) 


F.«25014:104. ж200-41.2Е:2<+ Pe Rord.3.PeBord.zveC'P (6) 


F-(5).(6). DF. Prop 
x261141. 
ж261:142. 
ж261:16. 


ж25117. 
ж251:171. 
«2612. 
Dem. 
F.x16225. ЭН: н1аа СЭУУР.Э.цїас FICP. 
[437-264] 2.g LCP 5 Fea 
F #3746. 4335.2 F:Qe Pa. 2 ал Q 
Е. (1). (2) «#250101 . > 


3,416 МО [425116132] 
P e Rel* excl a Bord . C*P C Bord .>. ХУР e Bord 


Fi Hp.2:glaa ОР. 2. (80). Qmin Fa. g! minga. 


[x20585] 2.g min ($ Pya 
F. (3) #250101 . D F. Prop 


F:PeQO.z2eeCiP.z.ze- PED [x20451 . x25114] 
t:aeNO.=.i+aeNO [Proof as іп ж251:182) 
F.0,e NO [ж250"4 , 15311] 
x25116. һ.9,-М0 [250-41 , ж158:2111 
kimty.mcqdz.y4z.2.«|y-bzeQ (ж251181. 25041) 
Е. 
Es 


а) 
(2) 


(3) 
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x25121. F:PeRel'excl n Q. CP COD. X'Pe Q0. [x20452 . 4251-2] 


x251211. F: Nr'Pe NO. Nr*CPCNO.2.ZN'Pe МО 


Dem. 
A А 


H. #18216162. ок: Нр. D. Nr DPeNO [iP eReltexl. (1) 
F #1820511 415105. DH: Hp. 2. Nr*C* PC NO @) 
+. (1). (2). 49251139 .2 F: Hp 2. [JP e Rel* exl a QC PCO. 

3 жж 


[«251:21] 2.X J PeR. 


[ж25171.(ж183:01)] 5.XNHPeNO:2 F . Prop 
«25122. F:P,QeBord. СР a CQ— A.2. P4 QeBord 
Dem. 

F.x1623.x16342.2 F: Нр.-(Р-А.0-А).Э. 
Р | Q Вота. CP | Q) C Bord. P | Qe Rel? excl. 
3«P|4Q)- PQ. 

[42512] D. P tQ «Bord 0) 

F.*16021.42504.2 E: P À .Q— À D. P Qe Bord (2) 

F.(1).(2).D F. Prop 


«2501283. Һ:Р,0е0.СРАСО-А.2.Р%де0 [x2045. x25122] 


«25124. F:a 8eNO.D.ai-8eNO 


Dem. 
kF.«251111.31801211.2 


Е:Р, 00.2. { (Ло CQGGPe 0. (Ao CP) { 300. 

С { An CRIP ео ОА n CP) 5Q- А. 
(ж251:28.(4181:01)| 2.Р+0«0. 
[4180:3.«2511] 2.Nr'PRNr'Qe NO (1) 
F.(1).x2511.2 F. Prop 


ж25195. Fk: Р40є0.=.Р, QQ. (Роб = А 


Шет. 

F.x2045. Dt: PFERD. P,QeBer. OP a CQA (1) 
Е.(1)-ж20588, ЭР: Pf£QeQO.D2i:g! C Po a. D. у ! mina: 
[*250-11] 2:РеВога (2) 


+ .(1).=205-841.ЭЕ:.Р409е0.5: = 
я!а- CP o CPER). D.. y! тіпа – СР): 


23 
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5% 
[x160:14.(1)] Din lan R.D.. n ! ming(a— СР). 

> 
[4205115.(1)] Da. Y! minga: 
[4250101] 2:0 e Bord 


Е. (1). 
+. (4). 


«25126. 
ж2513. 


ж251:31. 
Dem. 

F 

[9 

Е 


ж251:32. 
Dem, 


x201:33. 


«25134. 
Dem. 


#25135, 


(2). (3). Эк: Р4де0.2.Р,0е0.СРАСд-А 
«*25123.2 +. Prop 


H:a, ВеМО А. =. 048 МО - А |95195) 
F: РеО. С“РСВег. 2. ПР Ser [ж20457 .ж25011 
Е:ЕНЯ“СФР.Э.ВГСОФРеР CP 


2971:511.ЭЕ:Нр.Э.ВГрОФРО Cls. (Bp OP) = OP 
.ж*981083.ЭК.ВСЕ 
. @).(@).ж8014.Э К. Prop 


К:Е!!В“С'“Р.ц1Р.Э.ВС“Р=В‹П‹Р 


> 
F.x172162. DH: Hp. 2. BTP = Ba 0P 
[*82-21] =&В{С‹“Ру: ЭН. Prop 


Б: РСО-А. q1P.2.g IP. ВР OP = ВР 
[250-18 . 251-32] 


+: Ре Ве! ехс!. РСО-КА. 2-Я! е 0“ CP 


F. x25133. x17316. 2 F : Hp. sp 1 P.D. Я! Prod*P. 
[x173161] D. я! Prod*C*C* P 
[1151] D. yle“ OP 
F.x8315.2 FE: Р=А.2. gp te, О“С“Р 

F.(1).(2). 2r. Prop 


bu Pet. Dh 


(3) 
(4) 


0) 


(2) 


(1) 
(2) 


> > 
aPaß -= :a, Ве СИС+Р : (qz).zea—B.an Ре=8г РФ 


.*1709.Э 
> > 
Га, 8 e COP : (2). 26а – 8. ап Ре = 8o P'z:2.aP48 


0) 


-» -» 
и Нр.Э:.4Р,8.Э:а,86«ОС“Р:(д2).2єа-8.асо Р = В о Р (2) 


а). 


F 
Р 
F.x170231.x250121.2 
+ 
F 


(2). DF. Prop 
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4251351, E: Рей. О: аР,В.=: 
< < 
a, Ве ССР: (yz). zeB—a.an Р-Во Р [«25135. 3170101] 
425136. Е: Ре0.2. PyeSer 
Dem. 
F.«x17017.2F. P4C J а) 
+. #25185. Dh Hp 2 aP48 BP 2: 
(gz,w).zea—- 8.0є8 – ү. гав теат, Bo ш = ya Ри (2) 
F.x20114.2 
> > > > 
» Нр.2ва- В.В у.а Рч-Ва Ре. Ba Р‘ = уго Pw.d: 
ари easy eal sin Вы (3) 
-» 
F.420114.2 Fs. Нр(8).Э:фРг.Э.шеа—у.а л Pw ayn Ве (4) 
|. (2). (3). (4). #202-104. 425135. DF: Hp. 2:aP48. BPyy.D.aPay (5) 


T 


F.x250121.2 

H: Нр. о, ВєС“СР.а+8.02. (2). 2 = minp'((a— 8) v (8-9). 

[420514] Э.(Яг)-261(х-8)м(8-а0). an Pimpin Ре. 
[x25135] 2.а(РаоРа)В (6) 


Е. (1). (5). (6). DF. Prop 


251361. -:2е0.2.Р,еЗег [495136 . #170101] 
425137. К: Ре0.2.Р.= Ра [#25135 . #1712] 
4251871, H: PcO.D. P= Ры 1951-37. 170101. 4171-101] 


ж2514 Б: Pe Rel*arithm л Bord. C*P C Bord. СО РСВоа.Э. 


EXP e Bord 
Dem. 


F.x2512.2: Hp. 2. “Ре Rel*exel n Bord. (“УР C Bord. 
[x251:2] 3.X'X*P e Bord: D+. Prop 


x25141. F:PcRelarithna Q.CPCO.C'X*PCO.2.X'E*Pe 0 
[x20454 . 4251-4] 
x25142. Һ.Ребег.0е0.2.Р%(Р ехр 0)еЗег [x20459 .*2501] 
ж25143. b:aeNR.aC Ser. е NO.ÓD . (aexp,G) ‹ МК. (аехр, 8) C Ser 
[#18613 . x25142] 
ж25144. +: аєМО-– (0, . 8еМО – (0..2. аехр.8 +0, 
Dem. 
F.x16527.2 
F:Hp.Pea.Qe 8.2. P [jQe O- VÀ. CP p53QC 0 À. 
[2513341761] — 2.4 (P exp Q) (1) 
Е. (1) 18613. 2 F. Prop 


24 
ж2515. 
25151. 
x251:02. 
x25153. 


x25154. 
Dem. 


x25155. 
#25156. 
ж251-6. 


Dem. 


ж251:01, 


Dem, 


SERIES [PART V 
Fig t P.Qe Bord. 2. P [5Qe Bord (%165:25. x25111] 
Fig! P.QeO. 2. PIRR |ж165:25 . «20421 ,ж251:51 
Е: Pe Bord. 5. CCP 13QC Bord [116526 . #231-12] 
F Pen. D. CP} 509.0 [x16526 . «204-22 . x25152] 
F:P,QeBord. D. P x Qe Bord 


К. ж165'21 .ж251:552.Э 
Е: Hp. 10-2.0(9Р e Rel* excl o Bord. С | 5P C Bord . 
ЖЭ. Ээ 

[#251-2.4166-1] D. Р х Qe Bord (1) 
F.x16613.x2504, 2+: 0= À. D. P x Qe Bord (2) 
+. (1). (2). DF. Prop 
EPiPQQeQ.D.PxQeQ — [425164 420455] 
Ег,8єМО.Э.ах ВеМО (318418. 8251-5511 
+: P, Ое Ве? ехс! . СРС О. Se Psmor Qo В“ шог. 

p= (НМ). е0). = (SN) то? N].2. 


UP we cate. Sty e P smor smor Q 


F.x2506 .X251111.2 E: Hp. 2.4 C1. 
[x83:43] 2. peep. (1) 
[*164-43] Э.#%““дє P smor smor Q (2) 


Е. (1). (2). DF. Prop 


Fi P,QeRelexcl. СРСО.Э: 
y ! (P smor Q) л Rl*smor. = . P smor smor Q 


Е. x251'6. D F: Hp. s !(P smor Q) п Ri'smor. D. Psmorsmor Q (1) 


F.(1) 
*251-62. 


Дет. 


.ж164:17 . D+. Prop 
+: Hpx251:61 . g 1 P smor Qo Rl'smor.2. 
=P smor Z*Q . ПЕР smor П). 
УМР = УМ. ПМР = ПМ 


Ь.ж164-151. ж251:61.2 +: Нр. 2. 5:Ретог 5% (1) 
Е. 4172-44. ж25161. ОР: Hp.2. UP smor П) (2) 
Е. (1).ж183:18. ЭН: Hp.>.2Nr'P==Nr‘Q (3) 
|. (2). #1851. ЭВ:Нр.Э.ПМГРР-ПКед (4) 
=. (1). (2). (3). (4). ЭН. Prop 
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In the above proposition, the hypothesis “ P, Q e Rel? excl" is umieecssary 
for МР = ХХ and INP = ПХ, as appears from #15314 and 
ж185'12. Thus we have 


x251621. Е: СРСО.,д !(Psinór 0) м ВЕвтог.Э. 
EN PSSN Q. ИХиР = ПХ!) 


Dem. 
H, 15165. #18205162. ЭН. | PCP e( | EPST Р оног а) 
"y ae 
Е. (1). #151162. Dh: Hp. 2.41 Руб 50) о Кое (2) 
ь яз 


Е.(1)4251:111, 418916. ЭЕ: Hp. 2. 0 LIP CO. Р, Не Reli excl (3) 
|. (2). (3) 25162 518314 #18512. +. Prop 


ж25163. FiaeNO-i'A. Be NR. Pe Relexcl.PeB.CPCa.d. 
ХРеєдйХа.ХХСР- Ха 
Dem. 
Е. #16447 .ж165:27:21.2) 
FHBp.Qea.a0,.2.Q [Pe 8. CQ PCa. P,Q J Pe Rel excl. 


[164747] 5.9! (9% 3P)smor Ро Rl'smor. Р, Q i 3P e Rel excl. 
(951611 2. Qi JP) smor smor Р. 

[*164151.x1661] Э.(Гх Q)smor > Р. 

[#18413] 2.X'PeBXa (1) 
F.(D).2F:Hp.a40,.2. Z*Pe 8Xa (2) 
Е. #16242. Transp. +: Нр.а =0,.2.5Р= А4. 

[418416] 2.5Р«В Ха (3) 
Е. (2). (3). ЭК: Hp. D. E'PeB Xa (+) 
[18313] 5.XNr*P-xa 5) 


Е. (4). (5). +. Prop 


x25164. F:Hp«25L63.2. TIP e(a exp, 8). UNP =a exp, В 
[Proof аз in ж251:631 


*25165. F:aceNO- UA. 8:NR.Peg.C P Ca.2. 
ХХСР-8Ха.ПХГ =асхр. В 


Dem. 
F.x«18216.*183231.D 
F:Hp.Qea. dD. [/Pe Вевехя ]P e NP C [PC NI Q. ay 
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[#25163] 2.55 [53Р МР М). 
5 


(418314  D.SNrP=NPXNręQ 


(15245) -8Ха (2) 
F.(2).x1023. DF: Hp. O2. ZNr'P-BXa (3) 
F.(1).*25L64.2 FE: Hp. Qea. 2. ПМ 1 5Р =(Nr‘Q) exp, (Nr*P). 
[185-1112] 2. ПМР = (Nr'Q) exp, (МР) 

[#15245] = аехр, 8 (4) 
Ь.(4).ж10'28. ЭР: Hp. 2. IINr/P = аехр, В (5) 
|. (3). (5). 2F. Prop 


In virtue of the above proposition, the usual relations of addition to 
multiplication, and of multiplication to exponentiation, when the summands 
or the factors are all equal, can be established without the multiplicative 
axiom, provided the summands, or the factors, are ordinal numbers. 


ж2517. bir qgiQ-tAnina.=.q!2,ntoa=.qi2ota.=.q!2, 
Dem. 

k.x6455. ЭЕ: 10-19 оа. =. (ДР). Ре0 –А.СРСаа (1) 

F.x20012. 2E: PeQ - iÀ. D. (gm у. m е C P.oy- 


(9158:201.455:31 2.9!2,^ RP (2) 
F.(1).(2). 2E ig ОА ufa D. (P). CP Ctí/a.s 12,0 ВЕР. 
[#33265] 2.099). Qc 2,. OQ Са. 

[64:55] 2.912, n tya (3) 
F. 4251-16122. Db gq 12, ла. D. FIQ- Ала (4) 
F.(8).(4). 2Е: 910 - Альма. =. 19, ла (5) 
F.«6455. Dhiq!2, n toa. =. (Hr, y) æF ye yeh a. 

|ж68:62) m. y)-ody. vou куска. 

[54:26] z.g!2ntfa (6) 


Е. (5). (6). (6501) . D F . Prop 


x25171. К.О — Аль СО. ОА ла Rel 
[x251^7 . ж101:42:481 


ж252. SEGMENTS OF WELL-ORDERED SERIES. 


Summary of «252. 
The properties of sections and segments are greatly simplified in the case 
of series which are well-ordered, owing to the fact that every proper section 


has a sequent, whence it follows that the class of proper sections is POOP; 
and this is also the class of proper segments. Hence also the series of proper 


sections or of proper segments is the series PP (ж252:37). The series of all 
sections is P? P4»C*P (#252°38) ; hence («252:381) 
Nr‘s‘Py = Ni P4 i. 
The most useful propositions in this number are (apart from the above) 
*20212. һ:Ре0.2. 
> > 
sect P — CCP = Р. — (“СР = РОР. sect P = Р“О‹Р o v CP 
Я > 
#25217. Е:Р«О-КА.2.зес ИР - ил = PIC u CP 
#252171. F: PeO. D. seoti P= iAP = PHP 
#252372. Fi PeQ.I:5'PeQ: Е! ВР. . Nrs'P- NP: 
«ЕРЕР.Э.МР-УеРІІ 
ж2524, К: Ре0. л. СвесеР. А.Э. pA 6X 
x2521. +: Ре0.аєвесі:Р- CP D. E!seqpía. [«250124] 


#25211. HF: PeQ.2.sect/P — СР =зес КР n CI'seqp 
Dem. 
F.«206182.2 Р. СР ~ e С‹зедь (1) 
К. (1). «2591. 2 F . Prop 
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ж252 12. к:Р&О.Э. 
-» -» 
ѕес P — CP = D - 0 = РӘСР | sett P = РОР o CHIP 


Dem. 
-.x21024.x25211. ЭН: Нр.аєхес Р OP. D. ae De а) 
К.ж21115. ОН: Нь.ае D — С Р.О .асввс Р — 9 Р (2) 
к.а) (2). ОЕ: Hp. Deset P- бер Р, СР (3) 
> 
г. ж211302.ж925211. DF: Нр. Э. sect P СР = РР (4) 


F.(3).(4). «21126. 2 +. Prop 
In dealing with sections and segments of well-ordered series, it is necessary 
to distinguish series with a last term from such as have no last term, If 
а series has no last term, С = РОР, so that CPeD‘Pe. But if a 
-» 
series has a last term, (“P ~e D‘Pe; in this case, D'Pe- РСР. Thus 
> 
D'P. is either. Р“С“Р or зев Р, according as there is or is not a last 
term. In either case, 
> 
sect P = PCCP o CCP, 
as lias been already proved in ж259:19. 
v > 
ж25213. Е: Ре0.Е! ВР. Э. зе ИР iC PAR D Pes PCP. 
=> 
зе “Р = D Pe у iC = Р“С*Р u ӨР 


Dem. 
F.x25021. 321136. 2 F : Hp. D .sect£P – р“Р.= “СР. 
[x24492.«211:15] 2.sect*P — C P = D' P. (1) 
-» 
[«252312] 2peep (2) 


Е. (1). (2).#21126. 2 F . Prop 
о > 
x25214. к: Ре. v ELBE. D . sect!P = РР, = PUCP o P 
[*250-21. 211:361 . x25212] 
-» 
*25215. F:Pe0.2.D'P = Р“рЧФуиТ Р 
Dem. 
v -» -» v 
F.x25213.20 E: Hp. Е! ВР. 2. РР. = PDP о РР 
[202-524] = PDP o ФР (1) 
v > 

Б. #95214. ӘР: Нр.->Е18«Р.5. DG = PDP v DEP (2) 

Е. (1). (2). DF. Prop 
425216. Е: PeQ—2..9.D Pes зе (РЕ Р) 

Deu. 
кадет ЭН: Ир 2. реет. 
[2202-45 | Э.СЧР Dye DP. 

| 2л0131,525212) Эс PE DP) = PED RAD? v ирер 
айтамыз | = йерер о 
425313 | = "Ре: DF. Prop 
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x25217. К: Рей А.Э. срна = POP orci 
Dem. 
F 4952112 .2 E: Hp. 2 seot P ил = (PC P A UEP 
> 
БЕЗІН = PMP OOP Db Prop 
> 
x262171. Н:РеО.2.зесиР- кА — (CP = POOP 
Dem. 
m 
Е. #95942. 2 E: Hp. 2. (sect? — (C P) A = Pec p oat 
> 
[#33-41] = PHP 23k. Prop 
> 
82523. bs Рей. 2.0% Вибр [421217125212] 
4252931. Е.РеО. Gt Pd. СР = Dep v бир 
T«2]12:172 . 25212] 
4262311. F: Pe OD. Gt P2 LIP, = Веер v vc 
[4219171 . x25217] 
825232. К: Ре0.2.0%:Р = р [4212432 425215] 
425233, Е:РеП-ИА.Э.ОФР-РЧИРОГИР 
[4212433 , 4252-151 
425234. Е.РеП.ЕТВФР.Э.СсФР-РчОФ 
Dem. 
— v 
F.4202524.2 E: Hp. 2. PP - Dep. 
[ж259'33 | Э.СчР = Ребер: D+. Prop 
1 E > 
425235. Б: PeQ—UA. SEI BP. CS P = POOP o eO 
[#212133 . 425214] 
425236. +: PeD. E! EP.2.eP- Pip 
Dem. 
S 
H. x21225 . #25234. D H: Hp. 2. PiP =(P) (CSD) 
(ж36:88) =sfPi Db. Prop 
E 
«25237. HiPeQ.2.(P)E (-vC P) = Рр 
Den. 
Е. #363. эк. (SPE (OP) = (в*Р) (СР айр) 
[4212133134] = (Ру ОНЧ SP) 0) 
> 


F.(1).423212 DF: Hp. Э.(6Фр(-ИОФ)-(«ЧЭГ(РЭОЧ 
[x212:25] =P: H. Prop 
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> 
ж252`371. Е: PeQ. EY ВР.2.5Р=Р;РфС“Р 


Dem. 
F.x21235.425282. ЭР:Нр.Э.ЛЭР-(5Р) (69) а) 
Е. #212133. Db: Hp. qi P.D. P= В Саур (3) 
k.«25232. DF: Hp. 2. D's'P -PeP Е 
[«200:12.204:34] 2.D5P el (3) 
F.(1).(2).(3) #204461.3+:Hp.q!P.> ВръсР = s (4) 


F.x212134.x16]12. ^— 3H:Hp.P-À.2.sP- À.PiP-p C P-À (5) 
+. (4). (5). D F. Prop 


3252372. Hn Pen. D: Pe Qi EBP. D.N PNP: 
Е! BP. >. МР = МР 
Dem. 

F.«25236 420435 2 E : Hp. E1 BP. 2. sP smor P. 

[4251111.«152:321] D.s PeR. Nis'P-Nr'P (1) 

F.«252371.«x20435.«20052.2 

Б: Нр.оЕ1ВФ.2. № Р= МР фі. (2) 

[4251139] 5.sPen (3) 

=. (1). (8). (3). D H. Prop 
426238. F:iPc0.2.s Pu - РОР 

Dem. 
F.«252:12. «212924. 2) 
Би Нр.2:.а(<:Р,) В. siae Веб Рог .аСВ.а+8: 
[437:0.«200-52] 
=: (Ру). ege С"Р.а- Pa Bo Py Pot Py. Pa Py v. 
(go) .ze CP .a- P'z.8- СР: 
[4204-3334] =: (Ja, у). Ру. a -Pis .B Ру ВТ 
(go) ee CP .а= Ра. В = CP: 
-> -» 

[4150522] 2:a(P3PD) B. v.ae CPP. B СОР: 
[x16111] = za (PiP PEP) но. Prop 


«202381. К: Pe .3.5'Pye Q. МР, = NP $i 
[x252:38 . «20052 . *204°35 . 4251-131] 
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ж2524. — F:PeQ.XCsect/P.q 13.2. per 


Dem. 
F.x211441.2 F: Hp. P2 À. 2. X vÀ. 
[35301] D.prer (1) 
F.x212172. DF: Hp. 1 P.O.A CCP, qin. 
[4252:381.«250:121] 2.E!min(s*P,)9. 
[*210:222.«211:67:66] 2.p'XeX (3) 


F.(1).(2).2 F . Prop 
x20241. |: Ре0.хсвеер. q!d.D.sXer [Proof as in *252-4] 


«25242. Һ:..Ре0.(Сау Р, “a Co: 
ACo Gdn Cs P, 24 s o C дес. 
(Cnv's*P4y*o Со 
[#250°361 . «252381 . «212:322] 


426243. Fi Pe. (s Py Со: 
XCa .n!X ^ Cs Py. Da -p (An O's Pyco: D .(s'Py)''o Со 
Dem. 
Е. 2212181. — 2. (Cav's*Py) smor (s*P4) (1) 
F.(1).«252381.2 H: Hp. 2. Соус‘ Py О (2) 
Е. (2). #21234 . 4250362 , Р. Prop 


ж253. SECTIONAL RELATIONS OF WELL-ORDERED SERIES. 


Summary of «253. 

In the present number we shall consider the properties of the relation 
Р; (defined in #218) when PeN. The relation Р; has great importance in 
this case, owing to the fact (to be proved later) that Nr'*D'P; is the class of 
ali ordinals less than ХҮР, and that, if P, Q are any two well-ordered series, 
either P is similar to a member of 6%), ог Q is similar to a member of 
CPs, whence it follows that of any two unequal ordinals опе must be the 
greater, 


The present number consists merely of the more elementary properties of 
P, when Ре0. The interesting properties connected with greater and less 
will be treated in the following number. 


The most useful propositions of the present number are the following: 
485913. E: Pe0 2. DP, = PEU P = Р Вор 
x25318. К: 2е0.2.С:Р, СР «Верос. CP,CO 

Instead of CPSC PT «Бер uP we shall have equality, unless 
P= А (2315) 
#2532, F:Pe0—-2,.02. NP, Nr(PEQP)4 I 

The case when Ред, has to be excluded, because then Р (IP = А. 
325321. Н:Ре0.2.1+ МР; = МиР +1 

This proposition involves Nr*P, = МР when Р is finite, but when P is 
infinite it involves МР; = Мг 4-1 (cf. #26188). 
x25322. Б: 2є0.0. Р, D P; smor Р} аР 
«25324. -:РеєО.Э.ГР,є0 
»2534.  F:iPeQ-vÀ.2. 

CP, = 009). Р= ФЕВ. у. (дл). P = Qua] 

x253 421. k: Ре0. (00: .2. ~ (Qsmor P) 
425344. H:a BeNO- VA. B40,.D.ad Ba 
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This proposition marks a difference between ordinals aud cardinals. An 
ordinal is always increased by the addition of anything at the end, whereas 
this is (often if not always) not the case with a cardinal if it is reflexive 
and greater than the addendum. The above proposition ceases to be true 
if we add В at the beginning instead of the end: В + а= о will be true if a is 
infinite and © X В is not greater than a (For the definition of о, cf. *263.) 
ж253:46. biaeNO-~tA—t0,.d.a¢142 

Similar remarks apply to this proposition as to «953-44. 
ж25346. Р: PeM.Q,ReUP,.Qsmor R.D.Q- R 

I.e. no two different sections of a well-ordered series are similar. 

It follows from «253-46 that the series of the ordinals of proper sections 
of a well-ordered series P is similar to the series of proper sections, ad 
therefore, by ж258:22, tu the s. ies Р with its first term omitted (#255463). 

We have next а set of propositions («253:5—' 574) on the circumstances 
under which Nr*P; = МР and those under which NP, =NrP i. As 
a matter of fact, the former holds when Р is finite, the latter when P is 
infinite. But the distinction of finite and infinite will not be introduced till 
the next section. In the present number, we prove that (assuming P e О) 
Nr*P, = Nr'P. if а, = (CP | В! BP, and if not, then МиР, = NP $i 
(ж253:56). This is proved by using Р, as a correlator. (Р, as a correlator 
moves every term one place down, except the first, which disappears) For, 
if PeQ, we have Рр P= Р D‘P(*253°5); hence we prove P} AP, smor PL DP 
(&953:502), and hence, if IX P, 2 CP, we obtain Р. G*Psmor PE ОР («253:503). 
Hence by ж258:2 (with special consideration of the case when P є2,) we have 
the two propositions 


x25351. К: Ре0. аР, = (P. Et BP. >. NP, = МР 


#253511. H: Реп, IP, = P Et IP... 
МиР; = МиР НТ, NPOP = МиР 

But if there is а term, say л, belonging to (I.P — CI*P,, use P, as а correlator 
for the predecessors of x; we thus find that, in this case, P smor P p АР, 
Hence, by ж2589, Ni*P, = МР +1. 

The hypothesis аР, = («P . E ! В“Р means that there is a last term, and 
every other term has an immediate successor. This, as we shall prove later, 
and as is indeed obvious, is equivalent to the assumption that P is finite but 
not null. 


From the above propositions it results immediately that 


“ 


ж253:513. FE: Ре0. 2: ПР, 2 (EP E13 ВР. =.і E NI P МиР 

Hence it will follow that finite ordinals other than 0, are those which are 
increased by the addition of 1 at the beginning. We have also 

R&W. Ш 
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4253674, bs. Pe QUÀ .2:0P, = Р.Е! Б.-.1 4Nr“P=NrP4i 
Whence it will follow that finite ordinals are those for which the addition 
of Ì is commutative. 
42531. F: Pe0.2:QP,R.z. 
> 
(яа 8).а,ВєР“ФРРьийР.18-а.0-Рра.Ё-Р 8 


F.«2131.«25217.2 F:. Hp. p 12.2 :QP Rz. 
> 
(Ча, B) а, Be РиА“Ро ОР. 18 -а.0=Рра.В=РЬВ (1) 
Е. #33241 .ОН:.РЕА. 2: PAP v CP mutA: 
[24-53] э: (qu B). a Be РР о CP діва: 
(821831Э:0Р,8.5. 
E 
(Ча, В). a, Be PHP uc P.gqtg—-a.Q—-PEa. R-PEL8 (2) 
F. (1). (2). D F ..Prop 
#25311, Е:РєО.2:40Р,Ё.-: 
> > 
(qa, y) - ze (I*P.zPy.Q— PE Рт.Ё-Р| Р у.ү. 
> 
(Яа ).ае0“Р,0-Р| Ps. R- P 


Dem. 
|. 38-152. Dhra=OP. Be PPUP. Dwg B-a (1) 
> 
Е. #20052. (1). ЭН: Нр.ае Р“@Р.В=СР.2.ч1В-яа (2) 


F. (1). (2) .ж2531.2Е::Нр.2:. ОР, В.=: 
(qa,8).2,8eP“UP.q!B—a.Q=Pba.R=P[B.v. 


25 
,8)-асР“ФР.,В8-О9Р.О-Р|а.Ё-Р|В: 
(8876-4863) (qa, 8). ae 8 Q-P[a 18 


> > E E 
=: (gx, y). s, ye TP .g! Py- Pa. Q= P} Pa.R=PtPy.v. 
E 
(дә). ге Р.д-РІРа.В-Р: 
|»211:61,421011 
> > > > > > 
=: (52,9). mye IP. Pa C Pty. Pro Py. Qo Pt Pie. R- PUPy.v. 
($2). 2. QP. Q- PE Рт.Ё-Р: 
[4204:33:34] = : (ца, у). у СР. Ру. = Р. Ве. Е- Рр Ру.у. 
> 
(qz)-ze(*P.Q— PE P'a. Ro P (3) 
+. (3) 48314 . D F. Prop 
425312. F:iPeQ. Pwe. D. P -(PBPIPEQIP) P 
Dem. 
F. #204272. DF: Hp. 2. J*P ~el. 


[420255.4213151] — Э.Р О“РМБВР-ОФ ТОР ОР (1) 
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F.(1).«95311.2 FE :: Hp. 2: QP:R.=: 
Ф(РРБРОФ)В. v. QCP GEPI OP). ВР: 
[#16111] =:Q{(P рР”Р A‘P)pP}R:: dt. Prop 


4253121, E: РеО.Э.Р-еОРИТРР UP 


Dem. 
L.420052 2 t: Hp. 2. CP s e POOP, 
[436-23] >. Poe РРР OP: D+. Prop 
425313. +: PeQ. 2. DP, = РІ UP = p pe “ОР 
Dem. 
=. 219-141 4252371 DH: Hp. 2. DP, = РІ ӘР а) 
|. #3722 .#25013.2 
b:Hp.qtP.>. PE BOP = РАР o epp BBP 
[#3841 Transp] = Рр Рои (2) 
F «25042. 2 e Нр.д1Р,Э.АсР “МИР N (8) 
+. (2). (3). ЭР: Нр.д1РЬЭ.Р “РЧОР-Р “РЧИР | (4) 
кәзә Р-А..Р ““ОФР-А.Р РФ“ФР-А (5) 
F.(4).(5). Эв: Hp. Э.Р ОР = Рү«Реа‹Р (6) 


F.(1).(6). ЭН. Prop 


#20314. Ғ:Ре0.2. 
> > 
OP, = (PPEP o P) А = (P POP o иР)- "А 


em. 
F.x213162.2 +: Hp. 2. 1*2, = P E sec! P — iÀ 


(ж259:19,436:831 -(PpePeOPuwP)-vÀ (1) 
> 
[4253-13] =(P Purp- | 0) 
+. (1). (2). 2 F. Prop 
> > 
428316, Е:Рєй-4А.Э.ОР,-Р Р ЧИРыЙР-Р  РОРыийР 
[2531314] 


«25316. F:iPeQ-vÀ.2.B'Pj = А. BP, = Р [x213155158.x25013] 


гу 

825317. Е:РеО.Э.Р, D',- РРР} АР 
Dem. 

F.«25311.2 


EsHp.2: QR. =: QUPD PIPEOCP) Rv Qe PESPIP. R- Ps. 
-» 
[x253121]2 :. QU E DP) А. =. QNP PE GP) Ri 2 E. Prop 
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«25318. F:PeO.23. CP, C руа VP CP. CO 
Dem. 
F.x25311.2 Ёл 
Ки Hp.2:5Qe CP, Э:(яа)-«ФР.О- Р Pw.v.Q=P: 


ан 
[#37 6] Di Qe PPAP uP a) 
Е. (1). #250141. DH: Hp.2. C, C 0 (2) 


F.(1).(9).2F. Prop 
«203181. |: PeO.2. CPC ЮР; оир [25318713] 
ж2582, F:iPe0-2,.2. NP, = NI(PEGQOD) HI 


Dem. 
. 25312121. DF: Hp. 2. Мы, = NP P PE HP +1 
[4213151252171] =N PiP IPHI 
[#20484] = ХОРТ ЧР) 1:2. Prop 

«253-21. Е:РєО0.2.14Х/Р,-ХМЄР-1 

Дет. 
F.x2532. ОЕ: Нр.Р-е?,.2.1+4 МР; = 1+4 Nr(PEQD) +1 
[«204:46:2772] =NrP4i (1) 
F.x21332.2 E: Pe2,.2. 1 END, = 142, 
[*161-211] =2 +i 
[Hp] -Керіі (2) 
F.(1).(2). DF. Prop 


It would be an error to infer from the above proposition that 
Nr*P,- МР, since addition of ordinals is not in general commutative. 
When Pe, Nr*P, = Nr*P holds when ОР is finite, but not otherwise. 
When СР is not finite, 1+ Nr*P, = Ni*P,, so that МР, =Nr Pi; but 
М"Р + МыР +i. 
ж253:22. Е: PeOQ.2.P,[D'P;smor Pf aP 

[*253:17 .ж218:151 ,ж252:171 . x20434] 


ж253:23. Һ:.Р‹еО.О:МгР=ЇМт@.=.М“Р, = №0, : 
PsmorQ.z.P;smorQ; 
Dem 


F.x18133. DH: NP» №). =. NP = Nr*Q-1 (1) 
F.(1).«25321.2 

в: Нр.2:М“Р= №. 
[x181:33] 


Ш 


„1-4 МР, = 14Nr‘Qs. 
МР; = NrrQ i. D H. Prop 


Ш 
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ж253:24. К: PeO.2. Р; е0 


Рет. 
F.x2532.42:0141.4251132.2 F: Hp. P »e2,. 2. N'P.e NO. (1) 
kF.«x21332 .«25L16.2 F : Pe2,. 2. МР, МО (2) 
F.(1).(2). эк: Нр.2. NP, e NO. 
(ж251:1921 2.P,e 0:2 F. Prop 


ж25225. Fi Р, 00 - iÀ. D: Р: DP, smor ©, [ DQ. =. PsmorQ 
[425329 . «25017 | 
3 > > 
ж2583. k:PeN. D. PP = PPAP = PPCP = DP, 
[4213243 . #25313] 
> > 
x20331. F: Pe 0.0:QD, R. S. Re РЁ POPUP. Qe RE*R*CR 


Dem. 
|. ж213:245 .«25313.2 


> 
br Hp.D:QP;R.=. ReO Ps. Qe “К“СФВ., 
> 
|533:24.х2133| =. Re CP, qi P. Qe RERO R. 
> 


253-15] =. Re PL POOP uP. ІР. “OR (1) 
К. 43729 43324. DH: Qe REATO R 2 dL 9) 
[13:12] ЭР:06еВЦ“Е“СВ.В-Р.ЭСЛЇР (3) 
FO e DE: RePpUP«Op.2.41P (4) 
ЕНГІ он: Re PE “ОР Р. Qe В СВ 2. GIP (5) 


F.(1).(3). ЭБ. Prop 


> > 
#25332. Е: Ре0. Re C*P,. 2. PFR- RE*RCCR = DRs 
[ж218'246 . «253:13] 


-> 
825333. Hi Pe0.2:QUS EDO) В.з.ВеРГРч«бе.0еВ ОВ 
[213247 . x25313] 


If a is any ordinal number, and Pea, the ordinal numbers of the 
sectional relations of P are all those ordinałs which can be made equal 
to а by being added to, те. all ordinals В such that, for a suitable y, 
a=B+y. (Here y must be an ordinal or 1.) Further, in virtue of *250°67, 
no member of D*P; is similar to Р; hence, if a is an ordinal, and а= 8 +y, 
where y+0,, it follows that «+ 8. (Observe that а does not follow from 
В+0,.«=В+у.) These and kindred propositions, which are important in 
the theory of ordinals, are now to be proved. 


#2534. Е:Ре@-ИА.2.0“Р, S QR). P=QẸR.v . (qa). P= Qua] 
[x213:41 . ж250:131 
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4253401. E: P «0,2. 
PI«P*P o vP-Q(gB).P-QtR.v.(qz). P2 Qa) 
Dem. 
Е.н253415.ЭР:Нр.ДЇР.Э. 
РЇ“В“ОРыИР-0(нй).Р-032Б.ү.(яа)-Р-0эа) (1) 


=. 487-29. эк Р=А.Э.Р{“Рес“Р uP aA (2) 
F.x16014.«33241.2 F: Р-А.ЭгР-018.5.0-А.8-А: 
[ж10:281] Э:048)-Р-048.-.0-А (3) 
F.x16113.333241,2 F:. Р-А.Э:Р-0-э ..0-4А: 

[10-24-23] D:(qz).P=Qpa.=.Q=A (4) 
Е. (3). (4). Db P=A.3:.(qR). P=QPR.v. (qe). P=Qpe:=.Q=À. 
(С) -.деР РОР uP (5) 


F.(1). (5). D F. Prop 


ж258:402, k: РеО-13А.2. 

DP, = Q(gR). Rt À.P-Q£ R.v.(go). P- Qpa} 

Dem. 

F.x253164.2 
br: Нр.Эл:.ОсфР,.г: 04ФР:(458)-Р-028.уУ.(Я:)-Р- ф4эс (1) 
Б.ж161:14 420041, 2 F : Hp. P- Q-a.2. 2e CP. e0Q. 
[13:14] 2.04P (9) 
К.ж160%91.ЭОР:0+Р.Р=01Е.О.ң!В (8) 
|. x16014. 2004.2 
Е:Нр.Р=94%8В,ч!8В.2. 3! СРАСВ. ең! Са CR. 
[13:14] 2.Р+0 (4) 
Е. (3) . (4).2 
Е::Нр.2:.04Р:(яВ).Р=94%8В:=.(я8).В+А.Р=04В (5) 
. (1). (@). (5). 2 Fi Hp. Di Qe DP. =: 

(ЧЕ). RE À.P- QT R.v. (ge). Р= Фәх Db. Prop 


x25341. b: PeO.Qe C*P,.2: 
(qa). ae NO . NiXP = Nr'Q a.v. NP МО +1 
Dem. 

L.42133.2 E Hp. 2: РФА: 
[258-4] Э:(48)-Р-04 R.v. (g2). Po Qua: 
[4211:283.20041] 

Э:(я5).Р-024 R.O' Qn CR A.v.(qga). P2 Q-pa.oz eC Q: 
[4180:32.4181:32] 2 : (AR) - NP = Nr'Q + МВ v. МиР М) +i: 
[25126] 2 : (що). ae NO. №Р = Nr'Q a.v. МР = NeQ-Í :.2F. Prop 
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ж253:42. ь:РеО.Э.МЄРӨПФР,-А [*250°651 #213-141] 
ж253:421, Е: Pen. QeDP:.D.~(Qsmor P) [«25342] 


*253:43. Hi Pez ye Р.О: PE РаашогР Ру. .г-у 
Dem. 


= 2% 
F.x25311.2 F: Hp. zPy. 2 (PE Pa) P, (Pp Py). 
25 28 


[4213-245] >.РІ Pee DP P). 
[4253-421] 3. ~ (P B'a) smor (P Р) 


xm 3 > 
Similarly Е: Hp. yPz . 2 . ~ (Р | Р) smor (Pp P*y)) 
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а) 
(2) 


> > 
F.(1).(2).2 H: Hp. 2: (PE Ре) smor (PE Ру). d.~ (2Ру). e» (yPz). 


[x202:103] Э.т=у 
К.(8).ж15118.ЭР.Ргор 
ж253431 Р: P Qe OQ .q 1Q. O2. NP E NI(P Q) 
Dem. 
F.«253402.2 Е: Hp. 2. PeD'(P tQ) 
Е. (1). «253421. D F . Prop 


x253432. H: P-pae Q1 Р.Э. МР + М“ Ра) [253402421] 


ж25344. k:a, 8e NO— A .840,.2.a 4-88 

Dem. 
|. ж2511 .ж155'34.2 
Ё: Нр.2. (ЯР, 9). P,QeO.a- МР. В = №9 .3!0. 
18031 

2.(gP,Q). P,QeQ.a- Ny*P.8- NaQ.d1Q. a B-N (P+) 

Е. ж180-12 , ж258:481 , (ж180:01). 2 
F:P,QeQ.d1Q. 2. NI (P Q4 МР. 
[15516] 2. Nr(P + Q4 МиР 
+. (1. (@).5 
Е:Нр.Э.(яР,0)-Р,0с0.а-Ма“Р.8-М,0.4484Ха:9Р. 
[413195]2 .a 4- 8a: 2 F . Prop 


ж25945. Б: оєМО Л –0‹0,. Э.а ia 
[Proof ав in «25344, using *253°432 instead of ж258:4811 


*25346. +:Pe0.Q,ReC'P;.QsmorR.3.Q=R 
Dem. 
Е.Ж25342116. ЭР: Нр.0-Р.Э.8-0 
F25316.2 E: Hp.Q+P.R+P.3.Q, Re D'Ps. ET 
[425313] D. (qz, y). ye d*P. Q- Ph Ps. E- PE Py. 
[425343.Hp] Э.0-8: 
Е. (1). (2). DF. Prop 


(3) 


(1) 


(1) 


(2) 


а) 


@) 
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ж253:461. Е: Ре0.2. Мф СР; ell 
Dem. 
Е. x25346. DF: Hp. Q, Re CPs. NQ=NrR.D.Q=R:DF. Prop 
253462. K: Ре0.2. 
-» > 
№ (Рр Р Ч“Ре1-э1.Х)9РЇ ЭРЭР АР smor PE ЧР 
[x25343] 
#253463. Р: Pe 0.2. 
Хэ (Р, Р) smor Р: ФР, ХҮРД ТУР ) smor РОР 
(ж258:46::17:22) 
#25347. Е:РєО0-1А.Э. 
М0, = 41098). а+8 = МР.у.а+1і = ХаР) [534] 
#253471, +: Pe 0.2. 
ХР, o Р) =@ ( 8)-«48-Х Р.у.44 i=Nr‘P} 
(ж258:401:131 
The following propositions are concerned in proving that Nr*P; is either 
Nr*P or NrPád. This is proved by using P, as a correlator, Тһе 
methods employed antieipate the discussion of finite and iufinite series; 
in fact, when P is finite, Nr'P,— ХР, and when P is infinite, 
МиР, = МиР рі, Butitisimportaut at this stage to know that Nr*P, is 
either equal to or greater than Nr*P, and the propositions are therefore 
inserted here. 
x2536. ЬБ.РеО.Э.РОР-Р|ЇР 
Dem. 
К. ж201:63 . 425411, DF: Нр.Э:.Р-Р,ю Ps. 
[*150-11]2:.е(Р;;Р)ш.=: (Чу, 2): 2Ру:уР,2. м. УР 2: ӨР, 2: 
[x2047] mi(g2).aoPuw -wPiz.v (gy, 2) Piy . yP°z wP: 
[x250:21:24] zimzPow.weDIP.v.(qy).oP,y.y,weD'P.yPw: 
[X33 144341] — 8 ix(P,9 P, Pyw we ОР: 


[533144950242] =: ще D'P. Pw :: ЭР. Prop 
#253501, H: Pe 0.2. PP - PE Р, 
Dem. 
F.3250242.2 E: Hp. D. P, P=P, PoP, Р, Р 
(871:191:4204-71 ГТФ, (а РР. 
[ж150-1.*50:65] 2. PGP = (@*Р,)1 Р, o(d*P)1P. Р, 


[4250-243] zPLGOGO,:2k.Prop 
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#253502. Е: PeQ.2. PE AP, smor PE DIP 
Dem. 
Е. #2535. #15036. ЭР:Нр,Э.Р 0Р-Р Р ФР) (1) 
F.x15121.42047.2F : Hp. 2. PP (Р AP, smor Р 4 Р, (2) 
F.(L).(2). ЭК. Prop 
ж253:503. Е: РеО. d P,=0 P.D. PIAP smor Р ОР [#253502] 
This proposition shows that if Р is a well-ordered series in which every 
term except the first has an immediate predecessor, the series obtained by 
omitting the last term (if any) is similar to that obtained by omitting the 
first term. The converse also holds, as will be shown later. The hypothesis 
РеО.05Р,-45Р is equivalent to the hypothesis that P is finite or a pro- 
gression, (Неге а progression is not what was defined as “ Prog " in #121, but 
what Cantor calls о; ie. if В є Prog, В is a progression in our present sense.) 


426351. Е: Pe. ЧР, = Р.Е! BP. D>. NP, NP 
Dem. 
К.ж258°9. Э.Б:Нр.Р-ед,.Э.МНР,- МР аР) +1 


[ж253:508] -NUAUQDDO +1 
(4204461:272] = ХР (1) 
F.x21332.2 E: Pe2,. 2. ХР, = МиР (2) 


F.(1).(2) . DF. Prop 


ж258:511. +: Pe 0. AP, - Р.Е! IP. 2. 
МР, NP і. ХР а= Хер 


Рет. 
F.x93103.420252. 2 F: Нр.2.Р 15Р-Р. 
[*253°503] 2.ХеРЦС ФРГ ХеР. а) 
[*253:2] 2.Nr'P, = NP 4i (2) 
F.(1).(2).2 F. Prop 


4253-52, F:PcOQ.z— шт (АР аР). 2. 
> > э у ә > 
OP д Р=Са‹Р,. РР = Р. Р.Р = Ре - “Р 


Dem. 
. -» 
Е.ж20514, ЭЕ:Нр,Э.О“Ра Ре COP, (1) 
> > > 
Е. #250242. D F: Hp. 2. Pæ = Píz o РРЖ 
> 
[x33:41.Hp] = P“ P'e. (2) 
о ә > 
[*72:501.«204/7] 2. PI Prem Рз а “Р, (3) 
-» -» 
F.(1). 2+: Нр.2.СР о Ре -Q!P o Реп ОР, 
> 
[#121305] =A D, Р (4) 
v ә 
F.(3).(4). 2F:Hp.2. РР = Porn аР 
> 
[433:15.202:52] = Px -BP (5) 


Е. (1). (2). (5). D F. Prop 
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2» 
«252501. Е: РєО.ссО"Р-АЯР,.Э. Р, ПР ~el 


Dem. 
Е. *201°66 . ЭР:РеО,Рчие1.Э.асФР, а) 
Е. (1). Transp. ЭР: Нр. D. соет (2) 
Е. 201-662. ЭЕ: Нр.2. Ре! (8) 


F.(2).(8). D F . Prop 


рын 
4253522, H: Pe. a= mins (TP -OP,)- S= P, ) Paw I Pya.. 


88Р|раФР)-Р 
Dem. 


+. 43425-26 .x505:51.2 
> c 
F:Hp.2.S3(PEG*P) = (PT РУР AP o (T b Pyy P 
> c < 3.7 
СР,Г.Р4)|Р| ТГ Р “ТТР? | P| P'z1P, 
>. ра > = 
J50°6'61.%150°36.%35'452] = (Р, | P*zp Po Р | Pya u Р, Pa| Ph Рух 
< = 
РуеТРГР Р, 
> c > С 
(%74141.ж25262.ж2003811-(РАРРаЗРӘРІ Ру o Pee) P,| PP Бус 
> - > = 


[x250942, Hp] =(P, PaP u P} Peso Pat РГ Pyle 
[415036] =‹(РӘРу PP o Р} Pye o Pee} PP Ру 
[9535-52] -Р p Pia әр Риго Pro P | Руш 
[x35:413.«200381] = PIC Рича) 

[4202101] =P: Dt. Prop 


#25353. F:PeO.z-minj(G*P—-(*P).2. 


> < 
P,P Рх I | Рука e {P smor (Pt Р) 
Dem. 


-» < 
Б. 42047 . ж200-381. DH: Hp. Э.Р,Г.РтоТ Pyzel—1 (1) 
E. x25352. #50552. 2 


> - > < 
Е: Нр.2.аҷР, p Ре Т Руса) = (Ре — BP) o Ру 


[x202101] -ОР-«вР 
[x93103] =@‹Р 
[4202:55.4253:521] =(P} aP) @) 


> € 
F. #253522. DH: Hp. 2. (P, | Psu Ip Pya Pa P)=P_ (8) 
F.(1).(2). (3) 15111. 34+. Prop 
x25354 Е:РеО0.41(05Р-4О Р,.Э.РашогР|(ОФР 
Dem. 
F.x250121.2 F: Hp. 2. E! тіпа: — аР) (1) 
К.(1).*258°58.ЭР.Ргор 
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ж253:55. Р: Ре0. 1 Р (*P,. 0. NP, = Nr'P4 1 
Dem. 
F.«253521.204272.2 E: Hp. 2. P «2, (1) 
F.(1).253:542 3+. Prop 


ж25356. Fi Ре0. о: аР, = (IP. EL BP. NP, МР: 
(аР, = P.E! BP). D.N P, = Мері 
[4253:51:511:55] 
425357. F:PeO. (CP, = GP. Et ЕР.Э. 
1+М=Р = МиР 41.14 ХР +Nr P 


Dem. 
F.x25351.2 F: Hp. D. Nr'P, = МР. 
[1253:21] 2.iRNÉIP-NÜPGY. (1) 
[ж253:45] 2.1+ №“Р- МиР (2) 


F.(1).(2).2 E . Prop 


«253971. H: Pe Q ~ (TP ,=0P. Et BP). > iR Ni P = МиР 


Dem. 
F. 25356. Db: Hp. 2. Nr*P, = NP i. 
[«253:21] 3.i 4 N'PEi-Nr PI. 
[#18133] D.i4NrP=NrP:D+. Prop 


4253572. H: PeQ кА. > (UP, = OP. EL BP). .14 Ni P МиР 
[0258-57145] 


4253573. bi. Реп, 9:0'P,=O'P. EI BP. =. 14 Nr'P+ МиР 
[4253-57571] 


059074. bi. Рей-ИА.Э:0ФР,-ФФ.ЕЕР,-.14МеР-МеРЫЇ 
[2583-57572] 


ж254. GREATER AND LESS AMONG WELL-ORDERED SERIES. 


Summary of #254, 

In the preseut number we have to prove that of any two well-ordered 
series one must be similar to a sectional relation of the other. From this it 
will follow that of any two unequal ordinals one must be the greater. The 
propositions of the present number are due to Cantor*, 

Our procedure is as follows. We define a relation “ ZP,,Q," meaning 
“R is a proper section of P, and is similar to Q," ùe. 

RPQQ.z. Re DP, . RsmorQ. 

In virtue of *25346, if Р,0с0, Р. el— Cls (25422) and 
Poy 450,61-91 (#254222), Thus if S is any proper section of Q which 
is similar to some proper section of Ps, the proper section of P to which 
it is similar is P,,*S. It is easy to prove that Ри; ©; 50, is a section of 
P; and if D'P, C Ч, 1.6, if every proper section of P is similar to some 
proper section of Q, we shall have (ж254:261) 

Pst Ю“Р,-- Pam? Qs 0503. 
Hence it follows (ж254:27) that if, further, 050: C “Pin, 
Р, DP; smor Qs | D'Q;, 
ie. by «25325, PsmorQ (ж25481) 
Thus (A) if every proper section of P is similar to some proper section of 0, 
aud vice versa, then P is similar to Q. 


we shall have 


Consider next the case in which every proper section of P is similar 
to a proper section of Q (ie. D*P, C(Q,,), but not vice versa, so that 
W!D'Q -A Pem It is easy to prove that, under this hypothesis, if 
SeD'Q; — I*P,,, then ОР; CC S, (25482), But if S is the minimum 
біп the order Qs) of the class Р — G*P,,, then 055, CO*P,,. Hence, 
by (A), 

SsmorP (ж254821) 
Thus (B) if every proper section of P is similar to a proper section of 0, but 
not view versa, then P is similar to a proper section of Q (25433). 
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From (В), by transposition, we find that if every proper section of P is 
similar to a proper section of Q, but P itself is not similar to апу proper 
section of Q, then every proper section of Q is similar to a proper section 
of P, whence, by (A) Р is similar to Q (#25434). Hence, if there are 
proper sections of P which are not similar to any proper section of (0, the 
smallest of such sections (say P^ must be similar to Q, since it is not itself 
similar to any proper section of 0, but all its proper sections are similar to 
proper sections of Q. Hence (C) if there are proper sections of P which are 
not similar to any proper section of Q, then there is a proper section of P 
which is similar tò Q, т.е. 


BrP, QeQ. gq! DP; ~Q D. Qe Pom (25435). 
Thus either (1) q!D'P;— Qum, in which case фе Py, or 
(2) 41 D'Q; - Ри, in which case Ре, or (3) DPs C а. and 
р; C “Ри, i which case, by (А), Psmor Q. Thus (D) if P and Q are 


any two well-ordered series, either they are similar or oue is similar to a 
proper section of the other (ж254:37), 


We now proceed to define one well-ordered series P as less than another 
well-ordered series Q if P is similar to a part of Q, but not to Q, т.е. we put 


less = PQIP,QeQ YIRIQ Aa NP. (змог) Df. 
(Observe that we have RI‘Q in this definition, not 13505.) 

It follows from (D) that, P and Q being well-ordered series, if P-and Q are 
not similar, one mnst 5e less than the other (ж254-). It follows also from 
#25085 that if P is similar to a proper section of Q Q cannot be less than 
P(x254181) Hence Р is less than Q when, and only when, / is similar to 
а proper section of Q, ie. 

Pless Q. =. P, Qe. Ре (441). 
Hence if each of two well-ordered series is similar to a part of the other, the 
two series are similar (4254-45); and in any other case, one of them is similar 
to a proper section of the other. 

From the above results we easily obtain the following propositions, which 
are useful in the ordinal theory of finite and infinite. 


ж254:51. F:PlesQ.-.P,QeO. ВЕР A М0 = А 


Ie. one well-ordered series is less than another when, and only when, во 
part of it is similar to the other. 


c 
x25452. t:PeOQ.aCC Pg 1C Pap Pa. D. PY ales Р 


Le. any part of a well-ordered series which stops short of the end is less 
than the whole series 
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#25455. +:.QlessP.=:P,Qe0:(qR). RsmorQ.REP.q! OP np POR 
Te, one well-ordered series is less than another when, and only when, it is 
similar to a part of the other which stops short of the end. 


#25401. less= BQ {P,QeQ. 18 Qn МР. (PsmorQ)) Df 

#25402. P,,—(D'Pj]smor Df 

#2541. +:PlessQ.=.P,QeQ. qi Rl'QaNr'P,(PsmorQ) [(«25401)] 
#254101. К: P,Qe Q. PG Q. (P smorQ).2. PlessQ [42541] 
x25411. F:RP,Q.-2.ReD'P,.RsmorQ ((ж25409)| 

«264111. FP, DP, o №0 [x25411] 

425418. Е: Ос Ри. =. м1 -Р, о NQ [3254111] 

#284121, +. DP, СО, [325412 . 152°] 


x25413. |:. Psmor Р”, Qsmor 07, 2: PlessQ. =. P’ less Q’ 
[#15115 ,ж152:321 . #2541] 


#25414. F:SeD'Q;. ТєРешо g. D. TIS e DP, o Nrs 
Dem. 
b.#213'141. Db: Hp.2. (96). Вевес Q-A- CQ. S-QEB. (1) 
Е. x15037. ЭБ: Нр.8= 018.2. 258 = (250) TB 


[ж15111] = рр тев (2) 
b.x2127. 2bk:Hp.8esect^Q. 2. ГВ esect*P (3) 
Е. ж37-43. ОБ: Нр. 8 єѕес ~ A 2.0178 (4) 


F.x15022. Эн: Нр. 78= (Р.о. Т8 = TQ: 
[#72481] ЭБ: Нр. 748 = СР. В esectfQ.2. B OQ: 


[Transp] Dr: Нр. В езес Q-Q. D. 768 + OP (5) 
F.(3).(4).(5).2 

Е: Нр. В esect*Q— VA — CQ. D. TB esect*P — A — CP (6) 
F. (1). (2) . (6). Db: Hp. D . (qa) .aesect*P — ил — CP. Т8 = Р} а. 
[4213141] >. TIS «ГУР, (7) 
К.ж151°91. 2F:Hp.2.(T58)smor 8 (8) 


К. (7). (8). Db. Prop 


#254141. Е: Psmor 0.2.09, CG*P,, . DPs CI Qu, 


Dem. 
F.x2541914.2 E: Hp. 2:8eD'Q,. 2. Se (P, (1) 


F.(1).x15114. 2 +. Prop 


ж254:142, H: Re C P,.D Ryn © Pom 


Dem. 
F.x213241.0 E: Hp. D. D'R, C “Р, (1) 


F.(1).«25411. ЭН. Prop 
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ж254143. F: Qe TP, .2. CQ, СОР, 


Dem. 
F.425412.2 +: Hp. 2. (g R). Re D'P,. EsmorQ. 
[#254141] D. (QR). ReD'P,. DQ: Са‹Вы. 
[4254142] 3.D'Q; Са‹Ры. 
[421316.Hp] о. Орев — ил) COP... 
[*213-1] D. CQ: САРы: DF. Prop 


#254144. Р: Р=А.2.Р,„ = А [«2183.x25411] 


425418. Hi О.С. 1 EP. Puo CJD: ET Pon =. OQ COP, 
Dem. 


К.ж254148. 2%: Qe Pim. D- CRs CCP, 

F. #213142. 211-26. DF: Hp.qiQ.3:QeCQs: 

[x22441] 2:00; CA Pay D -Qe T Pom 
F.x21118. Dt: Hp.d.q!sect‘Pal. 

[x20035] D. Ae PE {sect P — 4A). 

[*21316] >.AcD*P,. 

|ж254/121| 3. АР 

Е. (2). (3). Э.Б..Нр.Э:0:0,СОФ,,.2.06 (CP, 

Е. (1). (4.21. Prop 


> > 
#25416. Fi Qsmor Q’. D: Р, 0-Р, Qi Qe ЧР. =. еа, 
Dem. 
> > 
Е. 2254111 54152391, D E: Hp. D i Р, 0-Р, R: 


2 
[18-12] Dig! BaQ g! BaQ: 
[433-41] 3:QeC'Py, -=.Q' «Р, 


К.(1).(2).ЭК.Ргор 
#254161, |: P smor P’. D. AP = TP m 
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а) 
(2) 


(3) 
(4) 


а) 


(2) 


а) 


Dem. 
Р. #25414. Db: Te Psmor Р’. 8с05Р үс Мг Q.D. TiSe ОР; o Nr'Q: 
[#25412] Dt: Te Psmor Р’. Qed Pim. D. Qed Pan? 
[#15112] Dt: Psmor Р’.2.@Р’ САР. 


Е. (1). «15114. Db: P smor P’. D.a Pom C OP om 
F.(1).(2). d+. Prop 


«254162. F:. Psmor P’. Qsmor О’. D: Qe T Pim. =. 0'є P^, 


[1325416161] 
#264163. +: Re ‘9.2. C СО, 
Dem. 
b,*25412.>b: Нр.2.(48). Взтог 8. Se DQ; . 
[254-161-142] Э.(я8). IR, = TIam . T Spin C ЧО. 


[#13195] 3.G Bam Са, 2 D F. Prop 


(2) 
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#254164. Е: ПР, © 50,» 2. ПР, = Р, DQ a A Pim) = Pem DQ 
Dem. 
Е. ж25411. ОН: Нр. Re D'P,. 2. (95). Se DQ. Евтог S. 


[#25411 | D. (q5). S e DQ. BP om S - 
[371] D.R ePm DQ: 0) 
Ка. ән. Р, “рд, C DEP, (2) 
F.(1).(2). 2+: Hp. 2. DP, = Р, D'Qs 
[#3726] = Р, (150, “Р, ): DE. Prop 
#25417, Е:РєО.0с«Пр“Р,.ЁСО.Э.с-(Евтог Р) 
Den. 
k.x20421.2 Е: PeQ. RG P. Взпог P. O. ReSer, 
[#20441] 2.А= РЁ СЕ (1) 


|. #25065. Transp. D 

Е: Лео. RsmorP. R= РСВ. Э.о (Ча) .аезее ИР — «Р.С ЕЕ Са. 
[421113344] D. ~ (q4Q) Qe PE "(sect*P — CP). REQ. 

[#21314] 2.— (OQ). Qe D'P,.. REQ (2) 
E.(1).(2).2F:PeQ. RsmorP.REP.D.~(qQ).-QeDPs.REQ (3) 
|. (3). Transp. DF. Prop 


#25418. F:QeD'P,.2.c(PlessQ) (ж254171| 


4254-181, +: Qe I4, .2 ~ (P less 0) 


Dem. 
+. ж2541812. D+: Hp. 2. (q R). RsmorQ.~(P less В). 
[x25413] D.~(P less Q): Db. Prop 


*254 182. H: PeO.QeD'P,.2.Qless Р [#254101 ,ж258:491:18) 


#2542. FiPen. Qed Pim 2. Qless P 


Dem. 
F.x3954011.2 FE t Hn .2.(g D). Re D'P;. RsmorQ. 
[x254:182] 2.(q В). Rless P. Rsmor Q. 
[#25413] 2.Qless P: 2F . Prop 


#25421, F:PeOQ.Qe(IP,,. RGQ. Re Q.D. Кіе P 

Dem. 
b.#25412. DF: Hp. 2.095, 7). Хер“; . TeSsinorQ. 
[315121 15031] 2.045, T). SeD' P. Тєдвшог 0.15 smov IE. TIRES, 
[#25417] D647). ТЭК smor В. TIRE P. ~ (T3R smor P). 
[15117] 2.047). 7} зан В. T3R G P.  (Rsmor P). 
[2541] D. R les Pi Db. Prop 
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#26422, Б: PeO.2.P4,,61— Cls 
Dem. 
F.«20411.2 E: ЕР,.0.5Р,.0.2: R, SeD'P,. Rsmor 8: 
[953-16] 2:Ре0.2.8-8 а) 
Е. (D). Comm. DF. Prop 


#264221. H: PeR. D. AP mC 


Dem. 
b x25412. *253:13.9 


F:Hp.QeGP,,.2.QpR, а). А = Pa. RsmorQ. 
[4250141.4251111]2. Qe Q : 2 F . Prop 


#264222, H: P,QeO. D. Pm 0) 1-01 
Dem. 
г.ж25411. ЭЕ: В (Р, 0505) S. В (Р.Г DR) 9.2: 
S, S'e DQ. Rsmor S. Rsmor 87: 
[«253:46] 2:0.0.2.8= 0) 
F.(D.Comn.2F: Hp. 2. PA f D'QreCls 1 (3) 
F.(2).x25422. Э +. Prop 


x264223. F ,Onv (P, Г D'Q) = Qom t DEO; 


Dem. 

F.x25411.2 E: R(PA 0:0) 5. =. ReD'P. Se D'Q;. Ввтог 8. 
[415114] =. SeD'Q;. Ве "Ру, Ssmor В. 
[x25411] з.8(02Г DOS) R: DE. Prop 


ж254224. F:QeQ. E! Р, 58.86140,.2.8-0, Pen S 
Dem. 
Е. 4254293. ОЕ: Нр.Э:80,, (Pan S) «= o (Pa S) Pom 0) 
+. (1). #8032 . #25422. 2 H. Prop 


325422. К: Pe. Qed Py. D. P, OD Psa М) [425422111] 


325424 |: Р, Qen. пер: Р, а Чи. бе RER a DPs. D.S e Qu 


Dem. 
|. x21324. Db: Hp. D. SeeD R. 


[x254143. Hp] 2. Se OQ: Е. Prop 
R. & W. Il. 
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4264-241, Е:.РеО.0О,ВсС“Р,.Э: Re AQ,,.=.ReDQs 
Dem. 


b.4254121. DF: Re D'Q,. 2. Re IQ, а) 
F. #254142. D F: Hp. Qe CRs. D . Qua € Ron, (2) 
F. x25342, Db: Re Q.D. RS e (CR, (3) 
F.(2).(3). DF: Hp. Qe CR. D.R ~oe ЧО (4) 
Е. (4). Transp. (3). D F : Hp. ReO Qum. D.Q eC R,. Q4 R. 
[«213:245) 2.- (QP,R).Q- R. 
[«213:153.Hp] 2.ЕР,0. 

[«213:245] 2.RE«cD'Q, (5) 


t.(1).(5). D F . Prop 


#254-242. F:Qe OQ. Te Psmor Q. SeD'Q;.2. 754 = PS 
Dem. 
F.425414.2 F : Hp. 2. DSeD'P,a №8. 
[x25411] 2.(D8) PAS. 
[x254:22.«251111] 2.158 = P ,S:2F . Prop 


«254243. F:Qe OQ. SeD'Q,. TePsmor 8.870,6.2.198/-Р, S 
‚ Dem. 
F.x213:245 . #25318. DH: Hp. 2. Se . S 05. 
[«254:242] D. TiS = Poms’: DE. Prop 


4264244. E: P,Qe Q. SeD Qs o GP, Te (P, S) 8.8%0,8.2. 
138 = Ра. T38’ = Р, 87.(1589) Р, (158) 


Dem. 
F. #254243. DF: Hp. R= Pm S.D. TiS = RS! 1) 
F. #25411. OE: Hp(1).2. ReD'P,. (2) 
[#254142] 3. Rym C Pom (8) 
Е. (1). (3). *25422.3+:Hp(1).3. TiS = PAIS" (4) 
F.x15111l. ЭР: Нр(1).2.ЕВ-758. (5) 
[(2)] Э.1584618Р, (6) 
b.(1).(5).#25411. Db: Hp(1).2. TiS ер (158) (7) 
F.(6).(7).«213244. D H: Нр(1).2.(738”) P (255) (8) 
k. (5). D+: Hp. D. 735 = Pam 8 (9) 


F. (9). (4). (8). D H. Prop 
#254245, H: P,Qe Q. Se DQ п IP, . Q8. 2 (P4, S) Ps (Pam S) 


Dem. 
F.«2542211.2 FE: Hp. 2. (PAS) smor S (1) 


К. (1). #254244 . Е. Prop 
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#25425. Fi P,QeQ.S,S’e DQ; с ОР, .Э:870:8.55(Р, 89Р,(Р, 5) 
Dem. 
F.x«254245 ,.2E :: Hp. Di8 QS. D a (Pam S) Ps (P448) а) 
Pa, PAGS Р, 

4163 Бол 0.2 
Fs. Hp. D i (Pom S) Ps (Ри S) -D - Qu Pam S) Qs (9 2.48). 
[#254294] 2.5'0,5 (2) 
b.(1).(2). Db. Prop 


ж25426. |:Р,0:0.2.0,[ (09; с Р, )-0,56 (Р DP.) 
Dem. 
Е. #25425. D Fi: Hp. D i S (SE (1350: с ЧР) 6.5: 
8,876 “0, a G*P,, (Pem SAPs (P4, 8): 
[#25422] 2:S,8'e DQs: (gh, Е). RP'S.R'PAS'. BPR: 
[254223] = : (4R, R^) . SQR. S'QE'. В, R'e DP,. BPR: 
[#15011] z:S' (QuPSEDIP)J Si: D+. Prop 


3264261. F: Р,060.050,СО“Р,,-Э.О4090:-0,5 Р Р) 
(ж254-26| 


#25427, F:P,Qe OQ. DP, Са. DQ CA Pm.. 
Qu © O(P: E DCP,) e (Qs E D'Q)) smor (Ps p р‹Р,) 
Dem. 
k.x254222, Db: Hp. 2. Qm ГОР; E РУЕ1--1 (1) 
К.жЗГ41. Db: Hp.d. CPs БЄР,) СС, (2) 
К. (1). (2). ж254961.ж15122. 2 F . Prop 
In virtue of the above proposition, we have, when its hypothesis is 
realized, 


(Qs [ D‘Qs) smor (Ps E D‘Ps), 
whence, by ж258:25, Qsmor P. 
This proposition is the converse of «254141. 


In the above proposition we take Qam | CPs D‘Ps) as the correlator, 
rather than Qu, | D‘?s, зо as not to have to make an exception for the case 
when P e2,. For if Pe2,, РР, е1, but Р, D'P,— А. Thus Ош | D‘Ps is 
not a correlator in this case. 


The following propositions, down to the end of the present number, are 
important, and give the foundations of the theory of inequality between well- 
ordered series and between ordinals, 
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#25431. £:P,QeQ. DPs < аи. DR СА, «3. P smor Q 
Dem. 
F.x25427. Db: Нр. 2:(P, [ р) smor (Qs DQ): 


[x25325] 2:Я!Р.ч!9.2.Рзмог 9 (1) 
Е. ж254'144.2Н:Нр.Р=А.2.0%,=А. 

[ж213:302] 2.0-А. 

[4153101] 2. Рзпог Q (2) 
Similarly E:iHp.Q- À.2. PsmorQ (3) 


F.(1).(2).(3). DF. Prop 


x264311. Fi P, Qe Q.D: DPs Саш. 150: CUP, =. Рашог 0 
[425431141] 


#28432. К: Р, 00.0, Са... Se DQ —O'P4,,.2. DEP. COS, 
Dem, 

b.x«25424. ЭВ:Нр.Б,8є0рО,.8“СЛ.БЕсОР,,.Э.К «СЕР, (1) 

+. (1). Transp. ЭЕ: Hp. ЁсР фа Q'P,,.2. (SCR). 

[421321] 2.24.5. 

[x254:2211.«213245] D .(P,, R) smor В. Ёс 055, 

[4254-12] 2. (B, В) € S, (2) 

|. (2). 49761. 2+: Hp. 2. Pem фа ЧР) C Ч. 

[4254164] D. DP; са, : DE. Prop 


«254321. E: P, Qen. D'P; C Qu . S=min (Q) (DQ: — ЧР»). 2. SsmorP? 
Dem. 
> 
+. #20514.2Е:Нр.2. QS Са Ры. 
[#218-246] 2.15 СОР, а) 
Е.н25439,/ЭР:Нр.Э.ОФ,СС5,, (3) 
+. (1). (2) «25481. 3 F. Prop 


#25433. HiP, QELQ. DPs CO Qan. T! DQ U Pin. D. Ре 
Dem. 
F.«25324.2F : Hp. 2. E! min (Q) (DQ; — T*P,,). 
[1254321] 2.(48).8 е). Ssmor P. 
[ж25411] D. Ped Qam: DH. Prop 


#25434. Р:Р,0е0.Реей%,, DP; C AQ... 2. P smor 0 
Dem. 
b . #25433. Transp. D F: Hp. 2. D'Q; САР... DPs C Qon- 
[x25431] 2. Раюог Q: 3+. Prop 
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425435, F:P,QeQ.q 1D'Q, 4, D P e Qua 


Dem. 
F.x25324. DH: Hp. 2. E! min (QAD Q — ЧР). 
[420514] 2. (35). ер, Py, QSC Pa. 
[a213:240) 5. (48) Se 049; — ПР. D'8 CI P, 
[#25434] 2. (48). Se DQ. Ssmor P. 
[ж254-11] D. Pedum: DH. Prop 


#25436. F:P, Qen. AID 0:-49Ф,,.Э.О9,С0 Qum [#25435143] 


x25437. Fn Р, QeQ.D:PsmorQ. v. Ped Qu. v. Qe A Pin 
Dem. 
F.x28431.2 EF: Hp. DPs С ‘Ош. 0 СОР. 2. Psmor Q (1) 
F.«25435.2 F: Hp. т! DQ, – G*P,,.2. Pe AQ, (2) 
Б. ж25435.2 +: Hp. q! DP, - Qom .2. Qe CP, (3) 
Е. (1). (2). (8). DE. Prop 
This proposition is the most important on the relations of two well- 
ordered series to each others segments. lt shows that of every two 
well-ordered serie. which are not similar, one mnst be similar to a segment 
of the other. 


«2644. F: P,Qe Q.2: PlessQ.v. Psmor Q. v. Qless P 
Dem. 
F.x2542. DE: Hp. Pea Qum. D. PlessQ а) 
b 42542. ОЕ: Нр. 09Р, . D. Qless Р (2) 
Б.ж254:37 .2 E: Hp. Pre (Qu Qwea Pm. D. PsmorQ (3) 
F.(D.(2). (3). ЭК. Prop 


-» > 
#254401, E: P,Qe 2.3: ез Р = 1559. =. P smor Q 


Dem. 
> > 
Б.ж254:1, Db: Hp. less‘P = 6589.9. ~(P less 9) . сә (Q less P). 
[#2544] Э.Рзтог@ (1) 
> > 
Е. ж95413. D+: Hp. P smor Q.D. less*P =less‘Q (3) 


F.(1). (2). DF. Prop 


#25441, b:PlesQ.z.P,Qe O. PeQ'Qu =. QEN. Pe Qu, 
Dem. 


F.x9542. ОЕ: 9.0. Pe Q.D. Pless Q (1) 
F.x25418]. DE: 9 @Ры.2.-> (PlessQ) (2) 
|. ж253:421. DE:QeQ. Re DQ,. Psmor R.D.~(P smor Q): 
[25411] DE:QeN. Pea D, 2. (Psmor 0) (3) 
F.(2). (3). #2544. DE: Qe. Pe IP, D. P less 0 (4) 
Е. (1). (4). 2Е:Р1з0.=.9.0.РеЧ‘ш. 

[254-1] =.P,Qe2.PeTQm :2 F. Prop 
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ж254`42. |. less С J. less? C less 


Dem, 
F.x«2541. Dh: PlessQ.D.~ (PsmorQ). 
(ж151:181 >.P+#Q а) 
Б.ж254168.ЭН:Ес090,,.8609В,,.2.86490,,: 
[x25441] Dk: RlessQ. Sless Ё. D.S loss Q (2) 


F.(1).(2).2 F. Prop 
The relation “less” fails to generate a series, because it is not connected, 
two similar well-ordered series being neither greater nor less than each other. 
On the other hand, the relation Nriless is serial, since two similan well- 
ordered series both contribute the same term to the field of Nriless, and 
therefore connection does not fail. The relation Nriless will be dealt with in 
the next number. 


x25443. F:QeQ —cÀ.2.ÀlessQ [ж2541.ж250-4 x15211] 
x254431. Е. Гез = О — А. ОЧезз C О 


Dem. 
Е. 25443. 2Р:де0-(А.2.А1еө 0 (1) 
Һ.ж9541.ж9515. DE:Q=A.d.Qre Mess (2) 
F.«2541. ОЕ. ОЧез C 0 (3) 
Е. (3) . (2). Transp. 2 F . ЧЯезз CO -iÀ (4) 
К. (1). (4). ОЕ. ЧЯевз = 0 — “А (5) 
Е. (3). (5). D F. Prop 


In order to obtain C'less = Q, we need, as appears from (1) in the above 
proof, 10 —1“А. In virtue of «2517, this requires q!2. Ву ж101:49:48, 
this holds if “less” has its field defined as belonging to a class-type or a 
relation-type. If, however, “less” has its field defined as composed of 
individuals, the primitive propositions assumed in the present work do not 
enable us to prove 4! 2, nor therefore to prove ў ! less. 


It should be observed that “less,” like “sm” and “smor,” is significant when 
it is not homogeneous ; but  *less " is only significant for homogeneous typical 
determinations of “ less,” because only homogeneous relations have fields. 


ж254432. big !2..= Я less А а Т а. =. HINL À A tyfa 
Den. 


k.x2517.2b:g12,. 5.3 10 - Алқа. (1) 
[ж254-48] z.(qQ).QeQ А n tuʻa. А less Q. 
[#55'37] 2. (TK). Å less Q. AL QE tala Tta. 


[*55:3] 2.3 tess А ty o Та (2) 
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К.ж85°108.ЭК:{!1евв А fu'a Т а. D . (ЯР, Q).PlessQ.P,Qetyfa. 
[1254431] DAIR Ån tya. 


[Q5] 


2.912. 


Е. (1). (2) . (3). D F. Prop 


#254433. H. ! less A fs СІ T t Cls . Я ! less ^ t, Rel 14, Бе! 
[*254:432 . ж101:42:43) 


ж254:484. К: ў 1 less. =. СЧевз = О.=. ВЧезв = А 


Dem. 


Е. ж250-4. ж3324. ЭН: Oless = Q. D. ў ! less 
Е. «03102 .ж33:24. D F : ВЯез = A.D. й 1 less 


F.x25443. 2F:QeQ — «А.Э. AlessQ 
F.(3). DFi- А.о. ÀeDess. 
[#254431] Э.А = Bless 


К.(4).ж95®431._ ЭРіт10-гА.2.СЧөз-0 
F.(1).(2) (4). (5). ЭР. Prop 


-» < 
*25444. Б: Pe Сех. >. ОЧезз = less‘P u МЕР v less? 


Dem. 


F.x25413. 2F:Hp.2. Nr'PCC'less 

F.(1).439:152 ЭЕ: Hp. 2. less P u Мир Iess P C Оев 
F.X9541. — ЭН. ОЧевз CQ. 

[32544] 2 F x. P e Оев. 2 : Qe “евз. 2. Q e leest P u МиР v ЇР (3) 
H. (2). (3). 2 « Prop 


x20445. F:P,QeO.q! RKPaNr'Q. sg! ВО о МР. 2. PsmorQ 


Dem. 


kF.«25442.2 E: Pless Q.D. ~ (01еѕѕ Р) 
Р. 9541. ЭВ:Р,060.51В до МР. > (PsmorQ). 2. PlessQ. 


гал D.~(Qless P). 
(ж9254-1.Тталвр| 2.591 ВЕРАУХс 
F.(2). Transp. D F . Prop 


8) 


а) 
(2) 
(8) 


(4) 
(5) 


(4) 
(2) 


(1) 


@) 


55 


This proposition is the analogue, for ordinals, of the Schróder-Bernstein 


theorem. 
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x25446. +: Ріс» 0 .=. Р, 00.1 КО л МР. > яч! ВЕР п М) 
Dem. 
К.ж15211.ж0184.2 
Е: Р, ео. яК л МР. oq 18 РАМ 0.2. 
Р,феО. qi RKQo Nr! P, (P smor U). 


[#2541] 2. Pless Q (1) 
Б.ж254:1:45 ,Туапьр. 2 
Е: Pless 0.2.Р,0е60.4!1%0А МР. 1 RiP л № (2) 


F.(1).(2). 3 F. Prop 
ж25447. К: Ре0.2. Р, =1еѕ СР, 
Рет. 


F.3213245. 2 F1 Нр.2: RPQ. S Re D'Q . QP. 


ин 


[#254121] „Ве. 

[25441] 2. Rless С а) 
F.254181. Transp. D+: Hp. Q, Re CP. RlessQ. 2. Qo eR. 
[#254 121] 2.0-:1“%, (2) 
F.(2).«213:25 «25442. DF: Hp. Q, Re C*P,. RlessQ. 2. ReD Q. 
[4213 245] 2.ЕР0 (3) 


Е. (1). (3).2F. Prop 


42545. Fi P,Qe0.2: 
КЕР а К) А. =. gq! Rl QaNrP.~(PsmorQ). =. Pless Q 


Den. 

F.x25446. Dt: Hp. ВЕР n Nr'Q— A.D. ~ (Qless P) (1) 
Е. ж61:84. ж15211. 2 E : Psmor Q. 2. PeRIP ^ Nr'Q (2) 
F.(2). Transp. DE: КЕР л М9 = A.D. (PsmorQ) (3) 
F. (1). (8). 32544, 2 H: Hp. RIP Nr'Qe A.D. PlessQ (9 
F.x25446. ЭН: Ples. D. RP о № = A (5) 
Е. (+). (5). DF: Нр.2: ВЕР» №9 =ЛА.=.Р1езз0. 

[42541] шең! ВО л МР. ~ (P smor Q): D F. Prop 


*25461. F:PlesQ.=.P,QeQ. R PaNrQ=A [x25451] 


#25452. F:PeQO. aC OP gq CP np Pad. Р} aless P 
Dem. 
+. 4250141. 2 F: Hp.2. PE ae (1) 
F.x250653.2 F: Hp. 2. (PE asmor P) (2) 
F.(1).(2) 254101. 2 +. Prop 
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805453. F:P,Qe Q. QE P. ОР ^ p PC HQ. 2 . Qless P 
Dem. 
F.x250:652.2 F: Hp. 2. ~ (Qsmor P) (1) 


+. (1). «254101, D+. Prop 


#25454. +:P,QeQ.RsmorQ.REP.g! OP np PCR . D.Q less P 
[x254:53113] 


425455. Li. Qless P.=: P,Qe Qi (q R). Rsmor Q. RG P 1C Pnp PCR 
Dem. 
H. x25441. DF: Qless Р.2:Р,0е0:(4 В). Rsmor Q. Re DIR, : 
< 
[321318]2 : P, Qe 0 qk). Rsmr Q. RE P. СОР өр “СЕ (1) 
|. (1). 425454. D Е. Prop 


x255. GREATER AND LESS AMONG ORDINAL NUMBERS. 


Summary of «255. 

if P and Q are well-ordered series, we say that Nr‘P is less than Nr‘Q if 
P,is less than Q. Thus if р and р are ordinal numbers, we say that д is less 
than у if there are well-ordered series Р, Q, such that y= Nr‘P and у= Nr'Q 
and P is less than Q. In order to exclude the case where, in the type 
concerned, we have Nr‘P=A or NríQ- A, we assume p=Nor'P and 
у= №0. Thus we put 

д <и.=. (ЧР, 0). = МР.» = №0. Pless 0, 

e. we put <=МиЯезз Df. 


In order to be able to speak of Nr'P (where the type of “Nr” is left 
ambiguous) as greater or less than Мі), we put 

р < №МР.=.р< Ха Р Dt 

МиР «Си. .МХа“Р «и DE 
The treatment of types proceeds, mutatis mutandis, as in ж117, to which, 
together with the prefatory statement in Vol 11, the reader is referred for 
explanations. 

In virtue of 54:46 and ж117:1, there is a close analogy between cardinal 
and ordinal inequality. That is to say, most of the properties of cardinal 
inequality have exact analogues for ordinal inequality, and these analogues 
bave analogous proofs (Їл the present number, when a proposition is 
analogous to the proposition with the same decimal part in «117, and has 
an analogous proof, we shall omit the proof) But ordinal inequality has a 
good many properties which have no analogues for cardinal inequality. The 
chief of these, upon which most of the rest depend, is 


ж255112. EF: veN,O.O ip <р. м. и o smorv.v.y «yu 
where “ Х,О” stands for * homogeneous ordinals,” ie. NOn N,R. We have 
also, what is often important, 
#25517. К: МР №). =. 09 less Р.-.Р,де0.де Pam- 
ш.Р,фде0.4 DP, А Nr'Q 
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зо that 
x250171. ko Pe 0.2: р< Nr'P. =. ue Nr DP; — ИА 
and mure generally, 
x255172. Fs. Pe 0.2: 
es 
ис №Р. =. (яа). СО“Р. gy! OP np Pa и= NrfPEa.qtu 
As in cardinals, р is greater than v if (and ouly if) и is the sum of v and 
an ordinal other than zero, including 1 except when v —0, (#25533). But it 
is necessary to the truth of this proposition that the addendum should come 
after v, not before it; т.е. y + w >> v unless w= 0, (ж255:82:321), but w + v is 
often equal to v. 
If a, В, у are ordinals, and а > В, we shall have 
vazyk8 («255561 
ахВв В а40,.840, (#255571), 
axy>BXy if y#0, (#255°58), 
y X B z» y if y is of the form 54-1 (255573), 
yXaz»y Xf if y is of the form 841 (255582). 
From the above propositions it follows that if а, В, y are ordinals, 
yta=yiB.d.a=B 
(ж255:565, where В may be substituted for smor‘‘s whenever significance 
permits; cf note to *12051), which gives the uniqueness of subtraction 
from the end (subtraction from the beginning is not unique); 
аХу=ВХу.2.а= 8 unless y=0, (ж955:59). 
which gives the uniqueness of division by an end-factor ; 
үХа-үХВ.Э.а-Дїү-841 («255591) 
which gives the uniqueness of division by a beginning-factor af the form 
5+1. 
We do not have generally 
а, Ву №0 .а<В.2.чехр, у < B exp у, 
because a exp, у and В ехр,у are in general not ordinal numbers, since series 
having these numbers are in general not well-ordered. Thus the theory of 
ordinal irequality has only a restricted application to exponentiation. This 
subject cannot be adequately dealt with until we have considered finite and 
infinite series. 
If « is an ordinal, ОЧа is the corresponding cardinal, Фе. the cardinal 
number of terms in a series whose ordinal number is а. Thus the cardinal 
numbers of classes which can be well-ordered are C***NO, т.е. 


#2557. Б. Nc*C*Q = ONO 
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It is evident that 
x25571. t:PlessQ. D. МСР NIQ 
whence, by «2544, 
ж25573. F:.P,QeQ.2: 
Ме“ “Р < Nc*C Qv . Ne*C P = Ne*CQ „м . Ne'C P > Хе (“0 
whence also 
#25574. bi.a,Be С“ХО-кА.2:а45<8.у.а>0 
Thus if two classes can both be well-ordered, they either have the same 
cardinal. or the cardinal of one is less than that of the other 
We have 
x25575. К: Р 00. №СР < Ne'C'Q. 2. PlessQ 
or, what comes to the same thing, 
x25576. H:a, ВеХО.Се%а<С48.2.а < В 


The converse of this proposition only holds for finite ordinals. If a 1s an 
infinite ordinal, а + Í always exists and is greater than a, but Оча = С“ (а + 1). 
(The existence of + [ is deduced from that of a by taking a member of a, 
and removing its first term to the end. The result is a series whose number 
isa + 1, in virtue of ж258:508:54.) 


#25501. <= N,riless Df 
#25502. > =0nv < Df 
ж25503, N,O-NOAaN,R Df 

Thus “МО” means “ homogeneous ordinals.” In virtue of «1553422, 
this is the same as “ordinals other than A.” It is not, however, strictly 
correct to put NO = NO - КА, because if the “ХО” on the right is derived 
from an ascending Nr, it will not contain all the ordinals in the type to which 
it takes us, but only those which are not too big to be derived from the lower 
type from which “Nr” starts. Thus in this case N,O will be a larger class 
than МО КА. If, however, the * Nr" from which the “NO” on the right 
is derived is homogeneous or descending, we shall have 

NO = NO - “А. 

#25504. < = < usmor NO Df 

This definition leads to the usual meaning of “less than or equal co.” Ме 
want the relation “less than or equal to” to hold only between numbers of 


the sort in question (cardinal or ordinal), and we want “eqnal to” to hold 
between two numbers which are merely different typical determinations of a 
given number, provided neither of these typical determinations is А. That 


is, if wis an ordinal which is not A, шог бин to be reckoned equal to pin 
every type in which it is not Л. Thus if и = зто, ie. if »=smorep, we 
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shall reckon v equal to p if both are ordinals and neither is A, ie. in virtue of 
ж155:34:22, if р, v € NO. This leads to the above definition. 
#25505, р> = Опус рғ 
#25506. ш< МСР.-.и« МиР Df 

On this definition, compare the remarks on ж117:02. 
x25507. NriP<au.=.Nor'P<ap Df 


The following propositions (down to ж255:108) merely re-state the above 
definitions, 


ж2551. К:р<о. =. (4P, Q). а= МР. о Ха. PlessQ 
4255101. be ee Nr Qs p ANQ 

x265102. +: NP «о. =. МР «v 
ж255:103. + 
x260104. + 
ж255:105. + 


иги. Е 97 
г: р Зи. Е: р и. pve NO . р = smorffy 
гри. у шаги pw. м. шоре МО. ш = тог‘ 
[255-104 . (ж255:05) -ж155:44| 
ж255:106. Р: Nr!P e Nr'Q. S. Nr P < №) [0955101109] 
x255107. К: МР < Nr'Q. =. NP Ха) 
ж9255:108. H: NAP < Nr'Q. =: МР < NQ. м. МР = Nr'Q. Pe 
|ж255:107:104, ж155:16 ,ж152:58| 
ж255:11. kiy <lr. =. (ЯР, 0). Р, 0.0. рае МР. р= 5. 
"ІК ^ МР. >Я !ВЕРл №0 [2551 .ж254-46] 
8255:111, К: иіру. =. (ЯР, 9). Р, QQ. up=Ng P. v= №0. 
Я! ВР ло №0. >Я 18 о ХР [25511103] 
This proposition is exactly analogous to %117 1, except for the addition 
P,QeQ. Hence except where this addition is relevant, the analogues of the 
propositions of «117 follow by analogous proofs. Such analogues will be 
given without proof in what follows, and will liave the same decimal part 
as the corresponding propositions in x117. Where proofs are given, there 
are no analogues in #117, or else the method of proof is not analogous. 


Ж255:112. Fu ve NO.O:i p E vv. = smor'*y.v.v < р 

Dem. 
kF.«2551.x2544.2F :. Hp. 2: 

px v.v.v« p.v (Я9,0)-Р,0«О.и- МР. у= №). PsmorQ: 
[x155:4.«152:321] 
2: реро. м.и p.v (ЯР, Q) u= МиР. МР = №0. № = шог: 
[155-16] 
Э:л<и.у.и<и.м. (ЧР, 0). к= МР. МР = №). Мг = зтог 9: 
[KIT] Diu e v.v.» Ep vu m smor*ty : ЭР. Prop 
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x255113. E: P,Qe 0.2: МиР < Nr'Q. v. МиР = Nr'Q. v №) < Nr‘P 
Dem. 
b.*255°712106. 3+: Hp. 2: 
МиР < NrQQ.v. МР = smor*Na*Q.v. МО <: МР: 
[*155'4-16] 2 : Nr*P < Nr‘Q.v. МР = №0). м. Nr'Q < МиР :. D F. Prop 
ж255:114. Н:. ш» МО. 2: и <. мир: Ри. М.и ш 
[4255:112:1047105:103] 
«250115. Hi. P,Qe 0.2: МР Nr'Q.v. NQ <: Nr'P: 
МиР NrQ.v. NQ > МиР 4255113108] 
x25512. Е. иги. Е: уе 50: 
Рени. Овь. Эро. Я! RMP №0. eq! RI ә. МР 
ж255:121. К: ии. =: р, ие NO: 
Рен. Dp.(qQ)-Qev- я! ВЕР n Nr. ~g! КО a МР 
#25513, К: МР Nr'Q.=.P,QeQ. qt R Po NQ. ~g! В с МиР 
4255-131, Е: МиР > Nr‘Q. =. МР ээ» №). Nit P + №0 
[*25513 . #25445] 
x25514. Н:игь.=.(ЯР, 0). P, Qen. p= NaP. v =N. Nr P> №0 
4255141 К: ити. ий р ич зшог“ь [x255 13114] 
ж25515. F:uiv.8.u5vcNO.q!s'Rl'unsmor'*y. селі! Ву smor“ р 
ж255:16. bi.y,veN,O.3: 
&}> v. =. smor иг» к. =. и > smory.=.smor'*y > 8тог у 
ж255:17, F:Nr'PzNrQ.z.QlesP.z.P,QeO.QeQG'P,,. 
z.P,QeO.q!D'P,;o № 


Dem. 
F. x25513 . x25446. OF: Nr P №0. =. Qless P. (1) 
[25441] =. P, QQ. Qe Pun. @) 
[ж25412] ш.Р,0єО0.д115Р, п № (3) 


F.(1).(2). (3). DŁ. Prop 
#255171. EF: Pe Q.D:u < МР. =. pe Мг“ ОР, — КА 


Dem. 
b.*255:14.5+:.Hp. Dip < МмР.=.(49). o №0. №09 «Мир. 
[#25517] =. (AQ) -=N Q. Qe. qi 0,4 М. 
[#1521] = .(qQ, В). w=Nor'Q.QeX.Qsmor В. Re D‘P;. 


[415235415516] =. (AR). u= NR. Re Q. Re DID, qtu. 
[x25318.4376] =. p e Nr“D‘Ps— tA i ЭР. Prop 
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ж255172, F:Pe0.2: 
Р ис М№*Р. =. (да). аС CP ig CP р Ра. p=Nr Pla 1а 
ет. 
F.x211703.«2139141.2 


F:QeD(P,.2. (qa). aC CP. gq! OP ap Pa. = Ра (1) 
F.(1).3255171.2 F: Hp. < NrP.D. 
(qa). aC OP. qi OP np Pa p=N Pa діа (2) 
F 950653 . «25447 .2 
F: Hp. aC OP. g1 Pap Pa. 5. Рђ аі Р. 
[#25517] 2.Nr'PEa < Nr'P (3) 
F.(2). (8). 2+. Prop 
*200173. F: Ре0.2: 
№09 < МР. =.(яа).аССР.д!СР np Piia .Qsmor (Ра) 
Dem. 
F.x255172102 . x15522. D 
Fi Hp.D2:NrQ« NitP. (дала C CP. qt Po p Pia, Ха) Мрђа. 
[к152:35.ж15522] = (qa). a СОР. q 1 CCP n pra. Qsmor (PE a): Dk. Prop 
#255174. F: №0 < МР, =. Pe Q0. Nr'Qe Nr**D'P, 
Dem. 
Һ.ж255:171:1109:13.2 
ki. №0 < ХЄР ,г: РеО. Ха ХР, - ИА: 
[437°6.4155°22] =: Ре0: (98). ReD'P,. №0 = №: 
[x15516] :РеО:(ЯВ). ReD'P,. №09) = Ме В: 
[x37:6] zmiPeQ.Nr'Qe Ni*D'P,:. 2E. Prop 
ж255:175. К: №0 < NifP.E. Pe. Nr Qe Ni(D'P;o иР) [3255174108] 
«265176. Fi. 1 P. D: №0 < Nr!P. =. PEQ. Ni'Qe Nr'C'P, 
[*213:158 . #255°175] 
#25521. F:Nr'Pe ММ: 0.5.Р,фєО.БИРеХ: -А [x25451 . x25517] 
This proposition has no analogue in cardinals, because it depends проп 
ж2544. In cardinals, if Clan Nc*8 =A, it does not follow that s! СІ А Ne‘a, 
so that Ne‘a may be neither less than, nor equal to, nor greater then Мс“. 
4255-211. E: P,Qe Q.D :g! RIP o №. яК a МР, =. МР №) 
[254-45] 
This proposition is the ordinal analogue of the Schrüder-Bernstein theorem. 


If P and Q are series which may be not well-ordered, the proposition fails. 
Thus e.g. the series of rationals is like the series of proper fractions, which is 


Ш 


64 SERIES [PART V 


a part of the series of rationals > 0 and & 1, and this latter series 1s part of 
the series of rationals, but is not similar to the series of rationals, since it has 
a last term, which the series of rationals has not, 


#26622. +: P,QeQ.q! RMP o №). =. Nr! P Nrg 
#255221. F:. ХР NrQ.z:P,QeO:(qR). REP. Rsmor 9 
4255-222. F: QCP. P, QQ.. NP zm Nr'Q 
«25523. Fi NrP > №0). Nr QNP. =. Р, QQ. МР = №0 
x25524. К: р> р. =. (ЯР, 9). р= МР. = Ма. МиР ээ» №) 
#255241. bipdev.=.(q P,Q). um ХаР. у= Na'*Q.P,Qen я! Ri Pa Nr'Q 
3255242. Fi. уеМО. Э: шь. =. (ЯР, 9): Pep.Qev.q 1 ВЕР п №0 
ж255:243. b: pv. =: 
(ЯР, Q): P,QeQ.p=NrP.v=NyrQi (НВ). ВСР. Rsmor Q 
ж255:244, Е:.д,ис 50.2: 
из v. = .8тогбийг у.г. р 2 шогу. =. smor“p & шог бр 
ж25525. Б: 220.02 ш. =. н, у є М.О.яшогби == 8шог 
ж255:27. БХР < NrfQ v=. NP < Nr‘Q. Nr P + №0 
#25528. +: МР > NrQ.s.NrYPzNrQ.-(NrQzNrP). 
Pi QeQ.~(Nr'QeNr'P) [x25513:2221) 
«255281. bi иг р. =. ши. > (и р). Е ие Х/О.с-(и ги) [#255114] 
«255-29. Е: Мир < №0. =. МР < Nr'Q.— (N < МиР). 
.Р, ОЕ О. ~ (Nr'Q < М:Р) [#255115] 
#255291. bi р<Зи. =. ри. > (v р). Е. ve №0. (иш) (ж2551141 
In the following proposition, we employ an abbreviation which is justified 
by its convenience, namely we put 


(o). we NO v vd. NP №0) + o 


ш i 


instead of 

(qa). œw eNO. Nr P = Nr'Q +е.у. МР = NrQ + 1. 
In virtue of ж51:289, these two expressions would be equivalent if i had any 
indepéudent meaning; but as 1 is only significant as an addendum, ж51:239 
eannot be applied. We will, however, adopt the following definitions : 


x255298. (qa). wexvl'l. (рі в). =: (Яе). тек. (и е) м.р i) Df 
ж255:299. = еко. Du. f (pb a) =: еек. De (иі): / (и +1) Df 


These definitions enable us to state many propositions, in which 1 occurs, 
as though 1 were an ordinal number, 
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ж2553, Fi Nr'PzRNr'Q.g:P,QeO:(go).oeNOvvl.Nr'P-Nr Qiu 
Dem. 

Е. ж255'115 ,ж253411.2) 
tr. МР N.=: Pe: (qa). Ме МиР. м. Nr 041-Х Р: 
[#251132:26] =: Pe N :(qu). №0, те ХО.Х: 0-4 = МиР.у. 

№0 NO. М) +1= “Р: 
[#251111] 2: P,QeO:(qm).o e NO. №0 + в = NeP.v. 

NrQii-NrP: 

|(к255:298)| е:Р,0є0:(яз).тсХОм 1. МР = Nr'Q o :.2FE.Prop 


ж25531 bi иги. Е: ре М0 : (яе). ве МОЧИ. и=у+ я 


[4255814] 
X*X25032. Е: ие МО. Э:1+я у. =.в-0, 
Dem. 
|. ж25344. ОЕ: Нр.=+0,.2. 41+ (1) 
F. x25581. ЭРҺ:Нр.Э.>+ж= >v (2) 
t.(1).(9).x255141.2 F: Hp. +0. D.v4o >v (8) 
Һ.ж255141. Dt:Hp.v+a>v.3.04¢a+smory. 
[*180°6] 3.0 +0, (4) 
Е. (3). (4). D F. Prop 
#255321. Five NOD iv $0, mv Ml >v 
Dem. 
Б.ж253:45, DE: Hp.v+0,.d.v4i4v (1) 
Е.ж25581. Эк:Нр.Э.»+1 ®» (2) 
К. (1). (2). 4255141. 2o : Hp» 40,.2. vl >v (3) 
F.«255141. ЭнЕ:Нр.”413»и.Э." фі зшог р. 
[«161:2] Dd.» +0, (4) 
Е. (8). (4). DF. Prop 


25533. büu£iv.m 
pveN,O:(qa).ceNO-t0,.p=vba.v.vt0,.p=vti 

Dem. 

#25531. 

Бару. =: uve МО (=). жє МО.ш= +. у.м. шері. иі: 

[425532:321] 

RiureNO:(gm).oeNO- (0,.и-уіст.у.у 0,6 р=ь-+ 1.2 H. Prop 
R&W IL 
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42554 Нішізу;./ігс.Ә.пігт 
*20041. bipvivSo.d.~So 
#25542. ben (up). ~ (psy) 
425543. bi р>. о (и  т).Э.-(0858-0) 
#255431. F:u ъ>.®ъєМ,О.сә(и ®ъ).Э.жг:>ь» [x25543114] 
425544. Б:иёет.г-(и2:9).2.-4(ийгу) 
«250441 Ре. ше МО. (и). О.у [4255-44114] 
#25545. Е:и2р.иї»т.Э.иг-т 
x25546. Е:иї»р.и2эт.Э.игт 
#25547. ї:иї»р.эї»т.Э.иїэб 
ж255:471. Е ис v.v ш.Э.ист 
ж255:482, Е: ийг. . ve NO. (v >p) 
*250483. Fiy siv.z.u ve NO.c(v« y) 
42555. Б: рєеМ№0. =. р> 0, 
Dem. 
К.ж955'81.ЭК:. ш 0,. =: ие МО: (де). ве МО vel. p=0,¢0: 
[x18061] ш:иеХ(:.ЭР.Рсор 
ж255:51. Е:иєМХ(-10,.5.и1»0, [X255 1415 . x15315] 
x25552. Һ:Ре0-(А.-.ХіР>9, 
Dem. 
F.«25013.2 F: PeQ—VA.D. EIB P. 
(981011 Э..(яуу.(8“Р)Ру.В“Р-у. 
|ж56:11.,555:31 2.(97).(В:Р) | уед, о RIP. 
[«13:195] 3.g!2,o ВЕР. 
[4255-22] 2.NrP R2, (1) 
|. ж25522. DF: NP £2 2,. 02. PeQ gp 12,0 КЕР. 
[x61361] Э.Ре0-4А (2) 


К.(1).(2).ЭК.Ргор 


x255:53. 


x25554. 
Dem. 


ЕсиеМ,0-10,.2.52»9, [x25552] 


bnEEL4.mig-0,.5-2,. 


F.X«255:53. Transp. «255281. 2 F:2, > 4.3.1920 (1) 
F.(1).x955:105.2 F . Prop 
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#25655. К: ш 2,. =. pe МО — #0, – (2, 
Dem. 
F x25554 . Transp . «255:281.2 


Е: > 2,. c.ueNO.ut0,.u42,:2F.Prop 


#25556. F:ReO.Nr'Pz NéQ.2. Мк В МР МВ Мг) 

Dem. 
Е.ж25538.2::Нр.Э:Р,0,8с0:(цэ).сМХОм 1. МиР = М 04: 
0180-56] 

D: P,Q, ReO:(gm).oeNOu vi. Мг В+ МР = (NR Nr'Q o: 
[«255:31.«25126] 3: NR + NP > Ne RENQ: +. Prop 


#255561. F:yeN,O.az» 8.2.ybaz yi (95556) 


«255562. H: Re Q. МР» Nr'Q.O. NRAN P МР4 NrQ 
Dem. 
t.*1803. 3b: МиР = Nr'Q.O. Nr'RH- Nr P = Ме В + Хг) (1) 
Е. (1). 25510856 . D 
|:. Hp.3:Nr'R4Nr'P > NRN ду. NREN P=Nrr RENQ: 
[*255°108] 2: Ni R E NP zz Х:“Е4-Мг0:. 3E . Prop 
ж255:563. Есүс Х,О.ар-8.Э.ү-аргү4 8. [x255502] 
#255564. H: P,Q, ke OQ. МА ХР «Хен М9. 2. МиР = NrQ 
Dem. 
k.x25542. ЭЕ: Hp. 2. (Nr! A. ХҮР > Ni R -Nr'Q). 
[4255:56.Transp] 3. (Nr'P2N'Q) (1) 
Similarly F:Hp.2.-—(Nr'Q > МиР) (2) 
Е. (1). (2). #255113, 2 К. Prop 
This proposition establishes the uniqueness of subtraction from the end. 
Owing to the fact that ordinal addition is not commutative, we have to 
distinguish “subtraction from the end” from “subtraction from the 
beginning.” They may be called terminal and initial subtraction re- 
spectively. Thus by the above proposition, terminal subtraction among 
ordinals is unique. This does not hold in general for initial subtraction 
among ordinals. 


ж255:565. b:0,8,yeN,O.yba=y+6.3.a=smor“8 [«255:504] 


The above proposition is still true if we put а = instead of а = вшог“8 
in the conclusion, but in that case it is only significant when а and @ are of 
the same type, whereas in the above form it is free from this limitation. 
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425567. F:P,QeQ -rÀ .2.Qless(Px Q). №0 < М"Рх №0 
Dem. 


Е. ж25013.  ЭР:Нр.Э.ЕЫРВР. а) 
(ж165:5511 2. Qsmor Q | (BP) (2) 
F (1).ж1661. DheHp.d. QL (P) P x 0 (3) 
F. (1). 498101, ЭР: Hp. D . (ўл). (BYP) Ре (4) 


Е. #166113. D F: (BP) Pe. Re OQ | (ВР). у eC Q.D. В(РхОу(у } =) (5) 
+. (5). (4) -#3324 . x16612 . 113106. D 

Fi Нр.2:(92,9): Re CQ (ВАР) „Эв. R(PxQy | жу: у} ее C(PxQ) (6) 
F. (2). (3). (6). DF: Hp.D. кə 

9} (BP) smor 0. QL (B P)E PxQ.qi0(Px Q^ р“Рхф00 | (BYP) ? 
[x25454] D. Qless (P x Q) (7) 
b.(7).*255°17.3+. Prop 


ж256:571. Е:а,86«Х,О-40,.3.8«20Х8 [x25557] 


4265572, H: Р,деО-15А.Е BP. D.P less (P x Q). NP s Ni РХМ 0 
Dem. 


F.x28013. Dt:Hp.d.EIBQ. (1) 
[166111] 2.(B'Q) |j PG PxQ (3) 
F «15164. (1). 2 F: Hp. 2. (BQ) {3 Рзто P (3) 


F.4202511.2 Es Hp. 2: B Pep PDP: 
[#166111] — 2:zeD*P.ye(Q.2. (BQ) Ja] (Рх) (ФУ) (4) 
F.x202:511 D F r, Hp. 2: ВСер”д ач: 
6166111] — 2:22 B'P.ye1Q.2 BQ) L2] (P x O (y | (BP) 29 
Е. (4). (5).Э г Hp. Dd: ae CP. ye 0.Э.(890) 144 (Px Q [y | (BP): 
[#15022] D:MeC(BQ) p P. ye Q.D. М (Рх Qu y (BP): 
[Hp.«33:24.«166:111] 
2i(gN) Ме C(Px 0): MeO( BQ) P. эм. M(PxQ)N (6) 
Е. (2). (3). (6). «25454. D F: Hp. 2. P less (P x Q) (7) 
Е. (T). x25517 . D F. Prop 
к255:513. Н:. „Ве Х,О-10,:( у).-үес NO— UO utl .0-гү41:3.4«4Х8 
Dem. 
Б.уж204:488 . D F: Hp. D. (QP, Q) -a= МР .B=NxQ. g1 BP (1) 
F.(1).255:572. 2 +. Prop 
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#25558. bi yeN,O~10,.a>B.2.axy> ВХУ 


Dem. 

Һ.ж95581.2 

bi. Hp.3:(qa).ceNO-10,.a=R4a.v.840,.0=B4+i (1) 
Е. #18435. Оғ:а-Йіз.Ә.аХү-(8Ху) + (= Ху) (2) 
|. #18416. Dt: Hp.c£0,.3.0Xy+0, (8) 
F.(2). (3.425532. DH: Hp. c eNO —10,.a— В+ т.Э.«Хүг ху (4) 
k.x18441. 2F:Hp.a-841.2.axy-(BXy) t y. 

(ж955:39) 2.аХу>8Ху (5) 


F.(1).(4). (5). DE. Prop 


ж265:581. F:PeQ.E! BP. Qless В.Э . 
Px Qless P x В. М"Рх Nr'Qes МР х Ме В 


Дет. 
€ 
F. x25455. D F: Нр.2. (35). Ssmor Q. SC R.q 1C Ra p' RCS (1) 
F.x16611.2F: SG E. D. PX SGPxR (2} 
F.x16623.2 FE: Ssmor Q. 2. Рх SsmorP x Q (3) 


|. 202524. 4053. DH: Hp. ze CP ше CS y eC Бар RAS .Э : 
zP (BP).v.2= BP: wRy: 
[160113] 2:(042)(Рх By (ВР) A) 
К.(4).ж166111.ЭК:.Нр.уебС‹Ёлр“В“0‹8.Э: 
MeO(Px8).34 M(Px B) y (ВВ) (5) 
F.(5). 41028. ЭР: Hp. g 1C Ro p RCs. >: 
(М): Ме C(P x Ву: M e O(P x 8.24. M(P x R) N (6) 
+. (2). (8). (6). DH: Hp. Ssmor Q. SCR- 10“В ap ROS. Э: 

(P x 8)smor(P x 9). Px SEPxR.g!O(P х Е) арР х В“СЧР x8): 
[4254-54] 3.PxQlesPxR (7) 
F.(D).(7).2F: Hp.2. Рх QlessPx А (8) 
Г. (8). #255°17. Dt. Prop 


*255'582. Е:.ас М,0:048).8«МО-190,мы11.04-4841:8«эг2. 
axB«aXy [4255581 42044831 


*255°59. H:a, 8, уе NO. y 0, aXy— BXy-D2.a— зтог 8 
Dem. 
F.«255:58. Transp. ЭЕ: Hp. 2. (а>> 8). ~ («<= B). 
[ж255112] 2. а =зпог“ 68: Dt . Prop 
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This proposition establishes the uniqueness of terminal division, te. 
division by an end-factor, Initial division (ie. division by a beginning- 
factor) is only unique if the divisor is of the form +1. 

#255591. H :. а, B, ye №0 : (98). 8єМО-40,м(41.0-841: 
aXB8-uXy:2.8-smor*y [«255:582112] 
«2556 Р: МР ХГ 0.2.14ХСЄР:ь14Мг 0 
Dem. 
F. x25533 .D F n Hp. D: (де). o eNO- (0,. МР = Nr'Q m . v. 
Nr'PE0,. NP-Nr'Qii: 
[X18155] 2: (яв). = eNO— 0,. E - NP = (1 ENr'Q) Em. v. 
М"Р+0,.1+ МиР = (1+ №9) +1: 
[#255-883] 2:14 МР > 14NrQ:. D+. Prop 
#256601, +: NP > №0 .=.14МмР > 14+ №9 
Dem. 


6 ФР ; 
пы 


Е: МР « №. 2.14 МиР < 143: 0 (1) 
+. (1). #255°108. Db: МР « Nr'Q.D. 1 -NiP i1 ENr'Q (2) 
F. (2). Transp . ж251149,Э 
Е: 1 NrP,i¢NrQeNO.~G4tNr'P «2 1-4 Мг0)-Э. 
МиР, Nr'Qe NO. о (МР SNQ) (3) 
Е. (3).#255'281. 2 FE: ENIP i N.D. NP > Ме (4) 
F.(4).«255:6. Db. Prop 
#25561. F:QReO. МР М0 МЕ. OR, = (REL В.о. 
Миры Мг041 
Dem. 
Е. x25357 .2F : Hp. 2.NrPii-NrQiliNrR. 
[«255:32] 2. Nr'P i > NrQ+i: D+. Prop 
#26562. К: 0, Re. Ni P = №0 Nr R. Nr R40, 
(аА, = В.Е! ER). 2. 
МР №41. МР4ір Nr'Qi i 


Dem. 
k.x253571.0 E: Hp. 2. NP N*Qi i E. МВ. 
[x255:32] D.N P>NrQHi. а) 
[x255:321] Э.МиеР4Їз»М: 041 (2) 


F.(1).(2). 2 F. Prop 
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x25563. Г: МиР >> №) .2. Мері №041 
Dem. 
Е. 2255-33. ЭЕ: Hp. 3:(qR).NrR+40,.NeP=NrQiNrR.y. 
Nr'QE0,, МР = М) +1: 


[x255:62:321] Э:МЕЄРЫЬЇз» NHI: Dk. Prop 
x25564. Е: МР М). =. МиР ЕТ > Мг 0441 

Дет. 
.ж255'63103. ОН: МР < Мг 9.2. МР +1 < Мг0-1 (1) 
Е. #18131. Е: МР = №). 2. МиР 1 = М) 1 (2) 
F.(1).(2).4255113.D2 FE : P,Qe 9. (МР №0).5. 

Мерфі Х 041. 

[*255-483] D.~ (МРТ Мм (8) 
F.x251132. 3b:e(P,QeQ). 2. (NP i, N*QETIeNR). 
[x25512] D.~(NrPHi> Nr RI) (4 


|. (3). (4). ОЕ: > (NEP > М0). 2. о (NI > NRHI) (5) 
Г. (5). *255'68. D F. Prop 
x25565. FnpeN O-O. 2:0 и. = ии 

ет. 
F.x25533.2 ә >u. D: (gr). ее МО —0„.›»=н+®=.у.=н+1 (1) 
k.x2555331.2 
t: Hp.seNO—U0,. v ub m .2:(3p).peNOvuti.»— рф р: 


[18156] Э:(яр)-реХОм 1.>»=н+1+4+1+ р: 
[(&255:298)] Сіз-ші14і.у ені ім. 
(яр). ре МО—10,.»=ни+1+1+р: 
[x25533] D:v>p+i (2) 
F.(1).(2). Dhiv>p.D.v>p+i (3) 
F .x255:45321.Dk:Hp.væ>p4i.D.v>p (4) 


Е. (3). (4). ЭБ. Prop 


The following propositions are concerned with the relatious of ordinals to 
the corresponding cardinals, 2.6. to the cardinals of the fields of well-ordered 
series having the given ordinals, If P is a well-ordered series whose ordinal 
is a, С“а = Nc*O*P, so that Са is a cardinal whose members can be ‘well- 
ordered. Such cardinals have the property that of any two which are not 
equal, one must be the greater. 

If the cardinal number of one series is greater than that of another, so 
is the ordinal number; but the converse does not hold except for finite 
numbers. 
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#2557.  F.No*C*Q- СМО [#15977 .(ж951:01)) 

ж255:101, Е.Ме“О“О -(5А-054ХО-14)-09““Х0-15А [2557 37:45] 
ж255:11. HF:PlessQ.D.Ne'C*P < №00 


Dem. 
k.x2541.2 F: Hp. DO. qi К о Nr'P. 
[11541] о. СС a Ке OP. 
[«117:22] D. NCP < No*C*Q: DF. Prop 


#266711. Е: МР Ni'Q. 2. Nc'C P < NCQ 
[Proof as in «25571, using 25522] 


ж255:12. зах 8.2. Ca C8 


Dem. 
k.«25524,2 FE: Нр.2.(яР, 0). а= Ма“Р.Д-- №0). МиР SNQ. 
[#255711] 2. (ЯР, 9). а= МР. 8 = Ха“ . Ме СР < №0). 
[#1527] 2.Оа< 08:2. Prop 


*25573. Ft: Р, 00.02: 
Ме“О“Р < Ne'C*Q.v , Мо‘ СР = Ме 050 гу. Ne'C P > Ме “0 


Dem. 
F.«255711.2r: Hp. NP siNr'Q. 2. Ne'CP < №04) (1) 
Һ.ж95571. Db: Hp. №0 < Nr P.D. №00 < Хе ӨР (2) 


Е.С). (2). «255115. 2F . Prop 


#20574. bia Ве СМО “Ал Dias B.v.a- В 

Dem. 
F.x255701.2 EF: Hp. 2.e, Ве СУМО — КА). 
[x15534] D. (AP, Y). P,QeQ a О“М,СР.В- СМ). 
(*152°7] 2.(яР,0).Р,0е0.а- Зе Р.В-Мұу 00 (1) 
Һ.ж255473.ж117:106:107:108.2 
Fi P, 00.2: NCOP < Х,0460.м. Мұ СР > №0 (2) 
F.(D).(2).2 F. Prop 


x25575. HiP, Qen. NEP < №00. 2. P less Q 


Dem. 
F.x117291.2 F: Hp. D. ~ (№100 < МСР), 


[*255-711.Transp] 2.e(Nr'Q < Nr'P). 
[«255:29] 2.Nr'P < Nr'Q. 
[#25517] D. P less Q:2 F . Prop 


825576. F:48eNO. (ча < 0«B.2.a« B. (%95575.ж15971 


ж256. THE SERIES ОЕ ORDINALS. 


Summary of «256. 

Tn the present number, we have to consider the series of ordinals in order 
of magnitude. Propositions on this subject deserve close attention, because 
it is in this connection that Burali-Forti's paradox* arises. "This paradox, as 
we shall show in the present number, is avoided by the doctrine of types. 
But before discussing the paradox, it will be well to explain various propo- 
sitions which raise no difficulty. 

For convenience of notation, we shall, in the present number, employ the 
letter М for the relation “<” (This letter is chosen as the initial of 
“ minor") Thus "aM" means that а and В are ordinals of which a is less 


> х a 
than В. МВ will be the class of ordinals less than В, M,‘@ will be 8+1, 
and M,‘8, when it exists, wil be such that either 2841-8, or 
В=2,. М. =0,. Thus AM, is the class of ordinals having immediate 

> 
predecessors, and ВМ, is the class of ordinals not having immediate pre- 
decessors. 


We have (ж256:19) 
Е. аМВ. =:9, Ве М.О ; (qy).yeNO—10, v vi. B=ady, 
that is, one ordinal is less than another when something not zero can be 
added to the first to make it equal to the second; 


425611, b:PeO.>. MNP = МР, 


Le, the numbers less than that of P are the numbers of the proper 

segments of P. Also, if Pe X, 
-» 
MY MNr'P=N,ci(Ps[ DP). Not D'Psel~—>1 (82562201), 

so that (ж256:202) the series of ordinals less than that of P is similar to the 
series of the proper segments of P, ie. to Р (Р (in virtue of ж258:22). 
It follows (*256:22) that every section of M is well-ordered, and therefore 
that М is well-ordered (ж956:8), т.е, that the ordinals in order of magnitude 
form a well-ordered series. 


* “Una questione sui numeri transfiniti,” Rendiconti del circolo matematico di Palermo, 


Vol. хі. (1897). 
(1897) в 
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For the purposes of the present number, it is convenient to include 1, 
(cf. ж158) in the series of ordinals; we thérefore get 


х= Мо0, {1,9 (11) TOM Dft [#256 

The effect of this definition is merely to insert 1,in the series M between 

0, and 2,. We then have (ж256:42) 
Nr N sd ФММ. 

Now if Ре0, РД ОФ (as we have just seen) is similar to a proper 

segment of M, so that if we omit to mention types we obtain 
Е:РеЯ.2. Мирр GP < Ni. 
Hence Nr‘P, which is 1+ Х: Р Q*P, is less than 1+ Ме М (by *255°63), 
т.е. is less than №. Hence 
F:PeQ.2.Nr'P « Nr N. 


Nevertheless N е Q, so that it might seem as if Nr*N must be less than 
itself, which is impossible by «25542. Hence we are led to Burali-Forti’s 
paradox concerning the ordinal number of all ordinals. 


Burali-Forti's own statement of his paradox, which is somewhat different 
from the above, may be summarized as follows, Assuming 


о, Ве №О.2:а<8.у.а=В.м.а> B (А), 
we shall have ae NO.2.o «adl. 
But we also have асХ,О.Э.а« МЛ, 
Непсе NN < Кеті. ММ Rd ХХ, 


which is impossible. The conclusion drawn by Burali-Forti is that the 
above proposition (A) is false. This, however, cannot be maintained in view 
of Cantor’s proof, reproduced above (*255°112, depending on ж2544). Тһе 
solution of the paradox must therefore be sought elsewhere. 


With regard to Burali-Forti’s statement of the paradox, it is to be 
observed that “a<a+i” only holds 168164 i, ve. if (ЖР). Реа. С:Р+У. 
This will always hold if а exists and is infinite, because then, if Pea, 
PEAP В:Реафі But if a is finite, this method fails, since’ 

PAP BP ea. 
Thus if the total number of entities in the universe (of any one type) is 
finite, “a <a+1” fails when Са = LV, which is just the crucial case for 
Burali-Forti’s proof. Hence as it stands, his proof is only applicable if we 
assume the axiom of infinity; it might, therefore, be regarded as a reductio 
ad absurdum of the axiom of infinity, t.e. as showing that the total number 
of entities of any one type is finite. 


In order to make it plain that the paradox does not depend upon the 
axiom of infinity, we have above stated it in a form independent of this 
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axiom. The paradox, stated simply, is as follows: The ordinal number of 
the series of ordinals from 0, (including 1,) to any ordinal а is 4-1: hence 
а41 exists, and is therefore >> а But the ordinal а is similar to the 
Segment of the series of ordinals consisting of the predecessors of a, and is 
therefore less than the ordinal number of all ordinals. Hence the ordinal 
number of all ordinals is greater than every ordinal, and therefore than itself, 
which is absurd; moreover, though the greatest of all ordinals, it can be 
increased by the addition of 1, which is again absurd. 

In order to dispel the above paradox, it is only necessary to make the 
types explicit. In the proposition 

PeQ.2.Pless.N (B), 

upon which the paradox depends, the relation “less” is not homogeneous. 
N is of the same type as M, which is defined as Nr?less, where C'less = О, 
Thus Nr‘Pe CN. Thus М, as it occurs in (B), should really be V p “МиР, 
$e ЯР, те. IN (P, P), according to the definition «6512. We have 
therefore 


ж256:53. F:PeQ.2.PlesNpEt'No*P 

but this does not allow the inference 

УК “Ре М МиР, 
which is what would be required in order to elicit a paradox. The correct 
inference is, substituting for JN [ МиР the equivalent form N (Р, P), 
N (P,P) less N (N (P, P), N (P, P). or, more generally, 

#25656. Б. (МА) less [М (tto A) 

Тив in higher types there are greater ordinals than any to be found in 
lower types. This fact is what gave rise to the paradox, as the corresponding 
fact in cardinals gave rise to the paradox of the greatest cardinal. 


*25601. М-« Dft [*256] 
x25602. = Мо0, lu (tl) TOW Dft [256] 
ж2561. Н.Мєбє.СМСХО 


Рет. 
һ.ж95542. эк.ису (1) 
F.x955 471. Dt. M etrans (2) 
F.x25512. D+. COM CN,O (3) 
|. (3). x255 112. x15543. D Е. М econnex (4) 


Е. (1). (2). (3) - (4). DF. Prop 
The above proposition assumes that М is homogeneous, since otherwise 
“CM” is not significant. But M is significant even when it is not homo- 
geneous, Thus the conditions of significance in the above proposition impose 
a limitation upon M which is not always imposed upon М. 
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x256101. F:4!M.2.C'M = N0.0,— В.М: N,O- #0, = а“М 
Dem. 


H. ж200112,ж2561.2Р.04М-әе1 (1) 
|. (1).ж514. Digi M.D.q!CM—10,. 

ж256:1| D.q!N,0-—10, (2) 
k.x25551. DItipeN,O-10,.4.0,My (3) 
(8). ЭН.ХО-(190,С49.0,-с0“М (4) 
|. (2). (3). Эн: !М.Э.0,6ТУМ (5) 
|. (4). #2561. 2F.GMCNO - #0, (6) 


Е. (4). (5). (6). DF. Prop 


The hypothesis Я!М will fail in the lowest type for which М is 
significant, if the universe contains only one individual Under any other 
circumstances, 1! M must hold. 


ж256102. F:g !N —00,.2. 4! М 


Dem. 
Е. ж256101.2 +: Нр.2.я! “М (1) 


F.(1). 8324. DF. Prop 
ж25611. F:PeO.2. М МиР = Nr “DP, (|ж225174| 
x25612. Ё:.аМВ.=:а Ве МО: 
(3) -Yye NO —10,.8=а+у.у.а+0,.8=а+1 (95533) 
#2562. %:Ре0.2. 
> E : 
Mp (Ми Nr P) = Noi P,. ME (М“Хт“Ру= Nori Ps ТҰР) 


Dem. 
. > -> 
k.x256101 .2 E: Hp. Pe0,. D.M} Mx NrP=A.ME(MNr'P)=A (1) 
F.«2133. 2HF:Hp.Pe0,.2. МиР, = À. N (P, | DP.) =À (2) 
-» 
F.«25611.4218158. ЭЕ: Hp. P 60,. 2 . Ме Nr P = МО, (3) 


Е. (3) 495517 ЭЕ: Hp. Росе б, 2:a(M E Xy NI P) B.S. 
(19, R). «2 Nx*Q. 8 МК. 0, В. О"Р, . 9 1езз В. 

[x25447] =. (JQ. R).a=N rQ. B- NR. QPR. 
[x15304] =. a (N P:)8 (4) 
Similarly F:. Hp. P~e0,. D:a (ME (МР) В.=.а [NPs  0“РД|8 (5) 
F.(4).(2).(4) (5) .2 F. Prop 
ж256201. H: PeQ.2 Ne E DO, e (M p ON P) ios (P, E. DEP). 

No POPs e (M p Dy Nr P) SOF Р, [x25346] . 2562] 
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25 
256202. H: Ре 0.2. Ni [ME ОХР); = iP, DP.) = ХҮР aP) 
[4256201 . «258:22] 


#256203. H: PeQ. 2. Nr'(ME by Ni P) = МР; [x256201] 


: > 
«256204. H :aeN,O -—12,.D. 1] ФМИ Ма) = а 
Dem. 
F.x«255:101 ,ж256:202. D 


— 
Eu Реб .а= Ng'P.2:Nr (ME Ma] МР АР): 
: > 
[#20446:272] D: Pred. 2.14 NIU E Ма) = МиР :. Db. Prop 


as 
#20621. Е:иєХО.Ред.Э.Мэи-М ӨР, [956-11] 
4256-211. H: pe NO—10,. Pew. Dd. и 40Р, [ж913158. #25621] 


э 
825623. Е:иеМО.Э.М|Муией 


Dem. 
H. #256203. D F: Hp. P ep. 2 NM Мии) = МиР; 
[x25324] >. ME Hyped а) 
к.@). — Эн: рф. о. ME М wed (2) 


F.(2).«2504.2 F . Prop 


-» 
#256-221. К: исХО.Э.М| Миє0 [#256909] 


82563. +. MeO [4256-221 . ж250-7] 
825631. Fig! M. 2.2, =2ы = М9, 
Dem. 
€ < 
Б. #2555153. D +: Hp. 2. M*0,— 2, v М%,. 
< 

[4205-196.ж256-1] 2.2, = тіп, M0, 
[4206:42.X201:03] =M,0, 
[*250-49,ж956:101] =2y:Dh. Prop 


We shall have, for every finite v, и, = vy, where v, will be defined as the 
ordinal corresponding to v, 1.6. ав 
Qa Сез. 
(This is a single ordinal when у is finite; otherwise, it is the sum of a class 
of ordinals.) This subject will be considered in the next section. 
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3256382. H: М.В. =:а. Ве №0 :а+0,. В =а41.у.а=0,.В=2, 
Dem. A 
Е.н25565.ЭЕ:асМ0-10,.2.Ма-1(41)ч Маі). 
<- 


[x205:196] 2.441-шш Ma. 
[*206:42.«201:63] 2.афі= Ма (1) 


+. (1). 25631.21. Prop 


ж2564, +.1,~eNO 


Dem 
|. x15336 . 2k: Ае1,.2. (ВЕТ. 
[420012.4250-12] 2. Re а) 
E.(1).9251122.2 E :a€ МО.Э.алц-А (2) 


|. (2). 15384 , D F. Prop 
ж25641. F.N- Моо, [ 1, v (i1) ТМ [(256:02)] 


x256411. r:.aN8. 2 :a— 0,. B etl, v (IM. v. 
а-1,. 0 «С<М.у.а,Веа“М.аМВ |»25641| 


#256412. К: M=A.>.¥=0,)1,.Ne2, [4256-41] 


#256413, H: M -0,42,.2.N -0,[ 1,00, [ 2,91, [ 2, N el 2, 
[425641 . 161211] 


ж256:414, Е: {М --е1.2.М=0, | LAME CN" 
Dem. 
+ x20446 . ж256`101.2 
t:Hp.q!4.3.N=0,4 MEG*M 0, [ 1,4 (01) TOMAM) 
[21611101] =0,) Lu (10, ¥ U1.) Тоир а Момаи 
[x1601] =% lL Мам (1) 
+. (1). 956419. D H. Prop 


ж25642. F:gq!M.2.Nr'N-14 ММ 


Dem. 
F.x956414.2 F: Hp. а: vel. D. Nr'N 9, Nr(M 4“) 
[x181:57] -1414М:(И aay) 
[4204746] -iiNrM а) 


Б.(1).ж956:418 . +. Prop 


#25648, Б: Лео А (95641242) 
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ж25644. Hi PeN.D:P Ples И, =. Ples М.Я! M 


Dem. 

Һ.ж255:17:601.> 

Кі. Нр.2: PD O‘PlessM.=.1iNrePP  Р<14ХеМ а) 
К.ж256412:49.ЭК:Р=А.Э. Pless № (2) 
F.x25551. | ЭК:.Р=А.Э:Р@“Р1ез М.=.Я!М (3) 
t.(2).(3). DEnP-À.D:iPpDQPlesM.z.PlessN.q1:M (4) 
F x20035. x25551. D Ес. I!Pe 1.2: РГ“ Рі ML. !М (5) 
t. x25642. Dt: Нр.а:Ре1, Я! M.D. Ples М (6) 
Е. (5). (6). 2E: Hp. G*Pel.2:PpQ*Pless M.z.q!M.PlessN (7) 


Е. 204-46. 3b: Hp. qt P.A ое. 2: +МРраР= МР: 
гал >: PE а‘РезМ.=. МР < 14+ ММ. 
[4256:101:42] МиР Nei. (8) 
F.(4).(T) . (8). DF. Prop 

We now make use of the above propositions to show that every well- 
ordered relation P of the type we start from is less than М, where М is to 
hold between ordinals of the type to which N,r*P belongs. This proposition 
embodies what Burali-Forti's paradox becomes when account is taken of 
types. 
#2665. БіЯ!М.Ре0.2.ХоҚЬ DPs) e DUMP t NaP) 

Dem. 


ШОШ 


Е. #2562 #25313. Db: Hp. 2. N(P E DAP.) e DOM, а) 
F.(D.x15092. Dk: Hp. dD. ХР, САС. 

[213-141] 2. МР et/C HM, 

[63:53] D. CM; = UN IP (2) 
Е. (1). (2). DF. Prop 


#25651. +: PeQ.3.N (Pf D‘P;)smor РАР [«253:463] 
#25662. F:ing!M.PeO.2. PEG Pless М | МиР [2565/51 . ж254182] 
#25653. k:PeQ.D. Pless Ngt NP 


Dem. 
Е. 4256-4452. Dk: Hp. qt M.D. Pless NE ENP (1) 
F.x2560102. Dt: Hp.M=A.9.P=A. 
(ж95643) D. Ples № (2) 


К.(1).(2).Э F. Prop 
#25654. Р: PeO.D. Nre(PY'(NE EN Ру= А 


Dem. 
F.x25653.2 H: Hp.2:QettP . Dg. ~ (Qsmor FW p Nat Pj: 
[#15211] Э:#Ра №“МТЕМ“Р)=А: 


[(«65:04)] 2:Nr(PYQN EEN YP) = А: ОР. Prop 
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#25655. Н:РеО.2. 
Nr(PY(N р МР) = № (Р pit Py = Nr (P'(N (P, P] - A 
Dem. 
F.x15512.9 F. Pe МиР. 
[x63105] DE. Pet NaP. 


[#6353] DH. tP - NaP a) 
Е.(1). Эн. МРАК) Nr (P(N CEEP) (2) 
(865123) =Nr(P){N(P,P)} (8) 


Е.(2).(3) 425654 22 H. Prop 


«25656. |. (NDA) less (Ур (4,20) 
"Dem. 
H. 42564353 . DF. (NEA) less (Ур (ENN EA) а) 
Һ.жі519. DENDAN ИА. 
[463105] эн. хем МА. 


[63.53] экин е Му“ р @) 
Е. #6416. DEN Eve H(t АА). 

(жеді) DENTA età (3) 
+. (2). (3). ЭР. ВЫХ = Мух (4) 


Е. (1).(4). DF. Prop 
When types are neglected, the above proposition appears as 
N less М, 
which is impossible, and embodies Burali-Fortis paradox. In the form 
proved above, however, the paradox has disappeared, and we have instead 
the proposition that in higher types longer series are possible than in lower 
ones. 


#257. THE TRANSFINITE ANCESTRAL RELATION. 


Summary of *257. 


In this number, we are concerned with an extension of the notions of 
Ry and В». This extension requires two relations, В and Q. 16 nv 
easily explained by first дейін” the “ transfinite posterity” of a term. ith 


respect to R and 0, this class is an extension of Жут. This class is 
generated as follows. Let us suppose, to aid the imagination, that Q is more 
or less serial in character, and that R is а many-one relation contained in Q. 
Then the transfinite posterity of. with respect to R and Q is generated as 
follows: Starting from z, we travel down the posterity of z with respect to R 


< c 

(ùe. Рл) ав long as we сап; if the whole class Бүс has а limit with respect 
to Q, we begin again with this limit, which is to be included in the trans- 
finite posterity of z with respect to R aud Q; if the limit is y, we travel 


down ey, and include the limit of this class with respect to Q, and so on, as 
long аз we still have either terms belonging to D‘R or classes belonging to 
А4. The whole of the terms so obtainable constitute the transfinite 
posterity of x with respect to R and Q. which we will denote* by (R«Q)'z. 


In order to obtain a symbolic definition of this class, let us сай a class т 


П 


“transfinitely hereditary” when not опу Ёс Со, as in the ordinary 
hereditary class. but also if we take any existent sub-class р of an САҒЫН 
has a limit with respect to Q, that limit is to be a member of о. Thus ø is 
to be such that the R-successor of any member of с belongs to с and the 
Q-limit of any existent sub-class of с n C*Q belongs to o (so long as these 
exist). That is, В“с Со and „Со. з! шо CQ.2,. Вор Са. Using the 
notion of the derivative of a class with respect to Q, introduced in «216, the 
э ДО 

condition иСо. до С. Du. Хи Со reduces to Sofa Со, in virtue of 
#2161. Hence с is transfinitely hereditary with respect бо R and Q if 


2 
Вс о бус Со. 


* This meaning for R«Q has no connection with the meaning temporarily assigned to this 
symbol in «95. 


R&W. Ш. 
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We may now define the transfinite posterity of æ with respect to R and Q 
as all members of C*Q which belong to every transfinitely hereditary class to 
which ж belongs, 1.6, we put 

(®#0)‹ж=0‹@ о 9 (vec. Rav буе Се. З„.уєо| Df. 
Then the analogue of Ry is 29 {у«(В*()‘т]. This relation, however, is 
less important than the analogue of В» limited to the posterity of z, This 
analogue, assuming Q to be transitive, will be Q[ (Аж). For this we 
introduce the two notations Qy, and © (Р, х), the latter being more con- 
venient when either E or z is replaced by a more complicated expression. 


Thus we put . 
Qu QUU 2) = QD (Exe Dt. 
If Q is a well-ordered series and R=Q,, Qs, is merely the series Q 
— 
beginning with 2, and (R*Q)'z = Ока = Q‘a vite if 260%. Thus in this 
case, if = В, Q,, = Q. But the importance of Qr, is in cases where Q is 
not completely serial, but becomes so when limited to (ExQ)'z. In these 
cases, Q will, in applications, almost always be logical inclusion combined with 
diversity, or the converse of this; 4,6. it will be either 
aA (nC 8.448) 
or OP (MeN. М+М), 
or the converse of one of these. In the case of 88 (aC 8.a+ В), we have 
lto == (7 G*maxo) . tle = p | (— Ч аш), 

as will be proved in «258. 

In the present number, we are concerned in proving that, under certain 
circumstances, Q5, є О. The proof proceeds on the lines of Zermelo's second 
proof* of his theorem that if a selection exists from all the existent sub- 
classes of a given class, then the given class can be well-ordered. 

Before proceeding to treat of this subject, however, it is necessary to 
prove some elementary properties of (ВжОуа, These are given in the 
propositions preceding «2572. 

We have 
#25711. b:izec.Rco8,0Co.2.(R*Q'zCo 

Thus in order to prove that (R*Q)‘a is contained in a class a, we have 
to prove (1) that æ belongs to о, (2) that the H-successors of members of с 
are members of о, ùe. that т is hereditary with respect to В, (3) that the 


derivative of с with respect to Q is contained in о, їе. that if w is any 
existent sub-class of с n СО which has a Q-limit, this limit is a member of о. 
* “Neuer Beweis für die Möglichkeit einer Wohlordnung," Math. Annalen, іх. p. 107 (1907). 


His first proof, which was somewhat more complicated, was published in Math. Annalen, тах. 
р. 514 (1904). 
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#257111. H. (RQ C C*Q 
#25712. Five OQ. 5. re(ReQ)a 
#267123. |: £C Q. 2. fe(R«Qye C xQyx 
Та. if RGQ,(R*Q)x is hereditary with respect to В. The hypothesis 
REQ is required for most of the properties of (8ж0)%. 
< 
#257125. H: REQ. 2.00.2. Ва С (Вже 
Thus if жє C*Q, the R-posterity of æ is contained in (RxQ)‘«. 
> 
ж25713. bse C(ReQ) a. qi wed. Мои С (Ежа 
«— 
#25714. E: КСО.Э.СїждусС Quo 
Thus (R*Q)‘a is wholly contained in the Q-posterity of а. 


The following propositions (*257-2—36) are concerned in proving 
(0,60, with a suitable hypothesis. This hypothesis is 


Qc RI*J п trans. Re ВО a Cls— 1 . Ito О ех Аж) e 1 — Ols. 
We assume, to begin with, only. part of this hypothesis, namely, 
Q REJ n trans. Re RI'Q o Ols 1. 

Thus to prove Од, e Ser, we only have to prove Qas e соппех, 1.6. 

уе(Вж0уа.2.(ВжОуае CQ, 
or, what, comes to the same thing, 

(Вж) € pq Ru Qya. 

Let us put в, = (Кж Qa п рО0“(Вж0уш. 
Then any member of'e, may be called a “connected term,” because it is con- 
nected by Q or Q with every other term of (EQ). (A connected relation 
is then a relation whose field consists entirely of connected terms) We wish 
to prove that а; is a transfinitely hereditary class, and therefore equal to 


(Вж0уа. We do this, not directly, but by combining а) with another class 

ау defined as follows. Consider those members 2 of (R*Q)‘w which are such 

that their successors:in (Од, consist of Бо and its successors in Од, te. pub 
т= (ReQ)an2 atts (Quos Rea]. 

It will be observed that, even when Q is transitive, Ох aud (Qr) are still 

useful. In this case, (Quy = Оһ. 9 IP С“Ов,, so that (Onoda Ёс consists of 


е 
Ве and its successors in Qp,. We then consider the class с, consisting of 
those terms y whose predecessors are all members of т, ùe. we put 


вз = (ВЁж®0)у‹ o 9 (20у. (RHQ) De Quz = (бым Hire]. 
Finally we put o = e, бу, i.e. 
< e— м 
o = (Вж л рН Оа o 9 [у ге (Вж Фе. Э, р = аи а) 
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The reason for this process is that it is easier to prove that ø is a transfinitely 
hereditary class than it is to prove this directly for сү, and the result follows 
immediately for о, when it has been proved for с. 


We have then to prove Reco. dgfa Ca. 
The first step is to prove 


e < v “ 
yer. D Qu у= Оһ Ry o Ку, 
This is proved by trausfinite induction, by showing that 
> ey 
Фе ч SRY 
is a transfinitely hereditary class, whence the result, because, by hypothesis, 
— e 
(REQ) x = (дм y Y @м'у. 
> ey 
The proof that Q^ v Qy‘R‘y isa transfinitely hereditary class is as follows. 
ev ы 4 о v v 
If zeQ,'R*y, Rize Qg R'y. If 2— y, Кб = Ry. 
> 9 ‚= —- v 
If z e Qre‘y, then since by the hypothesis 0,2 = (Өһ.)ж Ez, we have 
=— v У > 
y e(Qu)g' RS, te. Rize Quy. 
-» ev M > e м 
Hence z c(ExQ)'z o (Оку v ОВ). 2. Есе Оу Y Оу. 
We have next to prove 
э ey > > ey 
h C (Qo o (Quy v QR) р.р С уч Oy Bey. 
PUE > ey 
Ня! un 0, Ry, then си СО, ‘Ry. 
-» -» > 
Ир C Qu'y усы, then уетахо‘и, and 5 = A. 
> c 
If Су, we have уер), whence w Кор. 2 . (уш), whence, since 
y, by hypothesis, is a connected term, wQxy. 
А > > e y > єс у 
Hence іп any сазе ол С Оку Ок В“у. Hence Qy vY б Ву is 
Hereditary, and therefore contains (R*Q)‘a; and hence 
€. 5-1. ә, о 
Qu.'y = (Qu) Ry - (Әһ) = Qu,  R*y. 
This shows that R‘y is а member of о. For by hypothesis this holds 
of all predecessors of y, and we have now shown (1) that it also holds 


of y, (2) that y is the only predecessor of Ry which does not precede y. 
This is the first step towards proving that c is transfinitely hereditary. 

It follows immediately, from what bas now been proved, that if y єв, Ry 
Gf it exists) is a connected term. For by hypothesis 


-» < 
(Ежфуа C © у ч Oy, 
whence, by what we have just proved, 


i CO жечу б. Б“ 
(Кж) C ORY ы ФЕ, 
у 
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whence R‘y is a connected term. Hence R‘yeo. Hence “Со, 
It remains to prove бо Са. 


м = ev 
Just as R“aCo was proved by proving Q'y- Q«'Ey, зо Sofa Са is 
proved by proving 


e с0 eq 
DN иче То, 

B го» 
provided “Са. ц! peng! тахо р; 


++ H х 2-9 + + 
and this is proved by showing that 0“ ои is а transfinitely heredi- 
tary class. 


У ә 
To show that Qu v Ожоги is а transfinitely hereditary class if 


-» 
p Ca 1ш. од \ пако, 
we observe that by hypothesis 


< —— У e— y 
гє фын. 2 бы = (бым Rz- D- Lj n (Qna 
Hence Ёс «(Оһ еш and hence, since by hypothesis и C Qp, 


Ёс € Qn." "n. 
Hence В«(ОжВуса Qu} C (Ож) а Обр. 
v v м -» 

Also obviously ВЕ“ ае и СО Во‘. 
Hence putting p —(QXR)yz с (Qu u она), 
we have Rep Cp. 

We have now to prove бор C p, 

> > 

т.е. aCp.g a.c ! тахоа. 2. Ноа Ср. 


If a C Од, it is obvious (since p is composed entirely of connected terms) 
that сейба C Qt pu Шу“. 

On the other hand, if g!a n Qu tp, then an Qu, if it екінің; does not 
affect the value of the limit of a, which is the limit of a n Оба‘ which is 


У -» А Е 
obviously contained in 9,160. Hence 8% Си. Hence p is transfinitely 
hereditary, and we have 


-» У ә 
иСо.я\ ш. ~ я! тахо. 2. (Вж) С Qu u 0 0. 
At this point it is necessary to assume 
lto P Сех Аж) e 1 — Сіз. 
This being assumed, we have, by what has just been proved, 
po gt weg ten. 2. (RXQ сони u Фк. 
2. (REQ) a С04% ә Фо. 
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Hence 16%ш is a connected term. Hence 
€ 
Sofa C p'Q(Ex Q)G. 
We only require further 
> c €— v 

n Co.q!u.gtltou.2:zQltofu.ze(RwQyo.2,. Quz = (Qu) Rz. 
Now by what we have just proved, 20 Ши. =.2«0“р; and by the 
definition of c, since ш Ce, we have 

< e— х 
2609.2. О.б = (Qredy Ri. 
Hence we arrive at ёс Со. Since we have already proved Бс Ce, it 
follows that с is hereditary, and (R*Q)‘w С с, i.e. 
<> = €—— о 
Уе(Еж0уа:2,:9ер(Вж0а:20ыу.2,.0ьа-(Оыж Re, 
; < —— v 
Le. Qn, cconnex : z e “Он, . 2, . 2 = (Qing Ве. 
Hence Qp,eSer. Hence also the immediate successor of every term 2 in 
Гур, is R'z, so that. 
D*Q,, C D'R . (Qro) = Вр (Еже). 

To show that Qp,¢, we observe that every class contained in ГО, has 

а sequent, namely 


seq (Qr) A =, 
aC DQree A! mard + D. seq (@һ.)а = Ёчиахс, 
aCD'Qu.gta.cg! тақуа «D . зед (Qa, )*a = ltofa, 
whence a C “О. . 2,. E! seq (0,,)%, 
which shows that Qi. e О, 
The first derivative of Од, is 8o«(Qx БУ, and its last term, if any, is 
ТООТ — РР), Фе. lto (Qe E) а D'R}. 
The hypothesis required for Qas e О is the same as for Qu, e Ser, namely, 
Qe RI*J a trans. Re RI*Q ^ Cls — 1 .1to P Cl ex Еж 0) e 1 — Cls. 
In order that Qr, may not be null, we require further ze РВ. 


The next set of propositions (ж257:5 —:56) are designed to prove that, 
subject to the above hypothesis together with ze D*R, Qr, is the only value 
of P fulfilling the following conditions :' 

(1) P is transitive, 

(2) СР is contained in (EQ. 

(3) Ifz is any member of ТУР, RG is its immediate successor. 

(4) Ifa із any existent class contained in C*P and having no maximum, 
іа is its P-limit. 


SECTION р] THE TRANSFINITE ANCESTRAL RELATION 87 


This proposition is essential for what may be called “transfinite inductive 
definitions,” 1.6. definitions of a series by defining the successor of every term, 
and the successor of every class having no maximum. 


The following illustration may make this clear. Suppose В is a many- 
one relation of classes to individuals; suppose we start with some class a, and 


proceed to a v t 60, ам! E*a v tE(a v t Ea), and so оп. At the end of 
this series we put its sum, т.е. its limit with respect to the relation (СА J); 


v 
let the sum be В. We then proceed with Во RB, and so on, as long as 
possible. The series ends with а sum which is not a member of D*R, if there 
is such a sum. It is evident that the series is uniquely determined by the 
above method of generation ; the above-mentioned propositions give symbolic 
expression to the process expressed in words by “апа so on, as long as 
possible." 


#25701. (RxQya- Соб тес. Rc буе Ca.2,.yeo] Df 


ж257:02. Qj —Q( 2) = 0 (Еж) Df 
#2571. H: ye(ReQ)a.sryeCQiavec. Ёоо 8/сСс.Э,.уса 
[(«257-01)] 


ж257:101. F:ye(EkQo = :. yeCQ:. 
ч > 
дес. Во Со: и Со. т! рео CQ. Da. lto un Co: 2, yes 
[4257 . 4216-1] 
ж257:102, bir у(Вж0) д. =:. Ув 0% :. 
“ -» > 
vec. В “о Со! иСа.ч! нп CQ. шахү р . Э„. segg p Co 12,. y eo 
[0257101 . 90711 
ж267-11. bi weo . Во обо Со.2.(Вж0)еСо [x2571] 
Almost all proofs of propositions concerning (Вж0)% use this proposition, 
*207111. H. (Ræ Q) COQ [#2571] 
#25712. biveO'Q.=.ce(RxQ)ia [#9571] 


ж251-121. H: REQ. y e(RkQYa D. Ry C(R*Q)e 


Dem. 
Б.ЖЭЭТЛ ЭР: Hp. yRz.2:2ec. Rov bgo Co Du geo iyRe.ze 0: 
[x871] Эгге(Ч0:кєо.ВЁ“асСо.ёү/сСао.Э,.2єо: 


|ж251:11 Dize(ReQ)a:. +. Prop 
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4257122, H: REQ. иС(Ежфур,Э.Б“иС(ЕкОус [4257-121] 
4257123, H: REQ. D. R(RQY'2 (Еж) [#257-122] 
4257124. H: REQ. D. Ry (Rx Qo € (Re QU [+957123] 
#257125. H: RG Q. se CQ. D. Вне C (o Qa [425712124] 


#257126. -: RE Q. ze D'R. о (sz). Э.(ЕжфУсс-с0м1 [257195] 
825713. Е:иС(ПжОУг ати. бы C (e Qi 
Dem, 

Е. #257101 X101 4221.2 Et i C(R Qa. 2 s. 

ska. Hio Сосо glyn OQ. Du. lo Co :2.u Ca 0) 
F.(1). Fact. bi: Hp.2:. 

spe Сео do sion Cocq tw (2) 

F.x101.x257111.2 
buts genti). С Э:Нр.иСе.уйон.Э.уеес (3) 
|. (2). (3). Db: Hp. yltgu. Di 

do Ree sey Cas Ци А00:3, побега (4) 
F.(4).101121.3257101 .O F: Hp. yltgu . Э.ус(ЕжОУи: DF. Prop 


ж257131. H. o, ЕжОе C (Fe Qc [425718 . 2161] 
3257132. Fi CClex(RQya. Э.е С (Еж 0) [x25713] 


325714. Б.ВСО.Э.(Ежкдуссбус 


Dem. 
voc < 
Е. #90163. ЭР: Hp. 2. Re Quee C Qué а) 
< < < 

Е. 20615. Dkr СО. 2 Шор. p 1 a2. zep Qu. T! n C Ока. 

v v c 
[440:61.400:163] Dice Qu. Qa Cura. 

є- 
[x22:46] D. 26 бұз (2) 

<- 

H. (1). (2). 425711.3 E: Нр. ze OQ. 2  (RQY' C не (3) 
Һ.ж37:26129. «60:33 . (321601) .2 
+: Hp. D. 9 CQ) A 800 CQ) = A (4) 
+. (4). #25711. ЭР: Hp coe CQ. d.(Re Qa C— 0). 
[x257-111) 2. (R&QYe- A (5) 


Б. (3). (5). D4. Prop 


257141. |: REQ. 2. 0008,00) СО) (82106111. 487:201-161 
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x267142. Р: EG Q.o eC Q.D .(R«Q)2— (тес. Regu буо Се. Dyes} 
Dem. 


Е. #257141. 2 F : Hp. D. f (сео. Ra o 500 Co .2,. yes] CCQ (1) 
F.(1). «2571.2 Е. Prop 


*25716. :ус(ВжОУт.гє(ВжОУу.Э.ге(ЕжОУл 


Dem. 
Е. ж2571.2Е:. Весо doco. Diver. D yerryer.d.zec: 
[Syll] Э:гес.Э.гес (1) 


К. (1). «2571.2 +. Prop 
#25716. Б: 2.06 - РЕ. 2. (Ажа — ta 


Dem. 
b.*25712. Dt: Hp.d.ve(ReQ)a (1) 
F.x9726129. ЭР:Нр.Э.Б“иг-А (8) 
> 
Р. x20518. 2+: Нр. я! шах. 2. пг. 
> 

[x206:42] D3.seqo/z— A (3) 
Е. (3). «216101 .2 F: Hp. D. дот = Л (4) 
F.(2).(4). DF: Нр.2. Ry o бое С их, 

[95711] 2. (REQ ‘eC le (5) 
F.(1).(3).2 F. Prop 


We now begin the proof (completed in ж257:84) that under certain cir- 
cumstances Qa, e О. We first prove that the class о introduced in «25772 is 
transfinitely hereditary, and this requires as a preliminary the proof that 

-» 


if yeo, the class (бым v Quo Ry is transfinitely hereditary. This 
preliminary is provided by ж257:2:91, The hypothesis of «257-2 is not all 
used in ж257:2, but is introduced because it is required in the set of pro- 
positions of which this is the first. 


#2572, Fi QeR Ja trans. Ве В] 9 п Cls 1. 
€ 
с=(Вж@)‹ o p! ФЧВкюдуеод [ry .2:. Date ржа pD: 


Ay 
Уес.2 «быж уч Or Èy. ze DR. 2 . Rive (Qr YY Qua Ry 
Dem. 


F.x90183. xa 62 .ж257123.5 

— 
Hs REQ. Bt D: eOr К.Э. Rize (QR 0) 
F.x3037.2 t: E! ЁС. .2=у.2. Тег Riy (2) 
+. ж201-18 . ж91:52 . x32182. D 

> «< 4-— v < 
Е: Hp.yec2zeQuy.2. Өвс = (Qn) Re «Y e Qp? 
-- 

[+1813] э. ye бык“. 


[*82-182] 5. Be'z e (Quoy (3) 
H. (4). (2). (3). 471161 . D +. Prop 
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—— —— v 
426721. |: Hpa2572 geo « и C (Qua У Ome RY Alpe D. 
> > e vy 
Но C Quy Y Qx Ву 


Dem. 
F.x2011415 . #206134. 
ey > 6 У 
Р: Hp. !u e Оу. 2. itou СО Ву 0) 
> > 
Е. #20538. 2 F: Hp. un CQ y .yeu.D.yemaxofp. 
> 
[x20711] 2. №и=А (2) 


F 40:55 206143, 2 
> < MS 
Е: р С Оу. wltou.D.yepfQUu.weeQU*piQ*u. 


[#371] 2.~(yQu) (3) 
kF.x25713.2 F : Нр(3). Hp. 2:yQw .v -uQuy: 
K3)] Эт: wey (4) 


F.(1).(2).(4). DF. Prop 


---» €——— v 
#257211. Е: Нрж257:9 y ca D .(RxQY& C (Оу (ба RY 


Dem. НЕ 
+. #25714. Db: Hp. 2. ес (О, (1) 
Б. (1). 25729111. DF. Prop 


< м -- - - 
ж207:22, Һ:Нрж9572.уес.2.0 ы У-(ОыьжАЕу.(Оһжу-Оһ RY 
Dem. 
€— v ә 
b #257211. DF: Нр. 2 (Quy RY = (Вж) — (Qu) у 
4— 
= 4 
[Hp] -0,% а) 
Similarly F: Hp. D. (Orok = Qr Ry (2) 
К. (1). (2). 2 F. Prop 
Ib is to be understood that (Qr) у-АН ~E! Ёс, 
425723. H: Hp*2572. D. RoCo 
Dem. 
2 <- —— vo 
Р. 257-99. Dt: Нр.уеса D'R.D:2QR«y .2,. О = (Оу Ве (1) 
— v м 
+. #25722211. DH: Нр.уєс n Ю‹В.Э.(ВЁ#@) = Qu RYY(Qridy RY (2) 
К.(1).(2). Dt:Hp.yernD‘R.D.Ryeo: Dt. Prop 
The above proposition gives the first stage in the proof that o is trans- 


finitely hereditary. The second stage, similarly, requires as a preliminary 
the proof that if и is an existent sub-class of с having no maximum, then 


хи — 
Que v (Qua “Itoy 
is a transfinitely hereditary class. This proof is provided by ж257:24:241:242, 
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> о 
ж25724 +: Hp #2572. Со. я! ни. о 1 пахо. 2. R Qr uC Oru 


Рет. 
, < —— о 
=. 91-59 . #20118. ЭН: Нр,гєОд“и.Э.Ош-(0 Ёс. 
e— о 

[#37°46.413°12} Э.Я!(0в, ееш. 

[#3746] D. R'e «(О.ш ау 
F .x205123. Dt: Hp.d.4C Qs" (2) 
+. (1). (2). Dh: Нр. геи. 2. КОШТ Dt. Prop 


“ мэ э v 
4257241, Н: Нрж257:24.2. 8410,4 о (Фа) C Qas (быль Tou 


ж25 


цул хай сэн канон х: 4 


T 


x25 


Dem. 
уч — -» 
Е. #90164. DEE RG Q.D . R (Qr) “tig C (Qu ty a (1) 
F.(1). «25724. 3+. Prop 


“ -> 
7242. H: Hp #25724. p = Qrp Y (бажа. 
> — 

aCp.g te. Emaxofa, 2. Mofa. р 

Dem. 
< > 

«20615. ЭР: Нр. я! ора. ма. D. !u—Q«w (1) 
4201521. Db: Hp. nC o D. p- Qw C ute @) 

< 
. 1). (2). 2F:Hp(1).2.g Ig o б (3) 
.4205123.2 F: Нр.2. 4 C Очи (4) 
. (3).(4). Dkr Нр(1). 2. we ъи (5) 

> 

.X20024. ЭН: Hp. C Qa. aC Очи. 2 а= и (6) 


v > > m -» 
20615. OF: Hp. q!an (Qu) lop. 2. Поа С (Qr) Itou (7) 
. (5). (6) (т). ЭК. Prop 


= 
7243. К: Hp #25724. D. (Аж) = Qu'u әр дн [84053 .ж205123] 


“ > 
#25725, F:Hps25724.2 .(RxQYa = Qr. ‘u Y (Qr уй 


Dem. 


v > о -» 
К.ж257:242 . DH: Hp. D. òg (Qu. o (Qn) Tu o] СО, HY (Queda tye CO 
F.(1). «257241. 2 F . Prop 


*20 


“ > є- 
7251. H: Нрж957:94.2. (Qu) ор = рш 
Dem. 
v > < 
b 25725243 . D H: Нр.2. Ор. “ро (Qu ои = бытыра и. 
у > < 
(ж200:53.ж24-4811 2 (Qu раз dt. Prop 
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c -» > > 
ж257:252, H: Нрж25724 T! pQr u. Э. Qr u= pQr lto u. Y! Но 
Dem. 
1%, 
b 4257-251 .437-29. DF: Hp. 2 grt Кор Е 
-» э 5 
ІЕ?00:53.ж40:62) 2 бын C (oe Yo — (Qna Tt 
[ж257'251] С(ЁждУе-Р Он 
ІНр.ж10:57.ж257:242) Ау? (2) 
> > 
Е. #20131. #4067. DE: Hp. Dd. Qr uCp Qr tup (3) 
Е. (1). (2). (3). 2 F. Prop 
In order to complete the proof that c is a hereditary class, we have to 
introduce the additional hypothesis 


lto P Cl ex (Аж 0) e 1 — Cls. 
With the help of this hypothesis, the last stage of the proof is provided by 
the following proposition. 
x25726. +: Hp 257-2. Ito Fr Clex(RQ)oe1— Cis. 2.802 Со 

Dem. 
Е. 4257251252, DF: Hp.pCo. glu. glitu. D: 
> =—— 
(Ев 0) = Оо ә (Өр) об. БИ, р = вш 
€ <- <-- 

[Hp] : уер Вж 0) уф ко. Dy- Qut = (Onda Еу: 
[Hp] 2:]tofueo :. 2F . Prop 
#257 261. Һ:Нрж925726.2.(Вж0)а-с  [«25711:2326] 


#25727. Е: Ос RJ e trans. Re Б до Cls 1. 
lt; | бех(Вжфуше1->СІв.Э 


Qu eSer. Qu, = (Ri Qg) Ї (ВжОуг> 
Dem. 


k.x257261.2 
€ < — у 
F: Hp. Э.(їїжфУл Ср Еж ша) [Qn y Эз. Quz Qu) а} (D 
F.(1).D E: Hp. D i Qr, econnex:.ze 050,,.Э,: Qr W. Ew. ZR (Quy =. 
[5:32.37 1x25 7:121] 
D i Ол, € CONNEX 1, 2Qp w =. 2 € О, . zR| (ло wel Qe, 2. 

|ж36:13.ж957:1211Э :. Ор, econnex , Q4, = CR | Qy) E (RaQ) a ЭР. Prop 

We have thus proved that О», is a series. No additional hypothesis is 
required to prove that it is well-ordered, as we shall now show. 
425728. ts Hp 25727. uC (Ra Qe у! ш. mme am A. glp Qut p. Э. 

< v я > > 
PQ = (Qu) Mee + Qut = ре Myla [25725127] 
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#257281. H: Hp 25728 E 116.2. 
c -- > 
рды = (Ок lto h Ор р. [x23728] 
«20729. +: Hp 428727 .хе D'R.2 .C Qu, = (Еж). В, = 
Dem. 

Е. #257-27-126 . ж209:55. DH : Hp. 2. Св, = (Еж) a) 

=. ж25714. 2һ:Нр.2.(8ж0) -iscas (2) 

F.(1).(2).2 F. Prop 
4257-291, H: Нрж257:27 swe D'R.2. Qu = А [95716 . #20035] 


22673. — FiHps25727.2.D*Qu = DR a (Rx Qo 


Den. 

< «< ~ 
Б.ж251:21 ,Э.Б:, Нр.ус(ЇждОук.Э:н109).-5-410, Ry. 
[*257141] =.E! Ry: ЭК. Prop 


> < 
ж25731. H: Hp #25727. uC (ReQya. я! pom тахо. T! p Qrp D. 
вед (Ош |ж257:28) 


23 
425738. : Hpx25T27 . и С(Вж 0). g! тахои. діри. 2. 


seq (0,4 = Bmax (фы) 
Dem. 


kF.«2578.2F: Hp. 2. , CD'R. 
> э у 
(*257:27.Transp] 2. Q, max (Qg.)'u = 0“Н“тах (Од) 5: 2 F . Prop 
< 
#26733. +: Hp #25727. С(ЕжОУт.Я 1.5 1р“ Од, р. Э.Е! зец (Qr) y 
[ж257:81:32] 


The above proposition together with ж257:27 shows that Од, is well- 
ordered, in virtue of *250°123. 


425734. Һ:Нрж95797.2.0ь60 


Dem. 
Һ.ж957991. ОР:Нр.се-«ГУ 2.0.60 (1) 
F.«95729.«20614.2 H: Hp. ze DR. 2 .seqy/A =s (2) 


F. (2). #25733. D 
Hi Нр. se DR. 2:4 C(RkQUa .g 1p Qu Ap. 2,. Etseq (фен: 
(x257:29.4206:131]2 : q 19:05 (a а Qu.) Э,. E вод (һи: 
[4250123.425727]2 : Qu cQ (3) 
F.(1). (3). 2 F. Prop 
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425735. F:Hp«25727.2. R E (ReQ)a=(Qe.- RE (Вже ве 1-1 
Dem. 
+. «25732. Db: Hp. diye ОИ. 2. seq (Qe uy = Еу (1) 
Е. (1). #20643 . #2047. D+. Prop 
#25736. +: Нрж257:27.2618Н.Э. 
C*Qu, = (RaQ) a. 40, = (Вж) — i'n. 
-» о 
В, = 2. В. (Вжфул- DIR [«257293] 
The following propositions are concerned in showing that a relation P 


which satisfies the hypothesis of ж257:5 is identical with Оз», thus showing 
that this hypothesis is sufficient to determine P. 


x2515. К: Hp #25727. Pe trans. CP C(ReQ)'c. P+ P= К} (Еж 0) 
Сех Аж) = 16, | Clex(ReQ)a.2 РЕЈ. Р (Еж) 


The above hy pothesis is not all necessary for the present proposition, 
but it is necessary for the series of propositions of which this is the first. 


Dem. 
К.ж 41. 2E: Hp. 2: D(P = Р) = RRQ) о (RQ) a 
[4257-36] (Вж) а) 
=. 43214. ЭР: Hp. 2. lip Qe n DAR] = 16,4(Вж 0) a еВ; 
[«257:36] -(GKQra-D'R (2) 
F.(D..2 t: Hp. D (Qe COP. 
[Нр] 2.(Вж0) = = OP (8) 
F.(3). ЭРіНр.Э:г«ІМР.Э.оР- РЁ). 
#345. Transp] Э.с-(4Рю) (4) 


F.(3).(4).2 F. Prop 
c 
%*257:51. F: Hp 2575. D. CP =P, т 


Dem. 
ve e 
|. 4257123 49016 D H: Hp. D, ас, (1) 
< 
+. #9013. DH: Hp. D. ltgCl ex Рика = 16501 ex Pye. 
[«90163.40-61] 2.1 0L ex Put С Ру (2) 
е 
F.(1).(2). 3F:Hp.2.(ExQYz C Рф (3) 


+. (8) «2575. D H. Prop 


In order to prove Р = Q,, we first prove PeQ. The proof proceeds as 
for Q,,, but in some points it is easier. It is merely outlined below, as it 
closely resembles the proof for О». 


#25752, F:Hps?2575. 
< <- — v о 
o - CP o p POOP һў (2Ру.Э,. Pa Рао). Э. Ro Со 
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Dem. 
К. 4845. Transp. x201 18.2 : B RE (R«Qya у ep есе. 2: 
2Р (Еу ).2. e (yPz) :zPgy 2.гР (Ry): 
[Hp] D: sP (His) m Pyy а) 
As in ж257:2:21, using | ltp О! ox R&Q)‘a = lte [ Cl ех Rx Ус we prove 
trHp.yeon DR. p= Pay v Ву. 2. Rip Cp. dep Cp. 
Э.(Вфут- Paty иву (0) 
Е (0).(2.2 F:Hp. yeon DXR.2. Ру- Фу (3) 
F.(1).(3).2* :Hp.yeon DGt.2. Ryco: Db. Prop 
4257-521. +: Hp x25752.pCo.g!merg!maxp и. 2. 
(RaQ) a = Ре ы Py Tes: 
{Proof as in ж251:25, by similar stages] 
ж257:03. Fi: Hp «2575.3: Ребег:гей“Р.Э,, Р, - BR 
[Proof as іп *257°27] 


#25754. +: Hp*2575.5.Pe2 [Proof as in ж257:34) 
> > Y 
ж257:55. F:Hps25T5.0 29(DP*y = Qrey). D. Ес Co 


Dem. 
Se ev 
b.#25/53. Db: Hp. ye P DL P Ry= OP — Ри Ry 
< 
[#257°53] =OP— Py 
> 
[*257°53] = Р‘уч y (1) 
>v > 
F.(D. Dt: Hp.yec.2. PRY = Qr учу 
[#25722] = Opt Ry: DF. Prop 
*257 501. +; Hp #25755 .2 . 69e Cc 

Dem. 
k.x«257 53.2 
F:Hp.uCo.g!u.z-ltou.2. Ре- (Вж) пао Php 
[НР = (e«Qon p) v быч 
1%95727) = Que! ‘2: Dt. Prop 

¥25756. +: Hps25T5.2.P — Qr 
Dem. 
E 
К. #257'51'54. Dt: Нр.2.Р«=л. 
> > 
[x257:36] D. Pa = Qux (1) 


> > 
Б. (1). ж257:55:551. 2 H: Hp. 2 :y e CP. Dy. Ру = 0, уг. ЭЪ. Prop 
This proves that the conditions in the hypothesis of ж257:5 are sufficient 
to determine Р, 


ж258. ZERMELO'S THEOREM. 


Summary of «258. 


In this number, we shall first show the applicability of the propositions 
of *257 to the case where the Q of that number is replaced by logical 
inclusion combined with diversity, ùe. by any one of the four relations: 


&8(аС8.а+8), &B(B8Ca.a4 8), 
X(MGN.M+N), ÁÉ(NCM.M&N) 

If we put Q=48 (a Ci. a B), 
and if к is any class of classes, then s*« is the maximum of к with respect to 
Q if өсек, and the sequent of к with respect to Q if s'ceex (x258111j; 
similarly p*« is the minimum of к if p*« e к and the precedent of « if рекеәек 
(#258:101°111). Hence every class of classes has a unique maximum or 
a unique sequent with respect to (, and every class of classes has а unique 
minimum or a unique precedent (ж258:12): we have, moreover, 

Ito sh(-G'maxg). tlo = р | (-- Aming) (25813131). 
Hence lto, tlo e 1 — Сіз (ж258:14), and Y and Q therefore satisfy the most 


exacting part of the hypotnesis of «257-27. Also Q and Q are Dedekindian 
relations (25814). (They are not series, because they are not connected.) 


An exactly similar argument applies to av (MGN.M+WN). Hence if 
Q is any one of the above four relations, and if R is a muny-one contained in 
Q, it follows from *257:34 that Q with its field limited to the transfinite 
posterity of any term is a well-ordered series. If we take Q -8É(aCB.a +8), 
and take апу initial term а, our series proceeds to vontinually larger classes, 
proceeding to the limit by taking the logical sum, Ze. if к is any existent 
sub-class of the posterity of а, з‘к = Шпахо"к = limax (Qg,)*« (ж258:21:22), 
where Qs, has the meaning defined in #257. ‘(his process stops with 
s'(D*R o (R*Q)'z] if ОР л (Еж@)‹ж has no maximum; otherwise, it stops 
with the R-successor of this maximum, which is тахо СО a (Rx Q)a]. 
If, on the other hand, we take Q to be the converse of the above, we proceed 
to continually smaller classes, and the limit of any set of elasses к having no 
last term is p'«. In this case, if, starting from a, every existent sub-class of 
a belongs to D*R, the process of diminution cannot stop short of A. This is 
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the process applied in Zermelu's theorem. We have the e a class д, assumed 
to be not а unit class, and a selective relation S for existent sub-classes of 
ш 1. a relation S for which 8 ева С ех‘р. Then our relation В is the 
relation of a to а — t*S*a, i.e. the relation of an existent sub-class of p to the 
class resulting from taking away its S-representative, Thus Ор, is a 
well-ordered series, which starts from ш and ends with A. Omitting the 
final A, S selects a representative from every member of the field of Qz,, 
and the series of these representatives. i.e. S?Qg,, is similar to Qg, with the 
final A omitted. Moreover every member of u occurs among these repre- 
sentatives, for, if z be any member of p, let к be the class of those members 
of Св, of which « is à member, (There are such classes, because u e Ср, 
"and тем) Then xep‘x, and by what was said earlier, рек is a member of 
C*Qg,. Hence, by the definition of к, рек, and therefore рек = шахоќк. 
Баб no class smaller than p‘« can belong to к, and therefore px — tS*p'« is 
not a member of x, and therefore æ is not а member of рек —tfS*p*«. Hence 
a= S*p'x, and therefore д occurs among the representatives of members of 
CQ, , which was to be proved. (The above is an abbreviated rendering of 
the symbolic proof given below in ж258:301.) Hence the field of 50р, is p, 
and therefore there is a well-ordered series having д for its field, provided 
ca Cl exp is not null (#25832), This is Zermelo's theorem, 


The converse of Zermelo's theorem has been already proved («250 51). 
Hence the assumption that a selection can be made from all the existent 
sub-classes of д is equivalent to the assumption that д can be well-ordered 
or is a unit class, i.e. 

#25836. bine 0“О чт. =. qtesClexu 

Hence also, by «88:33, the multiplicative axiom is equivalent to the 
assumption that all classes except unit classes can be well-ordered, 1.6. 
#25837. Е: Multax.=.C“Qul=Cls 

Hence also, in virtue of ж25573, the multiplicative axiom implies that of 
any two unequal existent cardinals one must be the greater, 4.6. 

*258:39. bi: Multax.2:. ру МС. 2:и<ь.У.и>ь 


x2581. Fun 0 = 48 (aC 8.948). Diser. О. вк = maxi 


Рет. 
F.x205101.2 :: Нр. 2:. у тахок. = :уєк:аєк. Da. ~ (уСа.уфо): 
[Transp] ерүєктаєк.афу.Э..с-(уСа) (1) 


F.().xIO1.2F : Нр.вкек.Ә:. 


ymaxok.z zyek:tek. ad y. D, > (уса: sety. D. > (у Са): 
[40-13] зуек:авк. tty. Deen (уС®:5к=7: 
[Transp.4013] = :yek.s'e y: 
[Hp] Eisfkmy:un2k.Prop 


R&W HL 
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«258101. Е: Hp«2581.p'cex 2. рек = minog'« [Proof as in #2581] 
ж25811. +: Hp #2581. se vex. D. seqo'k = вк 


Dem. 
К. ж40:53. 2+: Нр.2 pO eng (аек.Э„.аСу.а+у) 
[Bpokt0-151.«10:29] =Â (se C y) а) 
E k40:1 «22:42:46 . D +. 5‘ = рб (8 Сү 2) 
|. (2). #258101. 3+: Hp. D . sfe = ming? (s*« C y) 
га) = ведкі 2 F . Prop 


x268111. Е: Hp x2581. рк оек. 2. ргесо‘к = pie [Proof as in 25811] 


#25812. +s. Hpx2581.2:E! maxo'k . v . E! seqo'w : 
Е! ток. м. E!precg/« ([*2581101 11111] 


#25813. +: Hp #2581.9.1tg=s f(—C‘maxg) 


Dem. 
E 
F.x2581. Тгапвр. ЭН:Нр.-> Я! тахок. D.s ewer. 
[x25811] 2. ltg’e=s%: It. Prop 


#258131. +: Hp *2581.3.tlg=pr(—C‘ming) [Proof as in #25813] 


426814. +:Нрж2581.2.0,0е ей. Ito, tlge1 — Ов (ж95812:18:1811 


*2082. Р: Нрж2581. Re ВО о Cls—1.2.Qg,en 
Dem. 
+. #25814. D F: Hp. 2. Hp 425727 а) 


F.(1). «25734.2 +. Prop 
%258201. | .0-48(8Са.448) Re ВО п Cls 1.2. Qu, e 
[Proof as in «258:2] 
x268202. H: Q= MN (MCN. М+М). Бев) е Cls 1.2. Qox e 
x258203. +: Q= MN (NGM.M4N). Ве В п Cls9 1.2. rreh 
*25821. H:Hp«2582.4 C(R«Qya. D. ве = limaxofk 


Dem. 
H. #25813. D F: Hp. ce у!1шахик.Э.з к=к а) 
b.¥2582. DH: Ирен! вхо. Э:( у)сүсксавк.Э,.аСүг 
(407151) Disce: 
[42581] Dis шахок (2) 


F.(1).(2).2 t . Prop 
«268211. |: Hp «258201 . x C (kQ)'a . D . pix = limaxo' 
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x26822. +: Нрж2582. ае D'R. k C(RxQya. sq 14.2 sti = limax (Qg.)* 
Dem. 

F.«25821 .2 E : Нр. з‘ оек. D. вк = сн. 

[#25713] Э.“ке(ВжфдУа. 

ж210:283) Э.з“к=1їтах (Өв,Ук: DE. Prop 
#258:221. +: Нрж258:201, ас D'R . « C (E Q)'a . 2 . p'« = limax (Од) 
425823, +: Нрж2582.ае D'R. 2 . Qs, c Ded . (Ажо = В: 

[#258222 , 25023 .ж205:1211 

x258231. +: Нрж258:201.ас D'R. D. Од, e Ded . p'(RQ)'a = Вһ. 
ж25824. Һ:Нрж9582.2. 


(RxQya B (aco. Ro Ca. Сех Co 2, Beo) 


Dem. 
Е. 2258113 .ж2511.2 
F: Hp.2. («Qa CB (aco. Ёс Co s" Ol ох Со.2,. d eo) (1) 
F. #257123. 2 E: Hp. D. Ве ВжОуас(Вжоуа (3) 
25822. DF: Нр. а C(RsQYa. qtu 2 sue (RxQ)ya (3) 
b.#25712. ӘР:Нр.Ә.а«(Вжбфуа (4) 


F. (2). (3). (4.2 


+: Нр:аєс. Ro Со. 5“ С] ео Со. 2,. Вєс:2.8 е(Вжфу>ш (5) 
F.(1).(5).2F. Prop 


4258-241. Е: Hp&258201.2. 
(Ежа = B (ае с. Rio Co. рО еко Co D. Beo) 
ж258242. Е: Нрж258:202.2. 
\В*0)“Х = 404 єс. Ra Со. “ОТехб Со. 2.. Yeo) 
*258243. Е; Hp «258203.2. 
(Еж0уХ = Р(Х єс. RoCo. рО ехо Co .2,. Yeo) 


#2583.  F:Q-aB(BCa.as В). Seea Cl ежи. 
В =аВ (ae Clex‘u. 8 = а— 18а). 2. Qn, e 2. S3Qg, smor Qn, [ (- (А) 
Dem. 
F.X8014.2F:Hp.2. ЕСО. ReClso1. DR Olex'u. CR = Оер (1) 


F.(1).4258201.2 +: Hp. 2. Qn, е0 (2) 
k.x95735. 2F:Hp.2. RE C*Qg, cil. 

[a).Hp] D.S] C Qg, c1 1 (3) 
Б.ж25Т14. 2F:Hp.2.C'Qg, Cp (4) 
F.x8014. ЭН; Нр.2.1 = Cl ext (5) 
Һ.(8).(4).(5). Dt: Нр,.Э.59Од,втог Qs, E (— (А) (6) 


F.(2).(6). DF. Prop 
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- 
ж258:301. +: Нрж258:3 xep. к= Qr, пеш. д.а = рк 
Dem. 
К.ж251°86. 2+: Нр.2.рєеСь,. 


[Hp] 3.9g!« 

F. (1) 258241 . D +: р.Э.рхе(НжОуУи- 
[1257-36] D. p'r eC Qn, 

H. #401. ЭК:Нр.Э.герк 

Е. (2). (3). 2Н:Нр.2.р‘кек. 

їж258:1011 2. p'k = maxo'k 

|. (4). 2+: Нр.2. (р‘к-— US pie) ~ ек. 
[#257121.Нр] 2.2% (рк ~i Spi) 


F.(3).(5).. 2k: Нр.Э.сег Өр: D+. Prop 
Ж25891. Р: Нрж258:3. poel. D. C S Qg =p 


Dem. 
Р 2ж8014. DH: Hp. 2. 0S = Сех. 


[PART V 


(1) 


(2) 
(3) 


(4) 


(8) 


[k15036.x257-14] D.S Qr = 830, (~A). О, Г КА) COSS. 


[#15022] D. OKR r, =S“ Qr E (— (А). 
[#202-54.#257-125] 2. 0:830, = 8:0, – “А) 
k.x«8321.2 F: Hp. 2.802, Си 
F.«258241301.2 E: Hp. cep 22e S'((EkQY'u, — wA]. 
(ж957:36) D. we S(CQz,~ А) 
F. (2). (3). DE: Hp. 2. 8С, — fA) =p 
F.(1).(4). DF. Prop 

426832. Б: р еое1. 9 1 ва Сех и. 2. шеС“0 [258331] 

This is Zermelo's theorem. 


*258321. +: Hp«2583. 8Qg, a. 2.58 ~ ea 
Dem. 


F.x250242,2 F: Hp. Dra= (QB ve (Qa, 80в,а: 


[«257-35. Hp] D:aCP—US'B:. D+. Prop 


«26833. |: Hp #2583. p~~e1.P=S8Qp,.3.S=minpf Сех 


Dem. 
К. ж8014. Dt:Hp.aCy.qia.d.Saca 


(1) 
(2) 


(3) 
(4) 


а) 


+, 4258-321 . 2F:Hp(1).zea.2 (gf). ВОна. c= 88. 


[x150:4. Hp] 2.0 (@PS8a) 
F.(1).(2).«2051.2 F : Hp(1). 2. S'aminpa. 
[x258:3] 2.8'a- шара: D+. Prop 


(2) 
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ж258:34. Г:. реет. О: 
8 єєд “С ех‘и. =. ( Р). PeQ. СР = p. ааш» Сех‘ 


[#250°5 . ж258'33] 
425835. Б: реб. =. ее. я! О ех (420018.8250:51.258:321 
«25836. Е: реС0 01. =. в.“ ех 10258-35 ,ж60:37 . #83-901] 
x25837. Р: Мањах. =, С“0 v 1= Cls [*258:36 . ж88:38) 


«25838. [:.Multax.3:Ne‘ac Neg. v. Ne'a = Neg. v. Месо > Ме“ 
|»255:78 , «258.37 . ж117:54:55| 


x25839. Hk: Мињах.2:. уе NC.Oi:us;v.v.p ov. («25838] 


#259. INDUCTIVELY DEFINED CORRELATIONS. 


Summary of #259. 

In the theory of well-ordered relations, we often have occasion to define 
a relation (which is generally of the nature of a correlation) by the following 
process: Given a relation 8, let W‘S be a relation (generally а couple) which 
is a function of S. Let us put 

AyS=Su WS. 
Then, starting from A, we form the series 
A, АА, Ag Ag  À, etc., | 
each of which contains all its predecessors. We proceed to the Ї Бу 
а 

taking the sum of all these relations, te. 55 Ау) А) we then proceed to 
v <--- 
Ауч<« А, ЖА, and so on, as long as possible. The sum of all the relations 
so obtained is a function of W, and is often important. 

As an example, we may consider the correlation of two well-ordered 


series Р, Q, which is dealt with in #259'°2—25 below. In this case, we put 
W= ХХ = зеде | вед). 


Hence УА = дА = ВР | BQ=1p | lo, 
Ау Ay À = Ip] 199 2p 20, 
апа во оп, 
Proceeding in this fashion, we can continue until one at least of Ње 
two series Р, Q is exhausted. We thus obtain a new proof that, of any two 
well-ordered series, one must be similar to a section of the other. 


For convenience of notation, let us put temporarily 
A=S8P(SET.S4T) Df. 
We then have А « RI o trans. Aye RI*A л Сів = 1, which is part of the 
hypothesis of ж257:27 and following propositions. The rest of this hypothesis 
follows by analogy from «25814 Ме now put 
W,=s8(AgeAyA Df 

Then W, correlates the whole of P with part or the whole of Q, or vice 
versa. This is proved in ж259:25, below. 
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For other values of W, we get other results, often of a useful kind; for 
example we shall have occasion to use the methods of this number in «273, 
Which deals with series similar to the series of rationals. 

The present number gives, first, some elementary properties of (A „ж A) À 
and W, for a general relation W, concerning which we only assume that 
7/48 is never contained in S, ie. ТА (С) = А (except іп 425912113, where 
we also assume W e1—»OCls). We then proceed to deal specially with the 
case where 

w-i&ox- seq»'D'T | ведс ПТ} 


as explained above. 
«25901. A-S?(SCT.S4T) Dft [+259] 
#25902. Ay=ST(T=Su WS) Dft [#259] 
«25903. W,- (Ay AYÀ р 

In the following propositions, which result from those of #258, it is 
essential to have Ay © А. For this we require that W*S, when it exists, 
shall not be contained in 5. It will be observed that, according to the above 
definition, 

Ay - Sf (Se Ty. 
Hence instead of using * С” as a relation, which is notationally awkward, we 
shall use Ay. Thus the condition we wish to impose upon W is that we are 
never to have (W*S) 4,8... This is insured by 
Wa dAy=A, 

which accordingly appears as hypothesis in the following propositions. 


#2591.  h:AeRl'Jotrans.1t5,e1 — Cls: : 
WAAgzÀ.2.AycRl'A o Cls 1. A (Ay, Aye 


Dem. 
As in «25814, К. e L — Сіз 0) 
F.x20118. DF: Нр.2: MWS.2.-(MGS) (2) 
F. (2). (#25902). DF 1. Hp. 2:184,,T.2.8G T. S4 T. 
[(4259:01)] 2.8AT (3) 


F. (1). (8) .«258:202 . D F . Prop 
In the following proposition, the notation A (Аз, A) is that defined in 
ж257:09, adopted because A y cannot conveniently be used as a suffix. 
425911, Fr E!WA.Wady=A.D. | | 
W, =В‹Спу“А (Ay, А).4“ 014 АужАУА C (Ag AVA 


Dem. 

F.«258242 242591 ЭР: Hp. AC (Aye АА. D. sre (Aye AVA (1) 
F.(1). DF:Hp.2. W,e(AsA)À (2) 
F.x4118. ОН: Нр. Te(AyxAYA—UW,.d.TAW, (3) 


F. (1). (2). (3). DF. Prop 
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ж259:111. -..БАД,-А.8,Те(АужАуА.2:867.у.769 
[4259-1 . ж257`36] 
x25912. F:SeD'A, .z.E! WS Гж259:%02)) 
ж259:121, Е: Wel1—Cls.D.D‘Ay=d W [ж25912] 
#259122. H: Wa Ay — А.а. х= (Aw AyÀ n P {со Ту}. 2. Wry 
Dem. 


F.x25911. ЭН:Нр.Э.Мхе(АужАУА (1) 
[Hp] Э.Мхєх (2) 
Е. (1). (2). 82573. Db: Нр. Э.е D'A у. 

[425912] D.E! WEA (8) 
F.(3). Dh: Нр.2. (3A) А (A pS)» 

[257121] D. Ду «(АужауА-Х. 

[Hp] D.s(Ay у (4) 
F.(2).(4). Dh: Hp. Den (a (8) у .=(А 8) y. 
[(«259:02)] D.a(WSA)y: Ib. Prop 


425913, +: АЛА. Wel -> 8.9. Wy = WAG AYÀ 


Dem. 
F.x259192.2 -: Hp. 2. W,G Ч (A AY A (19 


F.«2571283.2 F: Hp. 2. 8 W(Ayx AAG Wy (2) 
F.(1).(9). 2 F. Prop 


x25914. Fi. WAA4-SÀ:Se(Ay&AYÀ n1 Све dW. ds. 


W:Sc1—Cls. 4594 44/%8-А:2. W,e1— Cls 
Dem. 


F.x7124.(x25902). 2 :. Hp .2: 

Se(AykAYÀ n1 Cls.2. Ag Se(AykAYA n1— Св (1) 
F.x259111.2 F: Hp. ST e(AykAYÀ.2:8€ T. v. TG S (2) 
Е. (2). 2н: Hp.ACCA yx AYÀ (82. yA). 2.(q T). Tex. m Tz.yTz. (3) 
Һ.(8).2Р:Нр.ХС(А,ужАуАғ1-» Сі.а(39)2.9(49)2.2.2-у (4 
Б. (Ф). ЭР: Hp. AC(AsA AYÀ a 1— Cls. D. i е1 9 Cls (5) 
F.(1). (5). «258242, 5b: Hp. D. (Ay * AYÀ C1 Сіз. 
|ж259:11| Э.Ү/үе1-» Cls:2F.Prop 
x259141. E: WA A — А: Se(Ay AYÀ п Cl 16 О.Э. 

175 Сіз 1. DSa D'W:8—A:2.W,eCls1 
[Proof ав in ж259`14] 
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#25915. bi. АДА: бе(А ЖА) А а 1 Та W.D. 
5 11.0% а Об А. 08 а QG*WIS- A:2.W,61—1 
(ж259:14:1411 
The following proposition is a lemma for ж278:28. 
25916. H: WA A= Ar Te(Ape AA о ПУ. Рр Т-190.2,. 
PE (AyD) - (Ao TyQ:2: 
PLDDW,-WgQ: Te(AyAYÀ.2,.PE DT= T5Q 
Dem. 
Б.ж259111, Db: Hp. AC(As AYÀ .2: 
o(PEDSA)y.= (ql). Ter.a(PEDT)y а) 
Е.(1) Энэ. Hp. AC (Apk AVÀ: Ped. Dr. PED P= 10:2: 
а(Р|49)).-г24( 4Т7).ТєХ.г(150)у. 
(88, T). S, Tex 2 (S|QUT) y. 


[#259111] = 
[+1501] =. (8))Q] у (2) 
Е. (2) 258242 .2 E : Hp. T e(Ay * AYÀ .2. PED T=T5Q (3) 


F .(8) #25911. 2 F. Prop 
The two following propositions are lemmas for «27322212. 


x25917. Eu РАА À:Se(AykA)À А I*W.2;. 
(So GWG8 A:2.G Tl (Ay Ay À 1-1 
Dem. 
Е. 250.242 . «257-35 . 42591. D 
кы Hp. S, Te(AwkAYÀ S4 Т.О: Ay/SGT. v Ay TCS: 
[(«259:02)] 2:0 WS COT. v а W*T C O48: 
[9р] 3:08+0‘7:. D+. Prop 


ж259:171. К. WA Ag c At Sc (Ay AY À o IW. Ds. 
058 «ЭС 0 58-А:Э.О|Г (АужАуД в1->1 
[Proof as in ж259:17| 


82592. H: WHRP(X = ведь ТУТ } seq T] . 2. W4e1— 1. W^ Ag À 
Dem. 


k.«72182.2 Fb: Нр.2: 7ed У.о. Well а) 
F.x2062. 2FnHp.2:Te(CW.2.D'TaD'WHT-A.G*TAGCOW*T-A. (2) 
Б.(2) 455184, ЭЕ: Hp. Теа. о.о (WT G T) (8) 


F (1). (2). (3). #25915 . DF. Prop 
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x25921. F:Hp«2592.Q'GJ.2. И jQG P. DW, COP. UW, CO” 
Dem. 


F.«206183.2 F: Hp. Ted: И.о. (77)50 = А (1) 
F.420621. ОР: Нр(1).2.вецу4 7-2 е “СЕТ. 

(887:4611 Э.(ОГ1)|017-34 (ә) 
+. #20618. 2Р:Нр(1).2.Г“4, COP (3) 
+. (3). #4148 . «258242. 2 F : Hp. D. DSW, COP (4) 
Similarly ЕсНр.Э.ФУ,ССО (5) 
+. (4). #206182. D F : Hp(1). Te (Ag АУА. 2. веде pP. 
[40-16] D. seq‘ “Те m веда. 

[4067] 2. (TQ «sequ T) 4 гөү ТЕР (6) 


F.(1).(2).(0). DF: Нр(1).Те(А,жАуА.7Эфе P.2.(A'TyQG P. (7) 

Е. ж259-111. Dhar C(AywA)A.a (3990) у. Ds 
(qT). Ter. = (150) yi. 

[*11:62.x10:23] 2:1. Тех. Dr. БО Є P:2.zPy (8) 

F.(8). Comm. ЭР ^ С (А ржА)“А : Тех.Эу.150СР:2.0“УОСР (9) 

F.(7).(9). 4258242. DF: Нр.Э:Теє(А,жнАУЛ.Э.15О0СР: 

[*25911] 5:WyQcP (10) 

К. (10). (4). (5) . DF. Prop 


ж259:211, Е: Нрж259:2.Р С/.2. WP СО [Proof as in #25921] 


ж259:23, H:Hpx2592.P econnex.2 . (А yx AYÀ СввсиР 
Dem. 
Е. ж211-22. ЭН: Hp. Te IW. D'T'esect*P. 2. D'A p Т езесер (1) 
F.x211:63.2 F : “АС весі. 2. Dts е sect'P (2) 
+. (1). (2) 4258242 . D F . Prop 


ж259:221. Е: Нрж259:2, Qeconnex . 2. «(4 y A)'À C весі 
ж259:223. +: Hp«2592. Ребег.Е! БӨР.0%6./.Те(АужАУуА.2. 
T5QeC*P, (|ж»259:1:23.»218:161| 


*259223. Е: Hp«2592. Qe Ser. Е! В). РС. T e(Ay Ay À.2. 
TSP e 0%; 
#25923. +: Hpæx2592.P,QeSernd‘B.Te(dyxA)À.D. 
(АМ,У).МеС“Р,.МеС%,.Те Msmor М («259:2:21222:223] 
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«25924. H: Hp«2592. P,Qe 0.02: D*W,— “Р.м. С, = CQ 

Dem. 
F.x20618.2 F: Hp. P- А.о. W, =Å (1) 
F.«20018.2F:Hp.Q— А.Э. W = А (9) 
Е, (1). (2).21:.Нр:Р=А.м.0=А:2: DW, = CP AWR (3) 
F.4259:11.«25736.2 EF: Нр. ЇР. 10.2. W, оер. 


|ж259:121 Э.с-(Е Лед Р. ІР (4) 
Е. (4). #2521 ,ж259:22:221.2 
bi Нр. qi P.q!Q.3:DOW,=C'P.v. СЙ = CQ (5) 


+. (8). (5) DH. Prop 


ж259:25. Ь.Нрж259:24.2:(58).8євес 4. У, е Psmor (0 [ 8)-у. 
(ga).aesect*P. W,e(PEa)smor Q (ж259:23:241 
The above affords а new proof of «254/37, which asserts that if Р and Q 
are well-ordered series, one must be similar to a section of the other. In 
virtue of ж259:25 (which has been proved without using the propositions of 


ж254), W, is the correlator which correlates the whole of one series with 
part or the whole of the other. 


It will be observed that the relations (A*A)*‘A are the class of corre- 
lators of sections of Р with sections of Q, provided P, Qe Q — “A; 46. 


К: Нрж2592.Р,0-0-кА.2. 
(Аж АА = ЯМ, N). Me CP, МеС,. Te Мето? М]. 


SECTION E. 


FINITE AND INFINITE SERIES AND ORDINALS. 


Summary of Section E. 


In the present section we shall be concerned first with the distinction of 
finite and infinite as applied to series and ordinals, We shall then establish 
the distinguishing properties of finite ordinals, and shall deal with the 
smallest of infinite ordinals, namely о, the ordinal number of a progression. 
Finally we shall briefly consider certain special ordinals, and the series of 
cardinals applicable to well-ordered infinite series, namely the series of 
* Alephs,” as they are called after Cantor’s usage. 


In dealing with the finite and the infinite as applied to series, we have 
constant need of the relation (P,),,, where P is the generating relation of 
the series, We have 


a (Poy -= . Р(жҥ- у) є Ols induct — (Л, 


te. “а(Р),у” holds when, and only when, there is a finite number of 
intermediaries between æ and y. When Р is finite, we have 


Р =(Р)),,, 


but we may have із when Р is not finite. The infinite series for which 
this holds are progressions and their converses (which we will call regres- 
sions), and series cousisting of a regression followed by a progression, of which 
an instance is afforded by the negative and positive finite integers in order 
of magnitude. 


ж260, ON FINITE INTERVALS IN A SERIES. 


Summary of *260. 


In the present number we are concerned with the relation which holds 
between а and y when the interval P (s y) is an inductive class other than 
А, or when the interval P (z 49) is an inductive class of at least two terms. 
This relation holds if z and у bave any relation of the class fin‘? (defined in 
#121). We will call this relation Pm. Thus we put 


Pry=sfin'P Df. 


Then æPmy holds when zP,y, where v is an inductive cardinal other 
than 0 (2601) This relation will take us from z to any later term which 
сап be reached without passing to the limit. But if in the interval P (zy) 
there is any term which has no immediate predecessor, ie. any member of 
CP — (*P,, then we shall not have #P,,y. Thus Pm confines us to terms 
which are at a finite distance from our starting-point, We shall find that if 
PeQ,a necessary condition for the finitude of P is P — Py. This is not 
a sufficient condition, since 16 does not exclude progressions, but these are tho 
only infinite series it admits, and these are excluded by the assumption 


E! B. 


Although Рр is not in general serial when P or P,, is serial, it becomes 
serial when confined to the posterity or the ancestry or the family of any 
term with respect to itself (#260324), When a series P is well-ordered, the 
whole series can be divided into constituent series, each of which is the 
family of any one of its members with respect to Pg (except when P has 
a last, term which has no immediate predecessor, in which case this last term 
must be omitted). (Сї *264.) Each of these series (except the last, possibly) 
is a progression, and the last is either finite or a progression. Hence every 
infinite well-ordered series consists of a series of progressions followed by 
a finite tail (which may be null); hence the cardinal of the field of an infinite 
well-ordered series is a multiple of №. These results will be proved later ; 
for the present we are concerned with the proof that the family of any term 
with respect to Pm is a series of which the generating relation is Pr, with 
its field confined to that family. 
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In the present number we are chiefly concerned with the relations of 
Pa to Р. We have 
#26027. +: Proe Ser. 2. P, (P), 
This proposition will be used very frequently throughout this section. 
Without any hypothesis we have 
«26012. +. Pin © Pro 
We have also 
ж2815. Б.Р. = (Род 


Hence whatever properties of P, result from the hypothesis that Р is 
a series will result from the weaker hypothesis that Py, is a series. 


If P,, is a series, Pr, is contained in diversity and is transitive (ж260:202), 
but not in general connected. 


In comparing Pm and (Ру), we constantly need the proposition 
#26022. F:P,eSer.O.(P) = Pi. P,e1— 1. (P), ЕЈ 

From ж200:3 to the end of the number, we are concerned with the result 
of limiting the field of Р, to the ancestry, posterity or family of some 
member of its field. We have 
*26033. F:P,eSBer.zeD'P,. P, —- R.2. 


<- < < < 
Pa (ay Ры) = (Rgs) | Roo = (СВ) Е), = (ЕСА) 


= 
426034. +: Hp426033.3. (Py, (еу Р), = (Rya) | R= RP Roe 


#26001. P,,=sfintP Df 


*2601. Н:=Рьу.=.(Мь) .,е МС induct - VO.aP,y 
[121-121 . (4260-01)] 
#26011. Ё:=Рьу.=.Р(анчу) е Оів induct -0—1 
Dem. 
+. #2601. 4121-11. 5 
К:&Р„ у. =.(qv).veNC induct— 0. P(a@Hy)evtyl. 
[#120-472] =. (пи). we NC induct 2 10 ~ 11. P (nA) ep. 
[#1202] =. P (ану) е Сіз induct -0-1:3+. Prop 
#26012. Р.Р. C€ Pro 
Dem. 


Е. #121391 #117511. F:» e МО induct 210.2. P, GP, (1) 
Е. (1). 2601.2 F. Prop 
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ж26013. F:aP,y.3.P (ery), Р(г-іде ОВ induct - 5A 

Dem. 
F. #26012 ,ж121:21:22, ЭЕ: Нр.Э.Р(ю-у),Р(2-чу)е-60А а) 
F.x91:54. (ж121:011:012:018) . D 
F.P(z—-y)CP(zeOy.P(z-My)CP(aey. 
[4120481,«260 11] ЭЕ: Hp. D. P (zi— y), P (x y) е СВ induct (2) 
F.(0)).(2). Эн. Prop 


x260181. Ь:.Р,,СУ/.Э:«Р, y. =. Р (жҥк у) є Сіз induct ИА. 
УР (ж-а у) e Cls induct — “А 


ш 


Dem. 

F.«12122 . 2 F : P (ary) є Сів induct - ИЛ.2.2Рыу. 0) 
[*121:242.«91:54] Э.Р(акауу= P(z- уучу 
[*120°251] 2.Р(ану)е СВ induct (2) 
К(1).ж121242. Dk: Hp.Hp(1).d.ayeP@nHy).afy. 

[x52:41] 2.Р(ану) ~» e€0v1 (3) 
К. (2). (3). #26011. 2 H: Hp. Нр(1)-Э.4Рьу (4) 
Similarly Е: Hp. P (æ ~y) e Cls induct. D .&Pq,y (5) 


Е. (4). (5). «260113 . D F. Prop 


«26014. F: P e(Cls— 1) v (1 > Ols). Poo CJ -D -Pin = Py, 


Dem. 
+ .#12152.Dh: Hp. 2 . finid P = Py. 


[(*260:01)] Э.Р,-Р,-Р, 
[x121-302] -Р,-4| ОР 
[x91:541] =P, :2F.Prop 


#26015. К.Рь=(Р)һ [32001 . 121254] 


426016. F.(Dy,- P, [2601 . 121-26] 


ж26017. b: P,,¢Ser.aP,,y.3.P(@Hy)=C{P,[ Р(екчу). 
c= ВАР] P(wHy)} у= BCav'{P,[ Р(єкчу) 


Dem. 
|. 4121-242 .9+:Hp.d.a,yeP(aHy).cty. 0) 
|ж52:41| 2.Р(ану)-әв1. 
(ж209:551 Э.СЧР, EP (aHy)} = P (my) (2) 
+. #91542. ЭН: Hp.2:zeP(zmy).za.2.z|P Plany)}z: 
[(1).*205:85] 2:я= miu (Р, P (my) P (emy): 
[(2).«20512] D: g= ВЧР, P (zy) (3) 
Similarly Е: Нр.2.у= В“СиуЧР, E Р(екзу) (4) 


F. (2). (3). (4). D F. Prop 
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The following propositions are concerned in proving that if Р, Ser, 
Pin = (Pio and Р, =(Р,),. Note that “«(P,),oy” means that we can get 
from 2 to y by a finite number of steps from one term to the next, so that 
the series contains no limit-points between vand у. The relation “æ (P), у” 
means that v —, 1 intermediate terras 

By ил ураг uut 
can be found, each of which has the relation P, to its neighbour, and such 
that zP,z, and z, Ру. Thus we have to prove that, provided Рр, is a series, 
this occurs when, and only when, the number of terms in the interval 
P(zey) is v 1. 


«2602.  ":Pyeconnex . Py. yPyz.2. P(z 2) = Р(анау)ч Р (уна) 
Dem. 

F.x20L1415. Db: Hp. 2. P(zAy)C Р(анг).Р(уна)СР(анг) (1) 

F. 20213103 . 2 Ес. Hp.2Pyw. Dd: wPyy. у. yPw (2) 

К. (2). #121103.5 

| :. Нр.шеР (@H2z).di0Pyw.wPyy.v.yPyw Р, 


[ж121-103] Э:шеР(хкчу)м Р(уҥаг) (8) 
F.(1).(3).2F. Prop 
x260:201. Е: P, econnex . 2. Py, € trans 

Dem. 
Р. ж26012.2 F : Pay. yPgz.D -z Py -yPyz (1) 
F.(1).«2602.2 
Е:Нр.«Р,у.уР,сг.Э.Р(аьчг)- Р(аьчу)м Р(унг). (2) 
[*260°11.%120°71] D. P (az) є ОВ induct (8) 
Һ.я0039271.ӘҒ:ае0ә1.8Са.2.0е0М1: 
[Transp] ЭН:8-60м1.8Са.Э.ас-с0м1 (4) 


Е. (2). ж26011.2 
К:Нр.а«Рьу.УРыг.2.Р(әну)ее0би1.Р(ану)С Р(ака2). 

[(4)] D.P(@Hz)re0vul (5) 
|. (3). (5). #26011 . D +: Нр.=Рьу. 9 ,2.Э.2Р,2:2 Е. Prop 


«260202. Е: P oe Ser. 2. Р. є У а trans 
Dem. 
F.426012.2 +: P4, GJ. D. P4GJ (1) 
|. (1). #260201 . F . Prop 


We shall not have in general Ре Бег. 2 . Ри, «бег, because Ри, is in 
general not connected. Pm only relates two terms which are at a finite 
distance from each other, and hence divides P,, into а number of mutually 
exclusive parcs We shall only have P, «бег when every interval in the 
Series is finite. 
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ж26021. b: Р єбєг.«Р,у.уР,г.Э.Р(тьчг)- P (ven) vue 
Dem. 
Е. #121304. 2 F: Hp. 2. P(yez) e vy vu (1) 
Е. #121249. 2Е:Нр.Э.уеР P (zy) (2) 


+. #2602. ОР:Нр.О.Р(гна)-Р(гну)ч P (ymz) 
[(1).(2)] =Р(анучиг: 3+. Prop 
x26022. +: Poo e Ser. D. (Ph =P. Piel -ә1.(Р), EJ 
Dem. 


+. #121254. Dh. P,- (P4 (1) 
F.(1).32047.2 F: Hp. 2. P,e12 1 (2) 
F.«121305. ЭР:Нр.Э.Р,СР. 

|ж91:591 2.(B, € P,,. 

[x2041] D. (Pd CJ (3) 


Е. (1). (2) - (3) -*121'31 . 2 E . Prop 
«26023. +: P,,¢Ser.ve NC induct. Э.(Р),61-1 
[#121342 . #26022] 
#26024. +: Р, є бег. ие NC induct. æ (Pi) у. w (Pijpt e D e yP 
Рет. 
=. #191585. x20022, ЭР: Hp. 2.2 (Р), P] 2. 
d [341] D. (gw). a(Piyw. wP. 
[*260:23.Hp] 3.yP,z:2F . Prop 
ж260:26, +:P,,cSer.R=P,.cRyy.3.P(aHy)=R(@Hy) 
Dem. 


F.x26024, DF: Hp. ve NC induct. s E, y. Вг. Р = В(анчу).2. 
yRz. P(y ey) В (ен). 

|ж260:21| Э.Р(кьче)-В(тьчу)м(а 

(ж260:92.ж121:371:3041 -В(екч2) а) 


F.(1)).2F i Hp. уе NC induet : zE,y.2,. P(zy) = Е(енчу): Э: 
ERa. d2. P (vez) В (ая) (2) 

F.x12130122242.2 1: Hp. zE,y. 2. P(z ey) - Vo В (ну) (3) 

+. (2). (3). Induct . 2 

t:.Hp.D:veNC induct .cR,y.2. P (@my)= R (emy): 

[x12112]2 : Se finid‘ R . 8y . 2. P(z ey) = R (жау): 

[x121:52.4260:22] D: eR y. 2. P (zie) = R (emy) :. DF. Prop 


In the above proposition, “Induct” refers to x12013. The “$ë” of 
*120°13 is replaced by 


гБК,у.Э,.Р(льчу)- В (ary). 


R. & W, TL 
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Thus (2), in the above proof, is (when v is replaced by £) 
Ec NC induct. ФЕ.Э..ф(Е--1), 
and (3) is $0. 
Hence, by «12013, we have 
ae NC induct . 2. фа, 
те. уе ХОїшдис5.2:28,).2,.-ЁВ(аьчу), 
which is the inference drawn in the above proot. 
Wherever “Induct” is given as a reference, it indicates a process such as 
the above, making use of 120:13 or ж120111, 


#260251. К: Pie Ser. 2. (D), € Pin 


Dem. 

Е. 26025. DH: Hp. R=P,.aRpy D. P (ну) =Е(ану). (1) 
[#12145.ж260-22] 2.Р(ануе СВ induct (2) 
F ж121-242 . (1). 26022. DF: Hp(1). D.s, ye P(zeAy). my. 
[#5241] Э.Р(еьчу)г-с0м1 (8) 
Е. (2). (3). Db: Hp. 2(Р,) „у. 2. Р(сну) СВ induct-20—- 1. 
[ж*260`11] D.2P;,y:D+. Prop 


#26026, Ь:.Р,,ебөєг,К-Р,.2,у.Э:лР,у.г.сВ,у 
Dem 
Е. x26025. D Fin Hp.d:P(tHy)=R(eHy): 
[#12110 DiaP,y. =. Ry: D+. Prop 
*260261. E: Ре Ser. ve NC induct — 0 .@P,y.¢Pyyz. д. уР,г 
Dem. 
F.x12111.2 FE: Hp. 2. Ne'P(si y) ev 1. Ne'P(yiAz)9v 44,2. (1) 


[x120:32] 2.у%2 (2) 

Е.().«120:428 . D F: Hp. 2. Ne*P (#42) > Ме (ze). 

{#117-222. Transp] 3.—(P(ze2) CP (ve). 

[«X121103.42011415] — 2. (Py). (8) 

[«202:103] Э.уР г. 

[*202-171] Э.Р(юкчг)- Р(кьчу)м Р(у-ча). 

[*120-41.(1).(3)] 2.Р(у-чг)є1. 

[x121:242.(2)] 2.Р(унг)е9. 

[*121-11] 2.yPizi Dt. Prop 

ж26027. +: P,,¢Ser. D. Pin = (P), 

Dem. 

F.«260261.2 E : Hp. v e NC induct — v0. &P,y Pia az (Р )-Э. 

yPiz v (Psy. 


[91:511] Э.«(Ру,сг а) 
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F.(1)).2F: Нр. ve NC induct — t0 :8P,y. Dy. (Pi)oy:D: 
BP yp Zs Da e æ (Piho? (2) 


Е. x91502. о FizP y D 2 (Puy (3) 
Е. (2). (8). #12047 . D E: Hp. D ive NC induct — (0. D, | P, C(D,,: 
[x2601] 2i: P, C(P),, (4) 


F.(4).x260251.2 +. Prop 
«26028. F:P,eSer.veNCinduct — 0.2. P, 2 (P), (P), 
Dem. 


F.x26026. Dh: Нр.Э:г4(Р,у-«Р,у..а (Poy e (Phy (1) 
F.«2601. Dt: Hp.«Pyy.d.aP ny - 


[26027 } D.2(Pridpoy (2) 
Е. ж121321, | ЭНР:Нр.«(Р),у.Э.24 (Ру (3) 
Е. (1). (2). (3). DF: Hp.2O :eP,y. =. 2(Р,), у (4) 
F.x121254. ОН. (P), = (Ру. 

[#26027] Dt: Нр.2.(Р), =(Рь, (5) 


Е. (4). (5). ЭК. Prop 
The above proposition does not hold in general when v = 0, for if P is a 
compact series, P, — A, во that (D, = А, but Р,= 7 re. 


x26029. F:P,eSer.zPg y. 2. P(veAy) = Р, (2н) = Pi (25) 
Dem. 
F.x2602725.02 F: Hp. 2. P(z Ag) = Р, (анчу) 
[x121:253.x260:27] = Pa (ону): D+. Prop 
The following propositions are mainly concerned with the result of 
confining the field of Pm to the posterity of a single term. 
#2603. ЕГ:Рьебег. 2. D Pa = DEP, АР, = Ч*Р,. С РЫ, = OP, 
[x26027 . ж91'504] 
#26031. Р: DP, е бег. с «ІМР,.Э. 


< —— < 
CEP a E (to v Py f) = (Ру тэ: Рб 


Рет. 
F.x26027.2 F: Hp. 2 Ua UP n= vau (Бәле 
[06-14] = (жа (1) 
Е. #2603. ӘР: Нр. Dyl Pale. 
[36-13] 2. (gy) «s (Pss bev Ры y (2) 
=. ж3613. D Fiye Puto D o Р, (бшу Put) y 
[10:24] D. (42). 2 (Py Ete o Pate} y (3) 
F.(2).(3).2 Ft Нр. 2.12 о ae C Pm (5 v P.) . 
[#3741] 2. и оа = 04Р. { (“хо Б) (4) 


F.(1)-(4). DF. Prop 
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x26032. F:P,eSer.2. 
< < < 
Pry bte v Р) = Р, {ето Pata). Р. (то Р.) e Ser 
Рет. 
< «< 
F.x26012. 9+. Р. 0 (uw 9 Ра C Ppop (“еч Ра) (1) 
F.42603 . #20035 . D 
< c 

Е: Hp.zeeD'P,. 2. Р. (ам Р) = А Pyro (15. Ра) (2) 
Һ.ж201:521.ж26097.2 

€ —— 
Е:Нр.«ер“Р,.Э.Р, (еч Рб) = (P) s Р). 

< 
[x202:14.«260:22]2 . Pin (иг о Р, 2) є соппех . 

< 
[x260:202] D. Pmp (iou Pu fa) Ser. (3) 

€ - 

((1)-ж26021.ө9044112.Р, иго Pra) = Р, (гм Ра) — (4) 
|. (2). (3). (4). DE. Prop 


#26033. F:Py4ceSer.zeD'P,. P,- В.Э. 
e c < < 
Р. | (ам Ра) = (ВЕ, = (Ее) Rho = (Е К,а) 


Dem, 
c— c 
F.«2602731.2 H: Hp. 2. Pm (еч Py 2) = Ry E Ва 
< 
|ж96:16.491:6021 = ке Е, 0) 
[№9613] = (уе Rh, (9) 
(ж96:2.ж96099) = [R (80.08) 


Е. (1). (2). (8). DF. Prop 


c < e 
x26034. HF: Hp #26033. D. (Py (у Ри) = (Ry) B= В | Ба 


Dem. 
К. x26033 . ж191:254. 2 


= < < 
F: Hp. 2. (P ее Р) = К) Eh (Е 8,910) 
F (1) ж11:31.%ж96099. D К. Prop 


The following propositions are concerned with the result of confining the 
field of P, to a single family. 


€ 
ж260-4. F: Poeser. D. PE Р„'жє бег. 
e e <> e 
CP in Ра) = Рыб -(РрФ „Рашо е1 
Dem. 
e € 

F -X26027 24971721: Hp. 2. Pra PPa = (Pio (Руж. 
[*202:15.«260:22] 2.Р, Гь єсоппех. 
[260°202.%204-42] D. P ЎР,“ e Ser (1) 


SECTION Е| ON FINITE INTERVALS IN A SERIES 117 


€» €» 
F.«9718. DF. ОР, Рив) = Ре (2) 
€ 
F @). #260202. #20012. DF: Hp D. Pyre (8) 
F 26027 49717 DF: Hp. 2 . Рут (Буа (4) 


Е. (1). (2). (8). (4). D F . Prop 


#26041. F:iP,cSer. Re P,.2. 
€» < < € 
[23:4099 89:409 Ооу Ryo = Roo ме 
Dem. 
#26027. 49717. DF: Hp. 2. РЬ 0 99^ x Eie а) 
F.x9718.2 F: Hp. "o YB td. zek, „Resu Вы «Бус, 
< 
[492:311.4260:22] D. ze Rytov fita. 
[497:13.43613] D. y Gu а): (2) 
Өө 
=. #35-21441. ЭР. А, Буг (Йу шу] Ry, 8) 
К.@).(3). ЭЕ:Нр.Э.Б,ГБут-(Еу 18, (4) 
€» 
Similarly F: Hp. D. Rog p Ryle = Fs | Ву (5) 
Е. (1). 4. (5). 2 F . Prop 
€» < € 
426042. F: Hpx26041 .2 . Py [Pato (Ra! В), = (ВР 
Dem. 
у < € 
F.02:32. «20022. D F: Hp. D. Вис Rys. 
=> 
[x96111] 2.0 yp Ryo = (а) Ер (D 
€ 
Similarly H: Hp. 2. Ryo tn {R а), (2) 
к. (1). (8) 26041 . F. Prop 
26043. Һ:Р,е5ег.2. 
€ €» € € А 
р {Р Р), = Ри} Р, = (Pra) 1 Р, = Р, bP) 
ет. 


=. #96049 .#191-254.2 
Е: Hp. R=P,.D. цээл Rh 
[4121:81.4260:22] -(Ёуа)18 

[%97-17.ж960-27] (а), а) 
Similarly F: Hp. D. {Pm ГР ҺАР Ы т (2) 


Н.(1)-(2)-48511.ЭБ: Hp. D. (Pu ЁР), Р.Е (3) 
Е. (1). (2). (8). DF. Prop 


. > €? H H . 
Observe that the two series Р.ПР, ала Pm L Penty are either identical 


or have 


no common terms in their fields. This results immediately from 


у e e 
Ж97:16, since the fields of the two series are (Ржев and (P,)y‘y. 


#261. FINITE AND INFINITE SERIES. 


Summary of «261. 


In this number we define finite and infinite series, and we show that, 
where well-ordered series are concerned, there is only one kind of finitude, 
ie. there is not the distinction, which exists in cardinals, between “18- 
ductive” and "non-reflexive." We also give various equivalent forms of 
the distinction between finite and infinite series, and some of the simpler 
properties of each. The propositions of this number are numerous and 
important. 


We define an infinite series as one whose field is а reflexive class, and а 
finite series as one which is not infinite. Thus we put 


Ser infin = Ser n ВСВ refl Df, 


Ош 20^ б“Оь тей Df, 
Ser fin = Ser — Ser infin Df, 
Оба =Q -Q infin рғ 
We also put, to begin with, 
О induct = On O“Clsinduct Df, 


but in the course of this number we prove 


*26142. г. О fin=Q induct 


so that the symbol “О induct” is not required after the present 
number. 


After some preliminary propositions, we proceed (ж261:2 ff.) to various 
criteria of finitude and infinity. We have 


«26125. F:. PeSer.2: 
OP e Cls induct — Л. =. Р= Р.Е! BP. Et BP 


The condition P = Pm insures that every interval is finite, but this still 
leaves it possible for our series to be a progression, or its converso, or the 
converse of a progression followed by a progression (Ze. the type of the nega- 
tive and positive finite integers in order of magnitude) The tbird of these 
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possibilities is excluded by either Е! BSP or E! BP; the second is excluded 
by Е! ВР, and the first by E! ВФ. We have 
*261212. H: Pe 0.2: (P, P... P= (Po. =. P= Pa 
“АР, = Р” means that every term except the first has an immediate 
predecessor, We have 
ж261-26. +: Ребет.а СОР. д! а. а є С15 піць. 2. Е! папра. E! шаха 
апа 
ж261'27. b:.PeSer:aCOP.q!a.3,.E!minpa. К!зпахр@@:Э. 
Р-Р,.С“РеСївшдис! 


whence we obtain 


ж261:28, b:: PeSer. 2 :. 
aCC'P.g 14.2,. E! minp/a. E! тахр‘а : =. С“Р е Cls induct 


le. a series whose field is inductive is one in which every existent sub- 
class of the field has both a minimum and а maximum. 


From the above, together with an inductive proof that every inductive 
class which is not a unit class is the field of some series, we obtain 


ж261'29. +. Clsinduct = 
1 о “ВР cSer:aC OP. g 1a. 2,. E! тіпра. Е! maxp‘a} 
21v ON ^ Cav) 


The above proposition is interesting as giving an alternative method of 
treating inductive classes. Instead of the definitions adopted in «120, we 
might have taken tho above proposition as the definition of inductive classes, 
putting 

NC induct = Ne**Clsinduct Df. 
We should thus wholly avoid the use of mathematical induction in de- 
finitions; hence if such avoidance were in any way desirable, it could be 
secured by dealing with series before introducing the distinction of finite 
and infinite, and then defining inductive classes as the ficlds of series which 
are well-ordered backwards as well as forwards. The inductive properties of 
such classes would then be deduced from «26127, together with ж260:27, in 
virtue of which we have 

РеО «Спу“О.Э.Р-(Ру)ь, 
whence, by «91:62, 

bi: PeQ өОпу“О, Di zPy.ziP,*u Cu. Písen.2,.9ep- 

Іш virtue of this proposition, if у is the field of a well-ordered series P 
whose converse is well-ordered, then any property which is inherited with 


respect to P, belongs to all the successors of æ (where æ егу) if it belongs to 
the immediate successor of æ. Hence mathematical induction follows. 
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From the above we obtain at once 


x26131. Ес. PeSer. 2: P e Clsinduet. =. P, Pe Q 

Те. series whose fields are inductive are the same as inductive well- 
ordered series, and are also the same as well-ordered series whose converses 
are well-ordered, Hence also we obtain 


426133. н: Р,0.0.06Р.2. Qe 0 induct 


Те. a descending well-ordered series of terms chosen out of a well-ordered 
series must be finite. This proposition, which is due to Cantor, has been used 
by him in many proofs. 


We have 
#26135. t:.PeQ.3:C*P ¢Cls induct - ИА. =. ГР, = (P. Et ВР 
In «253:51 and following propositions we have already had the hypothesis 


ЧР, = Q*P . Et В‹Р, which now turns out to be equivalent to the hypothesis 
that our series is finite and not null. Thus we have 


#26136. FE: Реб. 2: СР е Clsinduct—uA.=s.Nr'P+i+Ne'P 


ж261:4 and following propositions are concerned in proving that а well- 
ordered series which is not inductive always contains progressions, and in 
deducing consequences from this. We have 


82014. К: Реб -N induct. 2. (PS BC] Р, e Prog 

The above proposition is very important, for many reasons. One of its 
most important consequences is that, if P is a well-ordered series which is 
not inductive, its field contains an Му, and is therefore a reflexive class 
(ж261:401). Hence a class which can be well-ordered is either inductive or 
reflexive (x261:43), and a well-ordered series is either inductive or infinite 
according to the definitions giver above (*261-41) Hence where weil- 
ordered series are concerned, the two ways of defining finite and infinite 
(namely those in #120 and #124) give equivalent results. This cannot (so 
far as is known) be proved for classes in general without assuming the multi- 
plicative axiom. 


From the above-mentioned propositions it follows that an infinite well- 
ordered series is one in which P, limited to the posterity of ВР with respect 
to P, is a progression in the sense of #122 (ж261:44), and that any class 
contained in a well-ordered series is eituer inductive or reflexive (ж261:46). 

The number ends with some propositions in ordinal arithmetic. We 
prove that P? is well-ordered if P is well-ordered and 0 isa finite well-ordered 
series («261:62) ; that if R is a finite well-ordered series, and Р is less than 9 
(in the sense of «254), then P is less than Q^; and that a finite well-ordered 
series is less than an infinite one (ж261-65). 
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#26101. Serinfin = Ser a C*Clsrefl РЕ 

426102. Q infin = 0 n Č“Cls refi Dt 

#26103. Ser fin = Ser — Ser infin Df 

ж261:04. Qfin=Q-—N infin Dt 

«26105. Qinduct=QaC#Clsinduct Df 

ж2611. +: PeSerinfin.=.PeSer.C’PeCls тей ((261:01)] 

#26111. Б: fe Qintin. =. Pe OQ. CP e Clsrefi [(«261:02)] 

x26112. +: PeSerfin. =. Pe Ser—Serinfin. =. PeSer. СЕР we Cls refl 
[(*261:03)] 

#26113. k:PeQfin. =. PeQ—Qinfin. =, Pen. CP ~ eCls refl 
[(*261:04)] 

#26114. F:PeQinduct.=.PeN. СР eClsinduct [(*261-05)] 

x26115. +: PeSerinfin. Psmor Q. 2. Qe Ser infin 

Dem. 

F.x26L01.2 E: Hp. 2. PeSer. CP eClsrefl . PsmorQ. 
[«20421.«15118] D.Q eSer. OP e Cls refl. COP sm С). 
[#12418] 2.0 «бег. C Qe Cls refl. 
[#2611] 2.QeSerinfin : D+. Prop 

#261151. К: PeSerinfin. D. Nr*P CSerinfin. [«261:15] 

*261152. +: Pe Serinfin. = . МР C Serinfin. =. у! КР a Ser infin 
[3261151 . x15512] 

*261153. К: PeSerinfin. =. (90). P smor Q. Qe Ser infin 
(26115. #15113] 

x26116. Р: PeQinfin. PsmorQ.3.QeN infin 
[Proof as in ж261-15, using #26111 . «251111 . «151-18 . x12418] 

#261161. Е: Pe Qintin. D. Nr*PCO infin. [426116] 

#261162. К: РеО infin. =. МР С О infin. =.q! М.Р а Serinfin 
[4261161 . 15512] 

#261163. Е: Pe Qinfin. =.(qQ).Psmor Q. Qe Q infin. [326116 #15113] 

#26117, F:PeSerfin. Psmor Q. 2. Qe Зепп [ж261`15. Transp] 

*261171. H: PeSerfin. 2. Nr*P CSer fin [426117] 


x261172. Е: Р e Ser fin. =. Nor‘ P'C Ser tin . = . q ! МР a Ser fin 


ж261:173. 


[261-171 .155:19] 
F: PeSerfin. =. (4Q). PsmorQ. QeSerfin. [26117 . x15113] 
9 
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*26118. fF: PeO fin. PsmorQ.3.QeQfin [#26116 . Transp] 
ж261:181. Г: PeQ fin. 2. МиР СО fin [*26118] 


x261182. H: PeO fin. =. Мия РСО fin. =. qt Ми“ Р a О fin 


[*261:181.x155:12] 


x261183. Г: PeQ fin. = .(qQ). PsmorQ. QeO fin. [426118 . #15113] 


x261:19. 


bk: P eQ induct. P smor Q.D . Qe Q induct 
[Proof as іп ж261:16, using ж120:214 instead of #12418] 


x261191. Е: Pe Qinduct.D.Nr'PCQinduct [x26119] 


ж261:192. 
ж261:193 
ж261-2. 


Dem. 


*261-21. 
Фет. 


x261211 
Dem. 
Е. 


. ks PeQ induct. =. МгР С.Олшдис л .д ! МР a О induct 
[#261191 ,ж155:12| 


. Е: Pe Qinduct.=.(qQ). P smor Q. Qe О induct 
[*261:19 ,ж151:18) 


Б: Py econnex . (BSP) Pj, (BP) «2. Ре Cls induct 


Б.Ж202:181, ЭР: Hp. D. CP =P (BPm BP). 
[*260°11.Нр] 2.CP e Cls induct : 3+. Prop 


к: Peconnex. Р= P, Et BP Et BP. >. CCP e Св induct 


F 4202108 493101. D F : Hp. 2. (BP) Р(ВФ). 
[Hp] 2. (BP) Pa (BP). 
[x261-2] 2. C*P e Clainduct : ЭР. Prop 


> e -- 
2 В:РеВег,Э.пан( Рт-(Р),ч)СО-4Р, 


ж91:511 ,ж121:805.2 


e e c — 
EF: Нр.2:ує Pian (Р ж. yP. D. гє PHA (Руа: 
< e e Жо 
[Transp] D: z e P'z — (Ру 5 т.уР,г.Э.уе- Рам-(Р) ж (1) 
e e 


e e 
F.x91:502.2 F s. ze P'z (P) m. 2:26 P'z— Pia: 
[«201:63] 2:Hp.2.zP'z (2) 
F.420:63.2 F: Hp. 22Р. уР,2. 2. (yPz).y т. 
[4202103] 2.гРу (3) 
- e < 

Е. (2). (3). DF: Нр. ze P'z – (Р), „т. уР,2.2.ує Р. 

e = 
га D. y e P'z (Ру. 

э € <-- 
[ж201:63] Dd. ye Plan [Pia (Р) оа}. 

-» 
[20514] 2.2 ешш Бо (а) (4) 
Е. (4). Transp. D 
> e -- 

Б:Нр.гетіІРа-(Р)оа).Э.сә(яу). УР 2:2 Р. Prop 
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ж261:218. H: Pen. dD: AP =P. =. P= (Pijo =. P= Pm 
Dem. 


H. #121305. D F: Hp. 2 (P, ЄР ау 
к.(1). ЭР: Hp. P ECP) +> «(qa y) Py. o [e РОын 
[432-18] 2. (qa). q! P'e (Роме. 

e” = 
[*250121] D. (qx). E! minp Ч Р т-(Р,), ад. 
[x261-211] 2.84 1! P-P, (2) 
Е. (2). Transp. DF: Hp. СР = Q*P,. 2. PX (B, (8) 
F.x01504. ОМ Р-(Р),.2.ФР-аОРР, (4) 
F.(3.(. DF Hp. dD: Р, =P. =. P =(P): 
[«260:27] =. P= Pm: D F. Prop 


ж261:22, Е: PeSer.C'P єСївшдасс.Э.Р-Р,.ОР-ТУР,.О“Р-4ФФ, 
Dem. 


F. x26012, x20118. D F: Hp. 2. Pp EP а) 
F. #121242. 3Sb:iHp.zPy.2.z,yeP(zey).wty. 

[x52:41] Э.Р(шкчу)с-се0м1 (2) 
F.x120481. 3b: Hp.2. P(zeAy)«eCls induct (3) 
F.(2).(3).«26011, 2Н:Нр.=Ру.2.=Рьу (4) 
Һ.(1).(6). Эв:Нр.Э.Р-Рь. (5) 
[2603] 2.0‹Р-рР,.аР= (CP, (6) 


Г. (5). (6). ЭР. Prop 


426123. |: РеВег. ҰР, = D'P e EL BP d Y P 2 (“Ре СЪ гей 
Dem. 


v €— ж-- 
Е. #9152. DE. PMP) fe (Pf (1) 
К. #9154. #26022 .D 
+: Hp. ze P.D. (Pje = teu (Рае (Рут (2) 
F.x9911. ок: Нр.2.р‹Р,= СР. (3) 
[49018] >. (Pjer CDP, (4) 
F.«26022.2 F: Нр.Э.Р,е1-1 G) 


Һ.(1).(9).(4).(5).ж78:21.ж9174.2 
<-- — <- ,4<-- 
t Hp.2:2€0P. 2. (Pos sm (Ро. (Pure © (Ружа . 
Я! Р) Ф-(Р) сс. 
ets 
[12416] D. (Руна e ls тей (6 
F.(6).(8).(4). DF: Hp.2.mtCls refl л ССР. 
|ж124:141| Э.С“РеСївгей: D+. Prop 
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4261-24, FiPeSer. C PeCls induct- НА. О. Et KP Et ВЕР 
Deni. 
F.3261292.2 E: Hp. D. DP = DID... 


[x261:23.'Transp] Э.БҮВФР а) 
p 
ка}. Db: Hp.d.ELBP (2) 
Е. (1). (2). DE. Prop 
x26125. bs. PeSer. 2: (Ре Uls induct А. =. P= Pa EY ВР. EBP 
(ж261:22:34-211 
When Р=РВ,.Е! ВР. E! JP, P is a progression; 
when Р=Рь. Е! BP. Е! ВЕР, P іх а regression 
(we. the converse of a progression); and when 
Р= Р. .~ El В.(о Е! BP, 


Р is the sum of а regression and a progression. These propositions will be 
proved in the next number. 


#26126. +: Ребег.аС (Р. y 1a.aeCls induct. 2. E! minp‘a. Et тахиа 
Den. 


F.x20517.2 EF: Hp.ae1.2. E! minp‘a. E! maxp'a (1) 
F.4202355.2 F: Hp. a e1.2. a СОР o). 

[*261:24] 2.E! B(Ppo). Е! B'Onv(Ppa). 
[«205:42] 2.E!minj/a. E! max»fa (2) 


F.(1).(2).2 F. Prop 
ж26127. |:. PeSerzaCC Pg 1a, 2,. E! minjfa, Е! maxpa: 2. 
Р = Pn . OP e Cls induct 


Dem. 
F.x250121.2 F: Hp. 2. Pe Q. 
[x25021] 2.0Р= рр, 
[x260:3] 2. 22-І Phn (1) 
о el ке ag 
[#200-901] D. ye Pen Ры. 
(ж26013,х201:181 Dye P Ppa. 
1ж205:1111 Э.у4шөхи Р (2) 


“ 


Е. (1). (3). Transp. Dk: Hp.we DXP D max Phr=B P (3) 
Е.ж25012113 ЭР: Hp. qt P2. BIB. 
ТЕЗІ D. (BP) Pa (RP). 
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[+26011] Э.Р(В“Рз BP) e Cls induct . 
[*202:181] | D. CP e Св induct 4) 
F.x120212.2 F: P2 À .2 . CP e Св induct (5) 
F.(4).(8). DF:Hp.D.CP eCls induct. (6) 
[¥261-22] Э.Р-Р, (1) 
|. (6). (T). DF. Prop 


*26128. |:: PeSer.2:. 
aCC'P.qta.2,. E! тіпьа. E! maxp'a: =. CCP e Cls induct 


[«201:26:21] 
x261:281. F:yeClsinduct 1 . 2. y e С“Вег 
Dem. 

F.«20424. ЭН.АсС“Вег (1) 
F.«5222. DF.Avetwel (2) 
F.«52:22. DSbig-y.2.Vzvti'yel (3) 
F.«20425. 2н: фу. D.x v rye С“бег (4) 
Е. (3) . (4). ОН. иду ц'ув1 vO Ser. 

[4521] Dbiyel.D.yutfyelu CSer (5) 
F.x512. ОҒ:уеС“бег.уву.2.у96у є (“ег (6) 
Е. #20451. #16114. DF: yeC“Ser.qty-yrey.d.yueyeC“Ser (7) 
F.(6).(7). DkiveO“Ser.q!y.d.yu lye C Ser (8) 
F.(2).(5).(8). 2Ғ:уе19045ег.2.умі%уе1 ә С“Бег (9) 


F.(1).(9).x12026 . OF : y eCls іпдисі.2.уе1964бег: ОР. Prop 
*26129. +. Сіз induct = 
Lu COP (P cSer:iaCC P gta. Da. Е! minp'a, E ! max p‘a} 


-1м0“(0 а Сау“0) 
Dem. 


F.x260U281.2 bs. yeCls induct - 1.2 :(g P) : Ребег. у= CP: 
[426128] 
2:(qP): PeSer:aCC'P.g 1a. D.. Et тіпра. Е! maxpfasy— CP: 

[x376] Dive C*P[PeSer:aC CP. g 1a. 2, E! ninja. E! тахра) (1) 
F.«26128.2 F :. P eSer: 

aCC'P.q1a.2,. Е! тіпра. E! тахра: у= CP: 2. ув Cls induct :. 
[4376] ЭР: y e C P(PeSerzaCC Psp 1a. D.. E! шициа. E! тахо). 2. 

тує Сіз induct (2) 

F.«120213. 2F . 1C Cls induct (3) 
F. (1). (2). (3). 3 
F. Cls induct = ОЧР (Pe Sera C ŒP. !a. D.. E! тіпа. Е ! max fa] 
[#250121] -С“(О ^ Cnv**0). DF. Prop 
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The following four propositions are immediate consequences of the 
propositions already proved, 
#2613. bi: Ребе. 3: 
СР eCls induct.=:PeQ:aCOP.qta.d,.E!maxpa 
[ж261:98 , ж250'121] 


#26131 F: PeSer.3:C*Pe Cls induct. = . P, P eN [x2613 250121] 


ж 6120. |. Ser a б“С1в induct = 0 induct = Q п Cnv*O.— [42613114] 
On account of this proposition, we do not introduce the notation “Ser 


induct” for " Ser a C**Cls induct,” because a series whose field is inductive 
іва well-ordered series, and therefore the notation “ induct” gives all that 
is wanted. 


x20138. t: P,QeQ.QG P.2.Qe О induct 


Dem. 
F.&2042.2 F : Hp. 2. QeSer. QGP. 
|ж250:141 2. Qe Ser п Bord . 
[425012] 2.Q«0. 
[«261:32] 2.960 induct: D F. Prop 


This proposition (which is due to Cantor) is of great importance in the 
cheory of well-ordered series. It shows that, however great a well-ordered 
series may be, any descending well-ordered series contained in it must be 
finite. (A descending series in a given series is a series contained in the 
couverse of the given series.) 


426134. Р: Реб. GP, = OP. EL BP. D. CP c Cls induct 
Dem. 
F.x25023.x21419.2 F:. Hp. 4C CP. 2 :E! maxp'a.v.E!seqpa (D 
F.«206181.2 F : Hp. aC CP 1 a, Е! ведра. D. ведра є‹Р,. 
[204-7] Э.Е! Pyseqp'a. 
[#206451] D.E! шахр‘а (2) 
К.(1).(2). 2F:Hp.2:aCC*P.qta. 2,. E! тахь: 
[4261.3] 3:C*Pe Сіз induct :. D F . Prop 
496135. Fi. Pe. 2: OP Cls induct- ил. =. ЧР, = OP. Е! BP 
[#261222434] 
Observe that “ЕР, = Q*P.Et ВБ” occurs as hypothesis in ж258:51 


and some succeeding propositions. Thus this hypothesis is equivalent to the 
hypothesis that the field of P is an inductive existent class, It follows that 
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if P is an inductive well-ordered series, Nr‘P,; = МЕР, whereas if P is a 
well-ordered series which is not inductive, ӘР, = Nr‘P +1; also that 
#26136. F:.Pe0.2:C P eClsinduct А. =. NP i + М“Р 
[x253:573 . ж261:35| 
x26137. E: Pe0.2:0 P eClsinduct. 2. 1 МР = МР 4+1 
[4253574 . «26135 . 1612201] 
«26138. F:.Pe0.2:CPeCls induct — “А. D. Nr*P, = МиР: 
CCP ~ є Cls induct 244A . D. МиР, = Nr Pi 
[4253:56 . #26135] 


x614. H: Реб 0 induct . 2. (P) BP] Р, e Prog 
Dem. 


F.X2047. ЭР:Нр.В-Р,Э.Веї-э1 (1) 
F.«120212.2 EF; Hp. dig iP: 

[«250-13] Э:Е1ВР: 

ж250:211 2:Е-Р.О.ВР«ІМЕ (2) 
Е. #26022. ЭР: Нр. Е=Р,.2.Е,67 (3) 


F.493:103 . #20252. 2 
< у = 
Е: Р.О. RAP, g! Rg ВР- Р.Э. ВР: В ВР. 


[493:101.91:54] 5. (BP) Ry, (BP). 

[026097] Э.(В“РУР,(ВФБу. 

[*261°2] 2. CP c Cls induct (4) 
К. (4). Transp. 2k : Hp. R= P,. 2. Ry BPCDP. 

[25021] Э.Б/ВРСОФВ (5) 


F.().(2).(8).(5).2F: Hp. = 5.2. 
Rel—1.B'PeD'R.c((B'P) В» (ВР). зев CDR. 
[*122°52] D. (ғұ БР Re Prog: ЭН. Prop 


#261401. Е: Pe Q – О induct. 2.9! №, n ССР. СР e СВ гей 
Dem. 


b.#2614.4123-1. +: Hp. 2. DP BP) 1Р,єК, а) 
F.3121305. DH:Hp.d. DP) BPI PCCP — (3) 
+. (1). (2). ЭР:Нр.Э. 1М,лСЕОФР, (8) 
[124115] >. CP c Cls гей (4) 


К. (3). (4). D F. Prop 
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x26141. К.О – О induct = О infin [261401 . «26111 . #124271] 
«26142. Р.О fin = tà induct [*261-41 . Transp . 124271] 
We shall henceforth use “ О бп ” in preference to “ О induct.” 
x26143. +. OO C Clsinduct v Cls гей [426140114] 
x261431. Е: PeQ-À . 2. 
—— < < 
(Ржев РР, = Pip Pit BOP = Р, (“ВР v Р.В, 


Е = (“BP v Pa УІ, 

ет. 

F.x2501821. ЭР:Нр.Э.РРеЮР,. а) 

n = 

[426031] DUB PUP, BP = (Pig BP (2) 
НЬ (Pie 

Һ.0) #80027. DF: Hp. D. Pa BP (PP. 

(ж260:841 D. Pit Pit BP = (Pie BP) 1P, (3) 

(9) -(ВР«Р, РАР, (4) 


+. (3). (4). 48511. DH : Hp. D. (PBPP, = PLB у Б, В) (5) 
F.(3).(4). (5). DF. Prop 
426144. Fi Реб. 2: PLEPSBIPeProg. =. P eQ infin 
Dem. 
F.«12831.2  : PeR. PPP, BP e Prog Эс INA ССР. 


[x12415] D. CP e Cls vef. 

[426111] 2.Рей infin а; 
< 

Е.ж261:448141 DF: P eQ intin. 2. Р, Р, «ВР e Prog (2) 


Е. (1). (2).2Е. Prop 
^ < 
*261:45. Е.О infin=Q n P{P,] Р, ВФ є Prog} [x261:44] 
ж26146. К: е0. 2. СІР С Cls induct v Сіз гей 
Dem. 
F.«250141.202:55.2 
Е:Нр.«СС“Р.,дс-с1.Э2.РфасО.а-СЧР а). 
|ж261:431 D.aeCls induct v Cls гей (1) 
F.«x120213. 2E :a6e1.2.aeCls induct (2) 
F.(1).(2). ЭР. Prop 
x26147. Р:.Ре0.аССеР.Ә:аеСівіпфисе. =. а ~ є Cls гей 
[ж261-46 . #124271] 
ж2616. Р: PeOQ.C PCO.Nc'C P -».2p. Pen: 
ре Nc induct — 10 —451:2: 
ӨО. СО СО. № С) = v1.29. DfQe О 
Рет. 
L.4204972. DF: Мс150-1.0є85ог.Э.062,. 
[*56:112] 2.Сс%9е2? (1) 
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F.(D. Transp. DH: QQ. ССО. Ne'C'Q— v 4,1. 
veNC induct — м0 —11.2. 09 е1 (9) 


F.x261:24.2 F: Hp(2). 2. Et BQ. 

[(2).k204:461] 23.0-9 00-80. 

[417232] 2. IIQ smor 101 DQ) x BQ (3) 

F.&11063.2 F : Hp(2). D. ND'Q,12v 41. 

[4120311] 2.Херде» (4) 

Е.(ф...ЭБшНр(угР:О,ОРСО.МоиОР-ү. Dp WP 029. 
пч0р 10у, О. 

[(3).жя251°55] 2.109 (5) 


F. (5). Exp. D 
br Hp.2:Qe0.C QC 0. Nc'C'Q— » 1.2. II'Qe Q:. 2E. Prop 


«26161. Е:РєО0ййп.ССРСО.Э.ЛИРеО 


Dem. 

F.x2616. OE :tór.2,: PeR. CPC. МСР =. dp. H'Pe 0:2: 
ve Nc induct — t0 —11.2:4».2.ó6(v 4,1) (1) 

F.x20012. DH. e (qP).Pe Q.C PCO.Ne'C'P—-1. 

[41053] | 2F:Hp(1).2.91 (2) 

F.x17213.42504. ЭН:Нр(1).2.$0 (3) 

Е. ж172:28 . 25155. ОН; УИ. У, Ze0.2: Үү 2), IZ | Y)e0: 

[*55`54.ж20413] 2: Ребе. СР=инУмий.2.ПРе@ (4) 

Е. (4). #54101. 2E: Hp(1). 2.92 (5) 


К. (2). (8). (5). ЭН: Нр(1)-Э:0:неи0м11.фи. 2. фо tel) (6) 
Е. (1).(6). Dh: Hp(1). 2:»eNO induct. r. D, -p (v 4, 1): $0 : 
[120-13] Э:ас NC induct . D, . фа (7) 
F.(7).«18191. 2F: PeQ. CPC O. Nc'C*P e NC induct. Эр. ПРе0: 
[*261:14:42] ОЕ: Pen tin. PCN. Dp. ПРЕ Q: 2E.Prop 


#26162. F:PeO.QeOfin.2.P?e0 


Dem. 
F.x25151. 2+: Нр.Я:Р.2.Р} QQ (1) 
F.«16536. 2b:Hp.2.CP poco (2) 
F. (1). #16525 26118. 2 E: Hp 12 2. P [Qe fin (3) 
F.(1).(2).(3). 26161. 2E: Hp. 1 P. 2. IMP |300. 
[#176-181'182] 2.Р%-0 (9) 
F.x176151 .ж250:4. 2Е:Р=А.2.Р% 0 (5) 


Е. (4). (5). DF. Prop 
R&W nh 
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26163. F:E!BR.PGQ.zcC Qn pQW«P.2. 
p " 
(152) Т СЕ е [n ^р‹@®“О‹р® 


Dem. 
|. #11612, Dt: Hp.d. (ua) f CRe(C'QT СВ) СВ. 
[417614] Dd. (uta) FOR e CQF (1) 


F 11612 549811 ЭР: Hp. Se (OP FOR MOR. Т= (62) FORD: 
(S*B'R) Q (T BSR): ~ (у). yR (BR): 

[31053] 2: (ВВ) 9 (TBR): yR (BR) . y BR. Dy. Sy = Ty s 
[«17619.(0] Э:8(05) T (2) 
+. (2).#17616. ks. Hp. 2:8 e CPE. 2. 8(Q4) (14) POR} (3) 
F.(1). (8). DF. Prop 
426164. +: ReQ fin -rÀ . PlessQ. 2. P^ less Q? 

Dem. 
F.4254:55.2 H: Hp. D. (4P). Р smor P. P €Q.q tO Qo p'Qe«c P. 
[%261:68.25018] 2.(gP). P'smor P. P'&Q.q 10 Q^ ap “ОЧРЭЕ. 
[41763522] >. (qM). M smor Ра. M € Q? rg 10 Q* a pecu. 
[#254-55.ж261'62] D. PFless QF: Е. Prog 


«26165. +:PeQinfin.QeN fin. d.QlessP 


Dem. 
F, #261111442. D+: Hp. 2. СР e Cls гей. O'Q e Cls induct . 
[124-26] 3.Nc'C P > Хе 090. 


[25575] D. Qless P : Db. Prop 


*262. FINITE ORDINALS. 


Summary of «262. 


Finite ordinals are defined as the ordinals of finite well-ordered series ; 
infinite ordinals are defined as the ordinals of infinite well-ordered series. 
In virtue of «261:42, finite ordinals are those whose members have fields 
which are inductive, and are also those whose members have fields which are 
not reflexive. Finite ordinals have the formal properties which cardinals have 
but which relation-numbers and ordinals in general do not have, 76. their 
sums and products are commutative, and the distributive law holds in the 
form А А 

иХ(94фтя)-(иХи) (X), 
as well as in the form 

(24 а)Хи-(/Хи) +(e Xp), 
which was proved generally in #18435. 


The distinguishing properties of finite ordinals are most readily 
established by means of their correspondence with inductive cardinals, In 
general, two well-ordered series whose fields have the same cardinal need 
not be ordinally similar, but when the cardinal of the fields is inductive, 
the two series must be ordinally similar. Hence the ordinal of a finite well- 
ordered series is determined by the cardinal of the field of the series We 
put generally 


= 0 беш рғ 


The result is that, if д ів an inductive cardinal, м, is the ordinal of all those 
series whose fields have и members. Thus there is a one-one correspondence 
of inductive cardinals and finite ordinals; and in virtue of this correspondence, 
the formal properties of finite ordinals can be deduced from those of inductive 
cardinals. 


It will be observed that, according to the definitions already given, 
Е.0, = Qn OA by #25043, 
F.2,-Q a 069 by «25044. 
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Hence the notations 0,, 2, are particular cases of the general notation шь. 
But in virtue of *200°12, we have, by the definition of ду, 
F.1,-A, 
so that 1, does not take its place in the series of finite ordinals. 
Our definitions in this number are 
NO tin = Мұ О fin — Df, 
NO infin = Nyr“Qinfin Df, 
b= О п Сеш Df 
It will be observed that for the sake of convenience we have detined NO fin 
and NO infin so as to exclude A. The definition of д, is chiefly useful when 
р is an inductive cardinal, 
The number begins with various clementary propositions, partly embody- 
ing the definitions, partly concerned with &,. We have 
#26212. Н:Рер,.=.РеО.0“Рен 
#26218. Н:иеМС.ч!р,. 2. p= ОЧ“, 
This proposition does not require that м, should be a relation-number. 
If р is a reflexive cardinal, р, is not a rclation-number unless it is null, 
because series of many different relation-numbers can be made with a given 
cardinal number of terms. When p is а сал” па], “q ! р,” means that classes 
having и terms can be well-ordered. 
#26219. Е:й:д,»с ХС. qt pee Э:и=и. Е. р, =>, 
Thus the relation of р to ду is one-one so long as p is the cardinal number 
of a class which can be well-ordered. 
We next prove that if д is an inductive cardinal other than A or 1, р, is 
a finite ordinal, and that every finite ordinal is of the form ц, for an appro- 
priate д. We have 
«26221. b:weNC induct- А -11.Э.4 1 р 
*26224. +: ие NC induct - A — t'l . D . р, € NO fin 
We prove this by means of an inductive proof that two series are similar 
if their fields are inductive and similar. 
*26226. F:aeNOfin.z. (qu). ме N.C induct 2 #1. a = р, 


Hence we easily obtain the properties of finite ordinals from those of the 
corresponding cardinals. Assuming that д, v are inductive cardinals other 
than 1, we have 


ж26233. upto, = (w+, и), 
ж262:85. р, +і = (и +1), if и40, 
ж262:43. р. Хь, = (и хо»), 
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*26253. р, ехр.и, = (ш"),, if 40, 
ж2627. ро. =. p >, 
Hence if a, 8, у are finite ordinals, 
#2626. а+8= 8+а 
#26261. ах 8 ~ Вха 
*26262. их (В+) = (ах В+ (ау) 
%26263. (aX 8) exp, у = (a exp, y) X (B exp, y) 


Thus the arithmetic of finite ordinals obeys the same formal laws as the 
arithmetic of inductive cardinals. 


#26201. NO fin = №0 fin Dt 
4262-02. NO infin = Na intin Df 
«26203. 4, = 0 л Ct рг 
2621. Fiae NOn. =. (2). P e fin a = ХР [(#262-01)] 


*26211. Е:ае МО infin. =.(qP). Pe О ій. а= ХР ((«26202)] 
*262111. Н:. ас NO n. =:ае NO ial a.v .a—0,: 
raeNO:atit¢a.v.a=0, 


Ш 


Dem. 
Е. #2621.) 
biaeNO Ни. азасХ,: (ЯГ), ГеОйи.а- №: 


[#26136] —:ае М.О (ЯР): NP i ENP үү Ре Ага - МР: 
[095503)) | =:ае NO :а Та. м.а 0,: (1) 
[41804.x1555]2 ae ХО:а+1+а.у.е—0, (2) 


Е.(1).(2).ЭРЕ. Prop 

#262112. Е:ас №) іп, - ве ХО -#0,.[+а=а 
[4262111 . Transp ,ж2017131 

#26212. Р: Pep. :.РеО. (Pep [(%26203)] 


ж262:13. F:NrPeNOün.-.PeQ fin. =. PeQ. CUP Cls induct 
Dem. 


к. ОН N Pe NO fin. AA- ОО fin. Nr? = Ха. 


|ж152:35,4155:13| © (AQ Qe Olin. Psmor Q. 
[«26L183] .PeOQ tn. (1) 
[x26 1 42:1 4| Pe QD Oe Cls induct (2) 


FO (29.2. Prop 
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#26214. +: Nr‘PeNOinfin.=.PeQinfin. =. Pe. CCP e Сіагей 
(Proof as in ж262:13) 


#26215. F:.aeN,O.2:aeNOfin.z.C*'ae NC induct 
Dem. 
F #26213 ,ж120:21.2 
Е: МР eNO fin. =. Pe XQ. Хе ОР e NC induct (1) 
F.(1). «2511.2 
Fi. МР е№0.2:МиРе МО вп. 
[№1527] 
|. (2) .#1552.2 +. Prop 


. № e NC induct . 
-CNaxPeNCinduct (2) 


Ш 


ih 


*26216. Р:.«еМ.0.9: 
ae NO infin. =. Са ~ е NC induct =, (‘ae NC гей 
[Proof as in «262:15] 


426217. b:PeQ.2.Pe(NeC D), 


Dem. 
F.«1003. DF. OP e МСР (1) 


F.(1).«26212.2 F . Prop 
#26218. tipeNC.qtp,.d.p= Си, 


Dem. 
F.x20212. ОН. Оч, Ср (1) 
F.x20212. ЭН:аер.Рец,.2.а, C Pey (2) 
F.(2).x1005. DF: Нр.аєр. Pepu,.2.asm ОР. 
[731] 2.(Я8).861->1.а- D'S. CP«- 58. 


[41511.415023] 2.(qS).S3Psmor P. CP =a. 
[4251111.4426212]2 .(g8) S PeR. CS P— a. 
[420212.Hp] | 2.(gS).SiP ep. C'SiP a. 


[«37:6] D.ae Op, (3) 

F.(3).x1023. D F: Hp. 2. p C Cu, (4) 

F.(1)-(4).2 Р. Prop 

#26219. |:. ру МО. я! yup. 2: шер. =. р, 
Рет. 

b. #26212. 2+: р=р. D. p —v, (69) 
F.«262318.2t : Нр. р. =. 2. р О, 
[4262.18] зу (2) 


Е. (1). (2).2 F. Prop 
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ж2622. +. Сіз induct — 1 = C*(0 а Опу“ О) 


Dem. 
Е. ж261-29. D+. Clsinduct — 1 = C(O a Cav) —1 
[200-12] = O*(0 a Cav"). 2 F . Prop 
*26221. Р: ае ХСшдис-1934-11.Э.ЯТА 
Dem. 
Е. ж120'2 .410043.2 F: Hp. 2. (ча) вед. а eClsinduct.a cel, 
[*262:2] 2, (ча, P). aeu. Pe. CP —a. 
ж262:12) 2.5! :2F.Prop 
ж262211. F:acClsinduct — 1.2 .q ! (Ncfa), ^ tuʻa 
Dem. 
F.x26221.«x10312.2 F: Hp. 2. Я 1 (Nocfa), . ae Ма. 
[#262112] D. (qP). F e(Nc'a),. OP e Nea. ae Ма. 
[63:13] 3.(qP). Pe(No'a),. O'P etta. 
[464:24.35:9] 3.(g P) .P e(Ne'a),. Pet'(a T a). 
[x6411] 3.5 1 (Ncfa), o t, a: D+. Prop 
x262212. F:n0.uE1.Pe(ut,1,.2. РРР ер. 
Dem. 
F.x26212. ОР: Нр.2.СРед+,1.Ре0. (1) 
[110-4] 32.4 e NC - vA (3) 
Е. «93:103. «25013. 2 F: Hp, 2. C'P- B'Pu ЧР. B Pwe tP. 
[11063] 2.Nc'C'P = МР 4,1. 
[0.35] Э.нэү1- Меа‹Р+,1. 
[x120311.(1)] 2. „= NP. Pen. 
[*202:55.«250141] 3.4, - Ne'C(PEO*P). PEQ'Pe о. 
[*262:12.3100:3.(2)] D. PEC Pep: F. Prop 


#262-213, Н:. 40. utl: P, Qem. Эро. PsmorQ:2: 


P,Q ec(u t, 1.259. PsmorQ 
Dem. 


kF.«262212912.«120124.2 

t: Нр. Р, 9 (и +,1),. 2. РГР, Q Qem. P,Qe Oo — кА. 
[ж111.Нр] Э.Р| Ч“Ратог0|49.Р,0е0-14. 
[*250-17] 2.PsmnorQ:2 b. Prop 
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«26222. F:weNCinduct. P, Qeu,. 2. P smorQ 


Dem. 
Fx153301 420212.2 E: Р, Q0, D. Репо Q a) 
F. x20012. ЭР.1,-А. 
[10:53] DE: Р, Qel, 2. Pxmor 9 (2) 
Е. *153-209 . ОЕ: Р, Qe2..2. P nor О (3) 


Е. (2). (3). 4202. Dk и-0.м.д-1: 

P, Qep, Dro Dsmor 9: 2:P,Qe(uo,1),. 25g. Psmor() (4) 
+. (4). *269:213. D 
Fn P, Qeu. Эро. PsmarQ: 2: P,Qe(u tI). ро. P smor 0 (5) 
Б. (5). (1). Indnet. ЭР. Prop 


#26223. F: Р, QeQ а. 2: CP sm (0.-. Psmor 9 
Dem. 
b.#2621713.3 
Е: Ир. СР su CQ.2. P,Qe (Ne CD), . NCC P в NC induct . 
[x262:22] D. Репо Q 1) 
К.(1).ж15118,2К. Prop 


The above is the fundamental propasition in the theory of finite ordinals, 
since it enables us to reduce relations among finite ordinals to relations among 
the corresponding cardinals. 


*26224. F:ueNCinduct - КА —10 2.5, e NO fin 


Dem. 

F.«26291. DE:Hp.d.q tu, (D 
F.x262:22. ОЕ: Нр. Pep. 2. y C ХР (2) 
Е. ж262-19 1518 DF: Peg, D. МРС, (3) 
+. (2). (3). ОЕ: Нр.Рер,. D. „= NUP (4) 
FO). (4). ЭН: Нр.2.р,е МВ МА (5) 
F.«26212. ЭН: Нр. Peu. 2. CP e Cls induct. 

[x262:13.(4).(5)] D. we NO fin (0) 


F.(1)).(0).2 F. Prop 


ж262241. F: ис ХС ине. PeR. Dip, = МР. =. р 2 МСР 
Den. ^ 


Е. *1003. Dt: Нр. а= МСР. 2. С*Рер. 

[126212] D.Pep,. 
[x152:45.4962:24] 2.и, = МР (1) 
Е, ж152'8 . ж26213.ЭНЕ:Нр.р, =N P.D. p= СМ 

(15971 Э.н- Мр (9) 


Б.С). (2). DF. Prop 
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*26226. Б: (qu). we NC induct 2 t1 Л.а p, =. ве NO fin 

Dem. 
F.x262113.2 
F:ae NOfin.D.(gP). PeQ вв. «= МР. МСР e NC induct. 
[#269941] D. (QP). PeQ fin.a e Nr*P (№ *0*Р), = МР. 

Ne*CCP e NC induct . 

[*13-172] D. (QP) .«--(Хс Р), Мечо Р e NC induct . 
|200:12.ж262:1.,155:131 2 (qu). ye NCinduct -1l -1A .a=p, (1) 
Е. 26424. Db: (qu). pe NC шдась-14-1А.а--и, Э.ас NO fin (2) 
Е. (1). (2). 2+. Prop 


«26226. Е:ае МО fin. =. (qu). we N.C induct — ul . a = и, 
[*262°25 . ж108:13:341 


#26227. b:a,8e¢NOfin.3.a+8e NO fin 


Dem. 
F.x18021. 2F:Hp.Pea.Qe 8.2. P e Qea- B (1) 
k.x25124. DE: Hp.2.«4 8eNO (2) 
F.x180111 D F: Hp (1). 3. Ме СР + Q) = NeQC*P + CQ) 
[ж110:3] = NCP +, NCQ (3) 
Е. #262138. Dh: НЬ (1). 2. Nc'C*P, Nc'C*Q € NC induct . 
[x12045] 3.Nc'CP +, №) e NC induct (4) 
Е. (1). (2). x15526 .4251122.2 
F:Hp(1)).2. P 4 QeQ.a 8— МиР + 0) (5) 
Е. (3). (4). 2F:Hp(1).2.C«(P 1 Q)eClsinduet (6) 
F.(5). (6) 42621 26142, D k : Нр(1).Э.а 8 € NO fin (7) 
F.x2623 .ж155`13. Dt:Hp.d.qta.qif (8) 
F.(7).(8). 34. Prop 


ж262`271. H:a, Be NO бп. 2. ах 8e NO fin 
[Proof as in ж269:27, using 18412 . «16612 . #25155 .ж120:5| 


ж262272. H:a, Be NO fin.D.aexp, eNO fin 
[Proof as in ж269:27, using «1861 . «176-14. #26162. ж120:521 


*26231. Е:д,»еХС.Э. таас Cuter): 

Dem. 
F.x1802.2 
Бу. еро 09Р, 0). uo МР о = Na'Q. Zsmor(P 4-0): (1) 
[#180:111.ж15118] 2 : (ЯР, 9). „= МР v, М. CZ sm (РС: 
[x15512] D: (QP, 9). P e pr. Q ер,» СЕ (CP + CQ): 
[*262:12] 2:(ЯР, 0). (Рен. С є. С ет (OP + CQ): 
[4110-21] D:Hp.d.CZept.r (2) 

10 
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+. (1).426212 15512. 2 
H:Zem +v. D. (P,Q). P,QeQ.Zsmor(P +Q). 
[#251-25.ж180-11-12.(ж18001)] 2. Ze Q (3) 
+. (2). (3). #26212. DH: Нр.2:2ер, 3 v,. D. Ze(pd v): Db. Prop 


26232. +: u,v eNCinduct. P epr. Qer. D.P+Qem+r, 
Dem. 
|. #200712 426219 .2 E: Нр.2. ve — td — A. 


|ж262:24| D>. py, и, МО. 

[x180:21] 2.Редер, v, : 2F. Prop 
*26233. Е: р, ve МС тада — (1.2 ри, = (p +a у), 

Dem. 

F.x26212.2 4 - A. v.» A121g, = А.у. А: 
308074] Э: р.у, =A (1) 
F.«1104. ЭН:. ре А.у. A:2.u tp А. 
|ж262:12) 2. (ии, = А (2) 
F.x26232.2 F: Hp. Pep. Qe», .D. P Qe pv, (3) 
[4180:42,152:45] Э.д. +o, = Nr( P+ 0) (4) 
К. (8). #26231 . +: Hp(3).2. P Qe(p tor). 
(ж120-45.ж269:241 3.P c Qe(u t y (ин, МВ. 
[115245] Э.(а+ь»),= Nr(P + 9) (5) 


+. (4). (5). #1023. 426221.2 F: Hp. gu. g!»y.2 ри, = (uv (6) 
F.(1).(2).(6). +. Prop 

The above proposition still holds (as we shall now prove) when one of 
р and v is equal to 1, but not both. When both are equal to 1, ш. фр, = А, 
while (к +, v), = 2. 


#26234. bi peNC—00.9.u,¢1C (p+, 1), 


Dem. 
Fo0812.2F i Zep фі. =: (ЧР, 2). „= МиР. Zsmor(P $2) (1) 
К.ж181°6.#1597.ЭЬ: Я!Р.Э.МсОЧР-»д)- МОР 4,1 (2) 


F.(1).(2).2 
Fi Hp.D:Zem d 1.2. (ЯР). p= МР. NOZ = Ne OP +1. 


[426224112] Э.(ЯР)-ду- МиР. Ne'C'Z- i 4,1. 

[ж100:3] 2.0 ер+.1 (3) 
Е. (1). #26212 .ж15512.2Н: Ze фі. dD. (qP). Ре0. а, = МР. 
[*251-1-132] D.uptieNO. 

[#251-129] 2.2.0 (4) 


Е. (3). (+). #262124. DH: Нр. 2: Яе фі. D. Ze(u 4, 1, :. Db. Prop 
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x262341. F: we NCinduct. Pep. dD. P rep, Жі 
Dem. 
F.x20012.x26212. 2+: Hp.D.pe— (1 – (Л. 
[#262-24] Э.д,еКО. 
іж181:21) D.P zcyu,41:2* . Prop 


426235. H: peNC induct- (0 —01.2 2 фі (a 1), 
Dem. 
F.x26212. Эн: A.D. A. 


[181-4] 2.м+1=^А 

F.x1104. Эһ: в=А.Э.а-„1=^Л. 

|ж262:12) 2. (#+,1),=Л 

+ .*262341. Dt: Hp. Pep,.d.Pprep, фі. 
[4181-42.«152:45] 2.,4+1= Nr(P 2) 
F.(8).«26234. DH: Hp. Peu, .2. P o ze(u t, 1). 
[*120746.262:24] Э.Р-эутє(и c, D, (n 1, eNR. 
[#15245] 2. (ut, 1 = Nr(P ja) 
F.(4).(5). ОЕ: Нр.Я! м. 2. м-1=(и+.1),: 

[262-21] De: Нр.Я!р.2. м, фі = (и +, 1), 


F.(1)-(2).(6). D+. Prop 


*26236. t:ueNCinduct 2-0 — 11.22.14, (0 д), 
[Proof as in «26235, by means of analogues of #26234341] 


ж26241. К: уєеМС. Э. р, Xv, С (их. и), 
[Proof as in ж262:31, using ж184:1:5 . ж118:211 


#26242, Fig veNCinduet.Peu,.Qev,. D. Рх єр. Xv, 
[Proof as in «262:32, using ж184:12) 


ж26243. F:uveNCinduet- 11.2.4 Xv, = (p хау), 
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а) 
(2) 
(3) 
(4) 
(5) 
(6) 


[Proof as іп «262:33, using #184711 . «113-204. ж184:15 . ж120:51 


*26251. t:4eNC.ve NC induct . D . py, exp,v, C (w) 

Dem. 
F.x1865. D Fig, ve N,R.v4 0. Rep, exp, м, . 2. CHR в (0p) 
Е. #18611. DF: Rep expo и, . D.Hr. v, 
F.(1)-(2).426218.2 F: Hp. v0. Rej, exp, vr. Ә.С Вер 


F.«26212. эһ.„со. 
[(2).*251:1.ж186:11] Dt: Вед, exp.v,.D. wpe NO 
Е. 4262-24. Dt: Hp.vti.vtA.D.v,eNO fin 


+. (2) . (4). (5). 26162. +: Нр. +1. Rep, expos 2. Re Q 
F.(2).«20012.2 F : Rep, exp.y.-2.v $1 

F.(3).(0. (D. Dts. Hp. D: Rep exp vD. Вей. Ое’. 
[x262:12] D. Re(u'), :- DF. Prop 


а) 
(2) 
(8) 


(4) 
(5) 
(6) 
(9 
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*26252. Е: р, veNC induct . P e pr. Qev, . D . (P exp Q) e (Hr expr Yr) 
Dem. 
|. #20012. 426212. DH: Hp. 2 ve i1 ИА. 
[4262:24] D.p ve NO. 
[*186:13.x15245] D. (P oxp 9) (pr exp, в): ЭН. Prop 


*26253. Р: y,veNC induct — i1.» F0. D. p, exp, v, (p?) 
Dem. 


F.«20212.x18611. Den р A.v.v—AtÓD.u exp, v, = А (1) 
F.x116204.x260212.2 Fi m A V v A 12. (и), = A (3) 
F.«26252.2 F: Hp. Рец, .Qev,. 2. (P oxp Q) e (u, expr vr). (8) 
[186131 52:45] 2. Nr(P exp Q) =m, expr vr (4) 
F. (3). #26251. D F: Hp (8). 2 . (P exp Q) в (w) (5) 
|. (5) «#12052. Dt: Hp(3).3. з" e NC induct (6) 
|. (5). Dt: Нр(3).Э.Я(д”,. 

(ж200:19.ж269:12) 2.441 (7) 
+. (6). (7). #26224. D E: Hp. 2. (x) e NO (8) 
Һ.(5).(8).ж15245.ЭР: Hp(3). 2. Nr(P exp Q)= (w). 

[(4)] Э.н„ехр,ь, = (и"), (9) 
|. (9). #26221. Dt: Hp.qiw.qiv.d. ur exp, и, = (и), (10) 


+. (1) .(2). (10). D H. Prop 


We are now in a position to establish the commutative property of 
addition and multiplication of finite ordinals. This is effected by means 
of #26233 and ж262:43. 


ж2626. +:0,8eNOfin.d.a+8=R+a 

Dem, 
F. #26226 . D F: Hp . D . (Fu, v) - p, v e NC induct — t'l . a = р. B = v. 
[41312] D.(qu,v)- и, v e NCinduct 1.24 8 = p, фи, a= В = v, 
[x262:33] D . (qu v) . p, v e NC induct — U1 a48 = (и +e v) a= pr B = ve 
[¥110:51]D . (q4, v) . p, v e NC induct — t1. я В = (v + д), - 4 a, В, 
|»262:831 D . (qu, v) . p ve NC induct- i1 at В=ь фи, =. В, 
[*1322] 2.448-48-а:2Н.Рсор 


*26261. t:a,geNOfin.D.ax8-BXa 
[Proof as in x262:6, using Ж269:43 and *113-27] 


x26262. H:a, B,yeNOfin.D.aX(84 y) - (aX B) («X y) 


Dem. 
F.«2622161.2F: Hp.2.ax (83) - (Bi y) xa 
[418435] =(@ха)+(уХа) 


[*262:61] = (a X В) - (aX y) : 2F . Prop 
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ж262:63. к:а,8,у, NO fin. 2. (ax 8уехр„у = (a exp, y) X(B exp, y) 

Dem. 
|. ж262:26.Э 
Е: Нр. D. (sus v, =) p v, œ e NC induct — t'l . a = py a B =, ту ш, а) 
F.«262:43.2 


Е: ру, œ e NC induct — 1.2 (р, X »,) exp, а, = (и Xx v). exp. c, (3) 
F.«113602.2F:520.»-0.2.5»x,v1 (3) 
F.xIIPTOSI D Fs ve NC 00 - 1.2. a x ol (4) 
F.(3).(4). 2F:Hp(2.2.4x,v41 (5) 
Е. #1205. ОН: Нр(®). d.p x,ve NC induct (6) 
|. (5). (6). 26253. D F : Hp (2). 40,. 2. (p x v) exp, wr = (ив Хор), 
(11655) =(и® эх), (Т) 
К.ж117°659,ЭК:Нр(Т7).и{0,.Э.д=®>нхь® 

[#117681] 2.4741 (8) 
116311 .2+: Hp(T). 420,2. 0741 (9) 
F.(8).(9). ЭЕ:Нр(1).2. 7+1 (10) 
Similarly F:Hp(7).2.0741 (11) 
Е. (10). (11) #12052 . X26243 . D F : Нр(7).2.(ш” x v9), = (ш), X (=), 
[*262:53] = (py exp, а,) X (v, exp, ,) (12) 
F.(2).(0).(12).2 

Е:Нр(7).2.(ш, X vr) exp, s, = (p, exp, 7) X (v, expe =,) (13) 
+. (1). (13). 26219 . 2 

F:Hp.y£0,.2.(aXB)exp,y = (a exp, у) X(B exp, y: (14) 
F.x1862.x18416.2 

+:Нр.у=0,.2. (ах 8)exp, y 40, . (exp, y) Х (8 exp, y) 0, (15) 
F.(14). (15). ЭР. Prop 


ж26264. F:aceNOfin.D.adi-lda 


Dem. 
F.x262:35:36:26 .11051.2 F: Нр.а+ 0,.2.а+і=і+а (1) 
F.x1612301. Dt:a=0,.d.a$¢1=0,.i4a=0, (9) 


F.(1).(2). D F. Prop 
ж269:65. Е:а,БєМОйп,840,,Э.8Х(841)-(4Х 8) a 


Dem. 
Б.ж202:61, ЭЕ: Hp. 2. ax (81) - (8l) xa 
[+18441] =(8ха)+а 
[x262:61] = (ах В) а: DF. Prop 


ж202:66. F:«geNOfin.840,.2.ax(1 В) =а+ (ах В) 
[Proof as in ж262`65] 
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#2627. F: p,veNC induct- tl. dip 22 v.m. > v, 
Dem. 
|. ж262:21 .X11712.2 H: Hp. 4 22 о. 2.91. gin: 


[x262:18] Э. = Обр, = СНи,. 0) 
|»255:16.ж269:241 2.425 (2) 
Е.Э120:441 DE: Hpo (>r) Rv (3) 
F.(1). ЭР: Нр.м<у.2. д, v, (4) 
b.4262-91. F : Hp. а= sm. D. (AP). p= МСР. ji smtp. 
[#10344] D.P). p= МР. и = МР. 
[#269-941] D. (AP). m, =N P v, МР. 
[*155 4] 2. р, =smor“y (5) 
Б.(4).(5).ж117:104, 3+: Hp. ру. dip Sry, (6) 
Е. (3). (6). #255483 . D F : Нр. (и > v). D. ~ (р, > vr) (7) 


|. (2). (7). D+. Prop 


«26271. t:ae МО fin—¢0,.3.(q8).SeNO fin—t0,vel.a=B+i 


Dem. 
kF.x26211.x26124.2 F: Hp. 2. tan Q*(B|Onv) 0) 
|. (1). ж204-483  (ж181:04). D F. Prop 


#2628. +:a,8eNO.yeNOfin.a<P.d.aexp,y<Bexp,y [261-64] 


#26281. H:a Be N,O.ye NO fin. аехр, у = В схр,у. 2. а=зтог“ В 
Dem. 

F . ж262'8 . Transp . #25542. 2F : Hp. 2. (а < B) . ~ (а B). 

[ж255`112] 2.а=зтог“В : D+. Prop 


#26282. F:aceNOfin. 8eNO infin. D.a<@ [426165] 


#26283, t:aeN,0—c0,.8,yeNO fin. B < у. D.aexp, B авхр, у 
Dem. 


+ .#255°33 . Fi. Hp.3:(qa).weNO-10,.y =84a.v.8+0,.y=B4i (1) 
F.495451.2 F:QG P.D. ~(P less Q) (2) 
F.(2).49551.2 :y e Bo .D. (y <a) (3) 
F.(3).4262-82. Transp. DF: Hp. y 8s .2.««e МО ба (4) 
F.x18614.2 F : Нр (4). + 0,.8 40,.2.a exp, у =(aexp, В) X (aexp, т) (5) 
F.x26271272.2 H: Hp(5).3.(q8).8e NR— t0, il. aexp, 8-84 i. 
1(5).(4) 4255:5131 2.аехр, у >> аехр, В (6) 
Ь.ж255:51. Э: Нр (4). = +0,. 8 = 0,. 2 .аехр, у? аехр, В (7) 
Е. ж18699. ЭР: Hp. 8+0, . y 2 8+1.2.аехр, у= (аехр, В) ХВ. 
І%26271,ж955:578) >. aexp,y > aexp, В (8) 


+ .(1).(6).(7).(8). D+: Hp. 2. аехр, у > aexp, 8:2 F . Prop 
#26284. Б: Ре0 кА. 0, КеО fin. QlessR.D. P9less РЕ (x262:83] 


ж263. PROGRESSIONS. 


Summary of «263. 


If R іва progression in the sense defined in #129, т.е. a one-one relation 
whose field is the posterity of its first term, then Ву is a serial relation, and 
the series generated by В» is of the type which Cantor calls w, ùe. the 
smallest of infinite series. It is easy to prove that all progressions arc 
ordinally similar, and that, if all induetive cardinals exist, the series of 
inductive cardinals in order of magnitude is of the type œ. Thus ө is an 
ordinal number, which is not null if the axiom of infinity holds. 


Most of the properties of w are easily deduced from the corresponding 
properties of “Prog,” which have been proved in #122. Тһе definition is 


w= P (FR). Re Prog. P = Ry] Df. 


The axiom of infinity implies that “less to greater" with its field con- 
fined to inductive cardinals is à member of w, or, what comes to the same 
thing but is easier to prove, that ((NC induct)](+, 1)],, is a member of w 
(#26312), Thus the axiom of infinity for the type of æ implies the existence 
of e in the type ¿æ (ж263:182), and generally the existence of w in any 
type of relations is equivalent to the existence of N, in the type of their 
fields (ж268:131), because №, = По = Cw (263101). 


By using the fact that in a progression В (in the sense of #122) all the 
terms are values of ve, where every inductive cardinal occurs as a value of v 
(which was proved in #122), we easily deduce that if there are progressions 
they are the series that are ordinally similar to the series of inductive 
cardinals (*263:161) Hence both "Prog" and о are relation-numbers 
(«263:162:19). Morcover, by ж122:21:23, œ consists of well-ordered series 
(926311)... Непсе w is an ordinal number (42632). 


We next prove that progressions are infinite series (26323), and that 
а series contained in a progression is finite if it has a maximum (x26327), 
and is a progression if it has no maximum (*263°26). It follows that, 
assuming the existence of progressions or the axiom of infinity, ө is the 
smallest ordinal which is greater than all the finite ordinals (ж263:31:92). 
Connected with this is the fact that the predecessors of any term in a 
progression are an inductive class (*263°412). 
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#2634448 give various formulae for w, any onc of which might be taken 
as the definition. We have 


426344. Fo 0 rÀ a PUP, = OP WEL BP) 


Т.е. progressions are existent well-ordered series in which every term 
except the first has an immediate predecessor, and there is no last term. 


«26346. F.o Qa P(E! BP, Et Б?) 

Le. progressions are well-ordered series in which there is only one term 
having an immediate successor but no immediate predecessor, and there is 
no last term. 


a <- 
x2684T. F.o - Qn Pia CCP. 2. e Clsinduct. =. y ! CP ор РЧа| 
Le. a progression is a well-ordered series іш which any sub-class a stops 


short of some point of the serics if a is inductive, Lat not otherwise. This 
proposition will be useful in the next section. 


426349. H.N finve- Qa РР, = P) 205 P (P= P4) 
Le. finite well-ordered series and progressions together are those well- 


ordered series in which every term except the first has an immediate pre- 
decessor, and are also those in which every interval is an inductive class. 


From x261:45 it follows that, if P is an infinite well-ordered series, Р 
confined to the terms at a finite distance from ВР is a progression, 1.6. 


< 
ж2635. К: РеО ішіп. D. PY (В: Ро Р, В“)ею 
Hence it follows at once that an infinite ordinal is at least as great as о, 
and therefore infinite ordinals other than c are greater than о, te. 


*26304. F:aeNOinfin — “о. D.a > w 


The remaining propositions of this number are occupied in proving w X 2„=@ 
(ж263`63) and оХа= о if a is finite and not zero (ж268'66). It is not the 
case that 2, Хо = w or a X w = w. 


Cantor has varied his definitions of multiplication as regards the order of 
the factors. Originally, he adopted the same rule as we have adupted, but 
in later works he inverted the rule, so that what we call 2, Х о he calls 
«€ X2,, and vice versa. Thus with his definitions in his later works, 2, X w= о 
hut ою X2, 4: о. We have reverted to his earlier practice, for various reasons, 
but chiefiy in order to have МР | 9) = МР x Nr*Q (cf. #172). Which- 
ever rule we adopt, there are some inconveniences, so that the question as to 
which is chosen is not of great importance. 


SECTION Е| PROGRESSIONS 145 


#26301. w= РКА). Re Prog. P= Ен} DE 

#26302. N=ĝ? [ue NC induct. v = (и +, өш Dft («2€3] 
The above temporary definition of N is the same as that in «123. 

#2631. +:Pew.=. (qk). ReProg.L=R,, [(«26301)] 

#263101. Е. №, =Рч“ь = Обь — (1281. 4122-141. ж91:504) 


#26311. һ.әӛс0 
Dem. 
| .x12223141.x2631.2F: Pevo.aCC'P.g 1a. 2. E! mnya (1) 
F.(1).«250125. DF. Prop 


ж263:12. F:Infinux.D. N,, e» [12325 2631] 
ж263'13. Fig IQ (2). =. glont a 


Dem. 
F.x263101 .(ж65:02). 2 


Е: я! №, (2).=.(ЯР).Реш. CP ctta. 
|ж64:57.ж63:5| =.(ЯР).Реш. Рей“: Dt. Prop 


x263131. Fi qi (№). - = Я!о N iwa [Proof as in ж268:181 
x263132. Е; Infin ax (2). =. Ч! en tz. 


Dem. 
Е. ж125-23 . ж263`18.Э + : Infin ax (z) =. qian tere, 
|(:94:011:014)| =. я! оп Ёа: DF. Prop 


This proposition asserts that, if the number of individuals of the same 
type as z is not an inductive number, then there is a progression whose 
terms me of the type of tz. This progression will be that of the inductive’ 
cardinals which are applicable to classes whose terms are of the same type 
as s. 


#26314. |: Re Prog. P= R,,.3.P=P,=Ry,.R=P, 


Dem. 
F.#121-254.3F:Hp.d.P,=f,. 


[%12131.ж198116] D2. P,=R. (1) 
[Hp] D. (Pdo = Р. 

|ж260:27,4268:117 2.Р,-Р. (%) 
(x260-15.H p] Э.Б,-Р (8) 


Е. (1). (2). (3). D F . Prop 


R.& W. III. 
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«263141. F: Pew. 2. P, e Prog. P=(Pi)in= (i)o 


Dem. 
+ .*263°1.3+:Hp.>.(qR). Re Prog. P= Rp. 
[#268314] 3.(qgR). Re Prog. P, R. P = Rp. P = Ry. 
|ж18:1951 D. P, e Prog. Р=(Р, „= (P) : ЭЕ. Prop 


The above proposition shows that ‘every interval P (zy) in a progres- 
sion is an inductive class. 


4268142 +: В, Se Prog. Ry = Sy-2-R=8 


Dem. 
F.326314.2 F: Hp. D. R= (Spo) 


[x26314] = 8:06. Prop 


3263143. H: P, Qe o. P, Q.2.P-Q 
Dem. 

F.x26831.2F: Hp. 2. (4R, 5). В, Se Prog. P= Rp. Q= Sm. Р, = Qs. 

[x26314] 2 . (4R, 8). В,8еРгор.Р-В,.0-8,.Е-Р,.8-0.Р,-9.. 

[#1317] 2.(gRE, S). R,SeProg. P = Ro. Q= S,.R-8. 

[#1317] 2. P-Q:2F.Prop 


#26315. F:ReProg.S 25 [ve NC induct. æ= (v + D)4] -2. 8e Ramor М 
Dem. 


Е. *1233. ЭЕ: Hp.2.8e1—1.D'8- D'R.G(*S- NCinduct— (1) 
F.x12821. D H. NC induct = C*N (2) 
F.«11056643.2 F: Hp. (ut, 1) N (v t 1).O.v l= 4 2 (3) 
F.(3).9F: Hp.2: 


a(SiN)y.=.(qu).we NC induct . æ= (р +, Vg. у = (и +2). 
[4121:332:131] (яд) p € NC induct (В“В) R, æ .(B'R)(R,| R)y. 
[4122341.«121.349] =.Ёу (4) 
=. (1). (2). (4). DF . Prop 


ж268:151, H: Re Prog. >. E smor М [263115] 

ж263:162, Е: ReProg.Qsmor.2.QeProg — [x123:32] 

*26316. F:REeProg.D2.Prog- МК = Ме М (ж268:151:1521 
*263161. -:g 1Ргос .Э.Ргор-- ММ [426316] 

3263162. +. Prog e NR [4263161 . #154242] 
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#26317. F:Pew. D. o= Nr'P-Nr'N,, 


Dem. 

Р.ж7631. DOF:Hp.2.(qR). ReProg. P- Ry. 
[#2637151] 2.(qgR). R smor N. P= Ry- 
[4151756] 2. P smor Мы. (1) 
[52:321] 2.NrP-Nr'N, (2) 
F.x15159.2 FE: Pe o. Отог Р.Э. 0, smor P. 
|ж268:141:152) 2.0, e Prog (8) 
F.x15083,2F:Peo.SeQsmor P. D. (Q) = S(P),, 
[*263:141] -4Р 
[x15111] =Q (4) 
|. (3). (4). *2631.D F: Pew. Qsmor P.D. ео (5) 
Е. (1). Эн: Р, ео. 2. Ретог 9 (6) 
F. (5). (6). Эн: Решо. D. w= Nr'P (7) 
F.(1).(2).2 F . Prop 

ж26318. Fiqio.d.@=Nr‘N,, (ж263171 

*26319. F.oeNR [426318 . ж154:242) 

*2632. +.weNO [x263:19-11 . ж256:54| 


“ 


326322. b:Pew.>.0'PCD*P. SELBE E! BP 
[x122:141 . «2631 . 12211] 


«26323. Е. CQ infin 


Dem. 
F.x26135. Transp . *263°11:22. +: Pee . 2. СР ~ e Св induct — “А (1) 
F.x26322.2 F: Pe o.D. 41 C'P (2) 


Е. (0). (2). Db: Pe o. 2 CP ~e Cls induct. 
[u2611441.426311] 2.Ре0 infin:2F. Prop 


*26324. Fig!o.2.meNOinfin. [x26274. 263-17-23] 


*26326. Р: Реш. ў! аљ ОР. Е тахьа. 2. Рраєо 
Рет. 
F.x263:11.205123.,2 
F:Hp.2.(qgR). Re Prog. P- В... 1an CR. ао СЕСКЕ а. 
[x122:4427:45]2 .(qR). Re Prog. P = Ro- PEo + (PpayeProg. 
| Р|Ца-1Р а--( ву). 
[#2631] 2. Ррасш:2Н[. Prop 


*26327. Е:Реш.Е!тахра.2.Ррае О fin 


Дет. 
t.«12243.«2681. ОЕ:Нр.2.алп СЕР є Cls induct. 
|ж87:41,ж120:4811 Э.СЧР E a) e Cls induct (1) 
F.x26311.x250141.2F : Нр.2.Р[ае0 (2; 


|. (1). (2). «26111442. D г. Prop 


145 SERIES ЇРАВТ У 


426328. F:Pew. Dd. Sera Rl РСыоым Ойн [204421 . #2632627] 
«26329. $:Pew.Qe OX fin. D.Q less Р [4261-65 . #263°23] 


42633, FiPco.2.les P 0 fin 


Dem. 
Е. ж2541 .«zo3:17.2 


Е: Pew. 0133 P.O.g ! Nr'Qn RUP.Qrew.QeN. 
[26317] Э.(яВ), ReNr до БІЕР.Вегеш. 
1ж268:281 2.(q RB). Re Nr'Qa OQ fin. 
[*261-183] 2.0.0 fin 

F.(1).«263:29. D F . Prop 


#26331. Р:. я! о. 2:а< о. =. а eNO fin 
Dem. 


b.#255°17.*26317.3¢: Pew. 2: №) <w. =. 0 1658 P. 


[*263°3] ОО fin. 
[«262:13] 2.NrQeNOfin: 
[#152-4] Э:асХБ.а« ш.н.ас МВ. ве МО бп: 


[*255:12.«262:1.«152:4] DJ:adw.=.aeNOfin:. OF. Prop 
«26332. +:.Infinax.Jia<w.=.aeNOfin [32633112] 


ж263:33. Е: а< 0.2. ає№һп 


Dem. 
Б.ж2551 .ж15513. 2+: Hp.D.q!w 


Е. (1). ж263:31. D F. Prop 


#26334. F.ibe-o 
Dem. 
F.x262112.«263924.2 F: Hp.q!o.3.l4o=0 
F.«1814. 3F:o-A.2.] Eo—A 
+.(1).(2). DF. Prop 


#263°35. Р: аєМ№О бп.Э.а + w=w 


Dem. 
F.18061.:26318.2 E :910.2.0, 9 =w 
#1804. Эн:ө-Л.2.0,4ө-4 
к.@).@). 2F.0 = 
Е. #18157 .*263:34.9+.2,¢0=liw 
[4263.34] ше 
F . #26236. D H: we МОшдась-(0-11.2.(и4,1), Но=р ibo 
|»263:34.181-551 = do 


Б.(5) Db: ре NC induct 00 ~tl. pp, tws w.. (utl) Hos w 
Е. (4) . (6). Induct. D F: we NC induct 2 t0 — (1.2.54, + w = о 
F.(3).(7). Di:peNCinduct —(1.2.45, 3 0-0: 
[«262-26] Dk:aeNOfin.O.ao—o:2F.Prop 


qd) 


0) 


(1) 
(2) 


а) 
@) 
(8) 


0) 
(5) 


(6) 
(7) 
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#2634. FiPeco.2.D'P, СО fin. Ме ЮР; = NO fin 


Dem, 
Б. 4254182. DF: Hp. 2. DP, Cleas P. 
(26831 3.D*P, C 0 fin а) 
К.ж26381. Dh:.Hp.Dsa<Nr'P.=.aeNOfin: 
[4256-11] Dae Ni DID; , = .ае МО fin 2 


F.(1)- (2). 2 К. Prop 
x263:401. FE: Рео.аєѕес Р tA — OP. D.E! maxa 


Dem. 
H. #25065. DF: Hp.d.PLaveNr'P. 


[x26317] ` 5. Ppacco. 
[*263:26.Transp] 23. E! maxp'a: I+. Prop 
> 
*263402. F: P ew. 2 sect P — A — 0P = РР 
pem. 
Е, #20513122 ,ж268:401. D 


-» 
|: Вр. аєвескР — UA —1*С“Р.Э.«у Ра = Репахра о (чпахр ба. 


[#2111.ж91-54] Э.а= P, maxp'a. 
px205111] Dae BOP а) 
=. ж211313, Dh. Py OP Csect* P (2) 
Б.д012. эн. ВРС А (3) 
Һ.ж205197. ОН: Нр.зе P , 2. El тахь Pye. 
[426222] >. Pert OP (4) 
F.(2). (3). (4). Dk Hp. 2. Py OP C sectP — A -tP (5) 
Е. (1). (5\. ЭН. Prop 
42631. К: Peo. D. PE DP, = РНВиР 

Dem. 


F.x21311:141151.2 
Ес. Ир.Э:0(Р,| ОР) В. =. (qa, B). a, беге P-t A— CP. aCB.a B. 
д-2|ү 6.8-Р( 8. 
[«263:402] 
> > > > > > 
=. (2,4) - ‚уе CP. Рио C Рику. Рак Pay .0= РР. R= PE Ржу. 
[*200°391] 
> > > > 

=. (На, у). 2, yeC P. Рк C Pyy etu. Q=PẸ Pye. R= Р Pyy. 

[*204:32.«90-12] 
-» > > > 
=. (чу). Ру. 24 у. РС Pyy. Q= P, Pa. R= Рр Ру. 
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[#2011415] =. (qo, y) Pyy- y. Q- PUP yc. ac Pt Py- 


[x20118] .(я2, у). Ру. = РР Рүут.БЁ-Р| Py. 
> 
[#1501] =.9(РБРюР)В:.2Н.Ргор 


> 
к263'411. H: Peo. D. C^ РР, = PAP „Л 
Dem, 
F.x213141.x263402.2 


-> 
F:Hp.2.0*DCP, = C« PE Pg P 
> > 
[93:103] i a v OPE Pa BP 
x201:521.«202:55] = Р. AP v CPE Px BP 
* * 
3 
[*201-521.*200°35] = Ра“а‹Ро ил: D+. Prop 


> > 
«263412. Р: Pew. D. Pia, Рига e Cls induct 


Dem. 
205197. ЭР: Hp.zeCP.D.E! maxp Pgz. 
[x263:27.«202:55.«120:213] D. Ри e Clsinduct . (1) 
[*120:481] Р) Ве e Cls induct (2) 


F.(1).(2). DF. Prop 
#26342. F:Peo.2D.sgin'P- {| (CP) 
Dem. 
F.x212:21. x21L12.2 
F:.Hp.2:a(sgm'P) 8.2.a—P*a.8- P*8.aCB.at В (1) 
Б. (1). ж21171 . ж205123.2 
+: Hp.a(sgm'P) 8.2. а, Besect'P . > Е! maxp'a.vE! тахь . 


[263-401] D.a, pet v CHIP (2) 
F.(1).(29). DF: Hp.a(sgmn'*P) B.2.a- A. 8 СР (3) 
Е. #3729. DF:a- А.Э.с- Pia (4) 
F.x20322.0F: Hp. 8-(5Р.Э.В- Р«8 (5) 
F.(1).(9.(5). Dk:Hp.a=4A.8=0CP.D.a(sgm P) (6) 


F.(3).(6). DF. Prop 


ж26343. Ь:Рео.Э.ЧОФ,-ЧСОФР 


Dem. 
F.x263141.2 t : Hp. 2. Q*P - GP.) 


[ж91:504] = П‹Р,: 3+. Prop 
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ж263:481. ЕЕРЄО-ИА.ФФ,-ОФ.«-Е!ВФЮ.Э.Рсо 


Dem. 
Е. #26135. Transp. D F: Hp. 2. PeQ infin. 
< 
[ж261'44] D. P, Pm BP e Prog. 
< 
[«261:212] D. P,P PIBIPeProg. 
[#209-524] D. P,e Prog (1) 
Е. ж261'212. ЭЕ: Hp.d.P=(Pi)po (2) 


Е. (1). (2) 42631 . D E . Prop 
426344, F.o- Q- tA A Ра, = Р.Е ВР) [x2634322431] 
326945. Fo =O-i' An P(P= Р.Е! ВР) [4261-212 . «263:44] 


926346. Fo Oo P(E! BP. Et BP) 
Dem. 
F.x121:305 493101. 2 


Ро. wEB P. AP, HAP. >. gq! OP-OP,. P= Pu BP. 


[425021] Sq! DP, аР, «ВІР. 

[x93101] 5.912 Р, еВ а) 
=. 121305. X25021. DH: РЕ,0—А.2.ВРеВР, (2) 
Һ.(1).(9. эк: рео. ВЕ ВР. @«Р,4 «Р.О. ВР, el. 

ГІЗГІ >. E! BP, (3) 
|. (3). Transp. #:PeQ. Et BP, .wEIBP.>.0P,=0P. 

[426344] 5. Pew (4) 
F «25021 . 26844.20: Peu. 2 ВР. ВР. 

[425013] Э.Б:ВР, (5) 
L.(5).326344. — ЭР Peo.2. EL ВР, e EY BP (6) 


F. (4). (6). D F . Prop 


A < 
426347, Е.о-Ол P ja C CP 2, : aie Clsinduct. =. OP лр“Р“а} 
Dem. 
F 425452. Db: Pew. a COP q CP ap pra 2 (Pp a)less Р. 


[4263:3] 2.Ррае Обь. 
[x261-42:14] D. CP E a) eClsinduet . 
[*202:55.«120:213] D. ae Clsinduct 0) 
b.#26126.3h:Pew.aCC'P.aeClsinduct.qia.>.E!maxpa. 
[*263-22] 2.9 1 Рчпахиа А 


ра 
[ж205-65.%40:69] Эд ОЧ Ар Pa (2) 
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F.(1).(2) 3402.2 


Fs Peo.aCO P. 2:acClsinduct, = .g10P np Pa (8) 
F 3402 . #120212. 

к: РеО:.асс‹Р.Э, гае Clsinduct . 2.4 1C праз. Э.ДТР (4) 
|. (4). #200°51 . DF: Нр (4). 2. С:Р-~є Cls induct (9) 
F.«25016.2 

F:Hp(4).q 1Q*P-Q'P,.5. Рта - АР) e Cls induct . 
[4261-96] 5. E! max, ішіп, (GP Р). 
[#205-959] Э.тїав,(@“Р—@‹“Р,)е P, (6) 
К.(6).Ттапвр. ^ 2F:Hp(4).2.(*P, = (Р (7) 
|. (5). (7) «426134, D H: Hp (4)... EL BP (8) 
F.(4).(7).(8). — 2F:Hp(9.2.Peo (9) 


Е. (3).(9). DF. Prop 


^ c- 
ж26348. k.e- Qn P(a CC P.2,:ac eClsrefl.— y! CP o pr Pat 
[4263-47 .«261:47] 


ж26349. F.Ofinvs- О т Pap, =@‹Ру=О л Ъ(Р= Pr) 
Dem. 


Е. #26122. #26344. ЭР: Pe finu o dD. (EP, =@Р (1) 
F.x26L34 26344. DH: Р еО (P, -О“Р.Э.Рейбамою (2) 
t.(1).(2). ЭН. О invo - Пл В (АР, = ЧР) 
[#261-212] =N n ÎÊ(P = Pp). DF. Prop 
x263491. Е: PeO fin vw. 2 P= (D, P, - (P) 
Dem. 
Е. #263°49 . 261212. D E: Hp. 2. P = (P). а) 
[ж91:602.%191-103] Э.Р(екчу)- P (ен. 
[x12111] Э.Р„=(Р,„ (2) 


К.(1).(2).ЭР.Ргор 


#26355. Р: РеОіпйа.2.Р[ (BP o Р, BP) eo 


Den. 
F.xB6145. 2 :Hp.2. PE Pm BP e Prog а) 
F 42603327 . H: Hp. 2. (Pi) Pr BP) = Pn [UB Pv Р, BP) 
[x26032] -РЇ(ИВФыРВФР) (9) 


F. (1). (2) -#2631 . D F . Prop 
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x26351. Е:РєО0шбп.Э. 
52193722: 2302:219:0:220127722 
Dem. 
F.263:532.2 H: Hp. 2. Et maxp(U BEP о Р, В?) а) 
F.x26011. ЭР: Нр.усФЧФР-Р,ВФ.сєРд ВР.2. 
P(B P ну) ~ є Сів induct. P (B*P +2) e Cls induct. 


[#12049] 3. NEP (BP ay) > NEP (BP аа 
[¥117-222. Transp] 2.  (yPz) (2) 
< > < 
Е. (2). Transp. ЭЁ:Нр.2.Р“Р“ ВРС BP u Pu BYP (3) 
<- < 
+. (8) .ж93101. ЭР: Hp. 2. PUBP C Pp ВЕР) СсиВРо РВФ (4) 
Е. (D). (4). 21141 /ЭЕ: Bp. D.B Pu PaB PDPA I). (3) 
[212-152] Э.ОВЧРыР, BP e Org P (6) 
F.(5).(6). DF. Prop 


2 
*26359. F:PeDinfn—o.2. (qz) 20Р. Py BP v иВР = Pea 
Dem. 
F.«26349. Transp. 2r: Нр.2.я! аР —(*P,. 


[x26027] 2.8 1 OP Pn BP. 

3250121] 2. Et minj(T*P — P, BP). 

[4263:51.k20625.4211726] Э. (qu) ee IP Py BP v B P= Ріг: 

D+. Prop 
ж263:53, F:PeQOinfn—-o.2.Nr'P >ø 
Dem. 

E .3253:13. «26352 .2 H: Hp. 2 PE CP BP o BP) DE, . 
[426355] Э. ес DP. 
[425517.x263:18] D.N P i wid. Prop 


The above proposition shows that w is the smallest of infinite ordinals. 
The same fact is otherwise expressed by the following proposition. 


*26354. F:aeNOinfin-t(o.2.a2» о (926858) 


*26355. |: Pew.d.Prewti.s'Pewti 


Dem. ЖЭ? 
Е. ж2535 . 426344 .2 E : Нр.Э.Р,с41 а) 


Е. ¥252372 . x26344. DH :Hp.D.s‘Pew+i сэ 
F.(1).(2). D F . Prop 
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The following propositions are lemmas for proving w X 2, = w (ж268:68). 


ж2636. HFuPeSer.zky.M—-Px(z|y).2:. RM,S.z: 
(Я4)4аєС"Р.В- | и. = у u.v.(quv).uPv. В зу и. 9= о 


Dem. 
F.x160111.2F:. Hp. uPv. Rm ju: S-z[v.v.S-y|v:2. 
RM (y | и). (y Ļu) MS. 
(ж201-63.ж204-55) 3. (KM,S) (1) 
Similarly Р. Нр.„Ро. = уи. 8=у 40.2. ~(ВМ,8) (2) 


F.x166111.2 
+: Нр.аРш.шРь. К =у{ и. = 24 0.2.ЕМ(х { ш). (24 ш) MS. 
[4201-63.4204:55] 2. (RM,S) (3) 
E 70). (2). (3). Transp. Ж166111.2 
| :. Нр. RM,S.3:(qu).R=alu.S=ylu.ueCP.v. 

(яч, v) «Рь.В=у]и.В=е]ь (4) 
F.x166111.2F: Hp. Z2z[u.S-y | u. RM(zq4v).2.SM(z|v) (5) 
F.x166111.2F: Hp. == | и.8-у [ u. EM(yLv).2:u-v.v.uPv: 


[+166111] Diylo=S.v.SM(ylr) (6) 
Е. #166111. 
+:Hp.R=ylu.S=clv.uPyv.RM(y]w).3.SM(y{ w) (7) 


F.«166111.2F:. Hp. R=ylu.S=aclv.uPw.RM(clw).d: 
zilw-S.v.SM(z|w) (8) 
Һ.(5).(6).(7).(8).ӘР:.Нр:че«СР.В-сфи.8-у(и.м. 
“Ро.Ет-уфи.8-с)|»:2.ЕМ,8 (9) 
F.(4).(9).2F. Prop 


#26361. F:PeSer.zdgy. М= Px (n [ y) -2. IM, y “Роз [ OP, 


[*263:6] 
ж263%62. К: Рео.х+у.2.Рх(= |у) о 
Dem. 
F.32636143.2 E: Hp.>.04Px (el whey “Рот ар 
[x166111] —-G P x (в | y) а) 
#25155. ЭЕ: Нр.Э.Рх(с|:)с0 (2) 
F.«16614. DE:Hp.d.Px(elye—UA (3) 
> 
|. *166-16 .ж263:22.,Э F: Нр. 2. B'Onv'(P x (z[ y) = Л (4) 


Е. (1). (2). (3) . (4). 326344. DH: Hp. 2. Px (2| y) ew :2  . Prop 
826363. |. wX2,=0 


Dem. 

|. ж263-62-17 . Dt: Peo.Qc2,. 2. NY(PxQ)-o (1) 
|. 418413. ж26317. 3b: Pe o.Qe2,. O. N'(Px QU = ох, (2) 
+. (1). (2). Diiglo.g12,.2.oX2,-o (3) 


+. #18411. Он: о А.Э.шх?, = А (4) 
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F.x19314 263101 .D FE: 10.2.7312. 
[#26221] 2.912, (5) 
Е. (3. (4).(5). DF. Prop 
The following propositions are lemmas for proving ж263:66. 
x26364. F:P,QeSer.zeC*P.zQw.M-— Рх 0.2.(2 | a) M(w|a) 
Dem. 


F.«x166111.2 t: Hp.O.(z| а) М (% |o) (1) 
F.x166111.2 EF: Нр, (2 | 2) M(u| y) -OsaPy.v.2— y.zQu: 
(204-111 Ә:аРу.У.с-у.и-ң0.У.2-у.ш%0фу: 
[#166-111] 2:(0 уа) М(иұу).м.(>шүау-іа } у) (9) 
F.(2).«204:55.2F : Нр(9).2.с- (uly) M Qw|2)] (3) 


|. (1). (8). «20163. D F . Prop 
x263041. H: P,QeSer.2=BQ.w=BQ.aPy.M=PxQ.>. 


(21 2) М, (ш 1 у) 
Dem. 
F.x166111.2 E: Hp.2.(e 1o) MQw {уу (1) 
H.*166111.D t: Hp. (2 | æ) M (u4 v). d :2Pu: 
[*20471] 2:9-у.у.УРе (9) 


F.(2).x166111.2 
Бу. Нр.(2|5)М(и|9).-Э:4 09-40 у.м. (w, y) Miu: 
[4204555] 2: ful) Mwy} (3) 
F.(1). (3). «201:63. D F . Prop 

263-642. Е: P,QeSer. M- Рх Q.2.(C'PxQ('Q)CGOM, [x26364] 


3263643. H: P,QeSer. E! BQ. E1BQ.M= Px Q.2.(BQ) | TP, Са‘и, 


[263-64] 
263-65. F:Peo.QeOfiunC/A.2.PxQeo 
Dem. 
F.x25155. 2 F: Hp. 2. Px Qe (1) 
+. ж16614. 2+: Нр.2.Рхфе-сА (2) 


E 269642643 . #261-24 D 
H: Hp. D . (CP х ду v (BQ) “аР, CAP, x Ор. 


[4263:49] Э.(ОФР x d*Q) v (BQ) [OP COP x 0). 
[1661216] ^ 2.0PxQ)—B«P x Q) CIP x 0). 

[x93:101.4201:63] >. IP x Q) - IP x Q) (3) 
F.k16616.426392. 2 H: Hp. 2. В“Опу(Р x @)=А (4) 


к. (1). (2). (3) . (4) «26844 . DF . Prop 
«26366. F:aceNOfin-i9,.2.oxa-o [26365] 
The proof proceeds as in 263.63. 


x264. DERIVATIVES OF WELL-ORDERED SERIES. 


Summary of #264. 


The principal purpose of the present number is to show that every 
infinite well-ordered series is the sum of a series of progressions followed 
by а finite tag, which may be null, For this purpose, we proceed as follows: 
If ж is any member of СҰР, it must belong to the family, with respect 


to P,, of some member of CP —(*P,, unless æ = ВР and BP wed Py, 


Assuming that we have either ~ Е! ВЕР or БӘР«СЕР,, and assuming 
further that P is an infinite well-ordered series other than a progression, 
it follows that every member of C*P belongs to the family, with respect 
to P,, of some member of C*V*P, because, by *216°611, C'V*P = D'P, – ЧР, 
in the circumstances contemplated (#26415). Now Р limited to any one 


family with respect to P, is a progression, unless that family includes ВЕР; 
and if it includes BP, it is finite. Hence our proposition follows. 


An important consequence of the above proposition is that every cardinal 
which is not inductive and is applicable to classes that can be well-ordered is 
а multiple of N, (26448). 


For the purposes of this number we need a notation for the series of 
series each of which consists of the family of some member of C*V*P. We 
therefore put 


а 

Р,-Р (Р, У“Р Dft [2264], 
Here "pr" is intended to suggest "progression" When Pe Qinfin—«, 
P, is the series of progressions (possibly ending in a tinite tag) whose 
sum is P (or PL D'P, in one case). Before using this definition, some 
preliminary considerations are necessary. У“Р is the series of limit-points 
of P, including B*P. In order that V*P may exist, there must be at 
least one limit-point besides B*P. Now the limit-points of a series are 
СР —G*P,, їе. the limit-points other than БҰР are (I*P — аР, (x216:21). 
Hence when БҰР exists and Р-Р, exists, V*P exists. Hence by 
ж263:49, 


ж26413, ЬБ:.РеО.Э:д1У“Р,-.РеО0йШшпл-о 
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Те. a well-ordered series whose derivative exists is one which is infinite 
and not a progression. We have similarly 
ж26414.  t:PeOinfino.2. C VP = CP – аР, 

and 
x26412. t: PeO0.2.G*V'P- а:Р- АР, 

We next proceed (*264:2— 261) to study the posterity of a term s 
with respect to P,, ùe. the series Р. (Рух, We show that if this series 
has a last term, it is finite (#26421), and ends with В“ (42643), while 
if not, and if xe “Р,, т.е. if x has either an immediate successor or an 
immediate predecessor, the series is a progression («264:22). Hence we have 
x26425. H: PeO.zeCV'Pa C P,.2: 

e v 
Е! maxp(P,)y‘2.=. a= B'Cov'V*P. E! BYP 

Moreover, if хе С“Р,, the ancestry of æ with respect to Р, must end with 

a member of the derivative of Р, i.e. 


3264233. H: Ре О infin - o 2e CP, . D. minp (Pye e CUP 


We thus arrive at the result that if P has a last term, so has УР 
(x26424), and if æ is any membe: of the derivative except the last, the 


422 
series Р (Р, ш is a progression (*26425), while if æ is the last term of 


the derivative, and the series P has я last term, then PL ув is finite 
(«264:252). Moreover the supposition that P ends with a member of the 
derivative is equivalent to the supposition that P ends with a term which 
has no immediate predecessor (264-26). 


We now proceed (*2643—-403) to consider the relation Ppr defined 
above. If we take any term y in a well-ordered series, there is some term 
æ belonging to СР —(I*P, such that the family of y with respect to P, 
is the posterity of а. This results from «264233 above. Thus we may 
divide the field of P into mntually exclusive stretches, each of which is the 
posterity of some member of СР — (*P, with respect to P,. The series of 
series thus obtained is P,,. There is an exceptional case, when the series 
ends in а term having no immediate predecessor, for then the posterity of 
this term with respect to P, is null, and therefore Ры omits this term. 
Otherwise, we shall have ХР, = Р; i.e. we have 


426439. К: Ре0 шп o. (BP VP). Э.Р, =P 

x204391. H: PeQ. B PeCV P.D. Pp = Р] DP 
Moreover we have 

*26436. +: Ре0.2. Р. зтогУР.Р,. e Rel excl 
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From what was proved earlier we know that, assuming РО, we have 
D‘P,, Со (*264401); if Р has no last term, С“Р,, C o; if Р is infinite and 


bas а last term, B‘P,, is finite, and if the last term of Р belongs to СР, 


BP, = A. Hence, using *251°68, which assures us that, in virtue of 
ж264:36 above, if C*P,, Со, X*P,, is a multiple of о, we find (264-44) that 
every well-ordered series has an ordinal number of the form (aX +В, 
where a and В may be any ordinals, including 0, and 1 (putting i Xa = a to 
avoid exceptional cases). The above account omits the exceptional cases, 
which require special treatment and render the proof long; but in the end 
the above simple result is obtained. 


Since a multiple of №, is not increased by the addition of an inductive 
cardinal, it follows (ж264:44) that the cardinal number of the field of an 
infinite well-ordered series is always a multiple of № (#26447). Hence 
if all classes can be well-ordered, all cardinals which are not inductive are 
multiples of №. In virtue of Zermelo’s theorem, the same result follows if 
the multiplicative axiom is true. 


P 
426401. P,-PDXP)Q VP Dft [4264] 
x26411. F:.PeO.D:g!sgm'P.z.PeQinfin 


Den. 
F.x263:51. Dt:PeQinfin.O.sp! sgm*P 0) 
F.«212152 4210412 E: РеО д арш“Р,Э гд 1зееыР— Л — Птах. 
[*261-28.Transp} D. PeQ infin (2) 
F.(1).(2). 3+. Prop 
#26412. Ft: PeQ.2.Q0'V'P«-QP-Q*P, 

Dem. 

F.«21661. ЭБ:Нр.д1Р.Э.ЧФЛУР-атФ-ФР, (1) 


F.4216612.x33241. 2F: Р-А.Э.ФУСР-А.Ф“Р-ЧФ,-А (2) 
Б. (0). (9). DF. Prop 


#26413, Һ:.Ре0.2:41У4Р.-.РеОіһбп-ш 


Рет. 
Е. 226412. ЭР: Hp. Deg 1 VP. sg IP АР. 
|ж268:491 =.PeQinfin—w:3+. Prop 


#26414. F:PeDinfn-o.2.0V«P = CP ЧР, [326413 #216611] 

426415, Fu PeQinfin—o: SELB Pov. B Pe OP, :>.0V'P= BP, 
Dem. 

F.26414.x93:103. 2E : Hp. E! ВР... С“У“Р-С“Р-ОФР,.С“Р-ПР, 

|»98:101.4250:211 Э.СҮФР-ВР, а) 
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F.493101. ЭР:ВРФР, 2.СФ-ФФР,СОФ оу 
F.(2).426414.2 F Hp. BPe(TI*P,. 2 OP — DP- 0P, 
[493:101.4250:21] -ВР, (3) 


F.(1).(8).2 F. Prop 


42-22 es $ 
ж2642. H:PeQ.El!maxp (Pa. D .maxp (Pye = BP 
Dem. 
> e— e — 
F.x2064946. D F: Hp. D .seq (Рука = Р,чаахь(Р,Мус. 


> 6-- 
[#90:16] 2. seqr(P,)y ie С (Руа. 
> 4--- 
[x206:2] 2.seqp'(P)y'z A. 
-- у 
[ж250126] 2. тахь Р) = В“Р: ЭБ. Prop 


es 
#26421. F:PeO.E!maxp(P).2. 
== " 
РИР) ут € Q fin. P (a B' P) e Cls induct 


Dem. 
—— -- : 
F.x20035. DF: Hp. (Py = 2.2. PE(P) o А (1) 
€— <— 
F.x26027 2+: Hp. CP) e $i. 2. Pr maxp (Ра. 
y di dim 
[*260-11] D. P {£ m maxp(P,)4‘2} e Clsinduct. (2) 
Enn 
[x205:2] 2. CP E (Руа е Cls induct (3) 


к. (1). (2). (3) 2642. 2 H. Prop 


«—— -- 
#26422. Р:Ре0.-Е!тах (Рухқа. жє ӘР,.Э.РГРух meo 
Dem. 


F 260323427 .2 F : Hp. 2. (P Ежа) = PB. (1) 
[x12252] Э.{Р (Ру ай e Prog (2) 
ж 


Е. (1). #26038. ЭР: Hp. 2.[[P Р) = PL же (8) 
Е.(2).(83).ж92631.ЭР.Ргор 


*264221. К:Р&еО.х(У*“Р)уу.Э. P(x— y) ~ e Сіз induct 


Dem. 
H. 20734. 42166 2 F : Hp. 2.2Py. y „Ру. = 
[«207-25] D.aPy . y =ltp(Ptx ART 
[#20713] э Py ан Е! шах, (Реп Ру). 
[*261-26] D. Pian Ply ~ є Cls induct : 3+. Prop 


4264222. к: Ре0. P«ceClsinduet.2,zce DVP [264221 . Transp] 
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«264223. Е: Pe OX. P (zy) ~ eClsinduct. D. 1 УР л P(zy) 
Dem. 
F.x2613.2 F: Hp. 2. (ya). aC P(z — y). 1a. o Е! шахра. 


[4250122] 3.(ga). «aC P(z—y). 1a. Et ьа. 
[ж206'213] D. (яа). «С P(w—y).qta.lir'ae P(x 9)- 
ж206:1811 о.з! ро AP л P (ay). 

[x216:602] 2.4!а “РАР (а-а): ЭР.Ргор 


4264224. К: Ре. а= BCnv VP. E! BP. D. Piee Cls induct 
Dem. 
|. #264223. Transp. 2+: Hp. 2. P(z -B P) e Cls induct : 2 F . Prop 
ж264:225. F:. PeQ. oe Р,.2: E! maxp Py‘ ‚=. (Ре є Cls induct 
[42642122] 
«26423. Б:.РеО. сеС“ PaP.: 
Е! шах уш .=.0= BCoV P. E! ВЕР 


Dem. 
Е. #2642. — ОН: Hp. Е! шах (Pgs. 2. E! BP а) 
F.426421222. DH: Нр(1).2.е-ее ЕР. 
[93103] D. a= В“‹Опһу‹м‹Р (2) 
F.x264024, О!:Нр.=В‹Сһ“У‹Р.Е! BP.> „Рае Cls induct. 
[120-481-251] о. (Буве Cls induct . 
(490-12. Hp.«261-26] >. Et max Ра (3) 


+. (1). (2). (8). Db. Prop 


4264281. Е: Pe QO. we VIP — CP, D = Bine VP = БР 


Dem. 
F.425021.2 F: Hp.d.are DP. 


[498-103] Э.с-НФ, а) 
[«216:6] 2.2 cD'V.P. 

[x93103] Э.а= B'Onv'V«P (2) 
H. (1). (2). D F. Prop 


4264232. H: PeQ ce C V'P.2: 
(Posta e Cls induct. =. а= БОС ӨР. E! BP 
This proposition differs from «26423 Бу not assuming that ze C*P,. 


If BP has no immediate predecessor, Бе C'V*P —(*P,, so that BP 
satisfies the hypothesis of «2644232, but not that of «26423. 
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Dem. 


F.490183. Эн: Нр. (Ра - A 2.27 e P, 


[#964231] 


2.2= D'Cov VP. E1 BP 


F #120212. D F : Hp(1). 2. (Pigs e Ов induct 


F.x264225.5 


-- “-- : : -- 
F:Hp.g ! (Py m 2: (Рука Сізіпдасі.-.Е!тах (Р, 


[26423] 
F.(1).(2). (8). 2 F. Prop 


i 


‚т= B'Cuv'V*P.Et EP 


Ш 


—— 
ж264:233. H: P eQ infin — w . œ e C P,. D . шар (Руа e CVP 


Dem. 


F.x250121. ОҒ:Нр. 
F. x90172. Эҥ:Нр. 


—— 
Э.Е! miny (Р) 

— > 
y (Pie. zPiy. D. 2e(Pij е Р. 


—> 

[205-14] 2.y шир (Рук 
—> 

|. (2). Transp. D F : Hp. y= minp‘(P, k£ D. уе Ч{Р,. 

[x264:14] D.ye CVP 

|. (1). (8). DF. Prop 


*26424. +: Pe infa. Е! ВР... E! B Cnv VP 


Dem. 


+. 26412. 3 F: Hp. BP we CP,.2 ВР e C VP. 


[*216:6] 


F.x204233 . x26322. 2F : Hp. BP CP, 2. minjP, зев в (“У «p 


Э.ВР- елер 


= 
F.«20555.0F: Нр(2). == mins (PS BP. Э.ВР- шах» (Руж. 


[*264-28.(2)] 2.з= В“Опу“У“Р 
F.(1).(3). 3+. Prop 
a 
*26425. Р:РеО.а «ГӘ V P.D. PI (Pga ew 
Dem. 
et 
F.x264232 .ж250'21.2 +: Hp. D . (Py) ~ e Cls induct . æ e D'P,. 
pin 
[*264:225] D, ~ E! maxp (Ре se DP. 
e 
[*264 22] Э.РЇР)усєо:ЭН.Рсор 
Š eS 
964251. Е: Pe OQ. WEI BSP. ce C V*P.D2. PY (Pyt eo 
Dem. 
| .ж250-21.ЭЕ:Нр.2.2е0+Р,. 
42 
[*264:23. Hp] 2. E!maxp(P)yc.seD'P,. 


[+26499] 


R&W I. 


EL 
З.Р (Ру ае o: ОН. Prop 
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(2) 


(8) 


(1) 
(2) 


(8) 
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4264252, H: Pe Q. Et ВР. a= BOnv'V'P. D. PEP, yin О fin 
Dem. 
P 
F. #26423. D F: Hp. ze CP, D. Е! maxp(P,)y a. 


rid 
[x264:21] D, PE (Px eQ fin а) 
F.«9014. ОН: вое P, 2 PEP yom А (2) 


F.(1).(2). ЭР. Prop 


x20426. bi. PeO.0: ВР с OVP. SELBE. BP we OP, 
Dem. 


Е. #1421. ЭР: ВР в C VP... EL BP а) 
F.x26412.2 F : Hp. BP e C V*P D. ВР о (Р, (2) 
F 496412. ЭР: Hp. BP e CP, . D. BP e OVP (3) 


+. (1). (2) - (3). DE. Prop 
4264201. Hi Pe 0.2: (BP e VP) =. OP HOP, 


Dem. 
+ #26426. E: Hp. Di e (P e VP). = ies Е! EP. v BP e OP, Н 
[202-52] =: ВР COP: 
[#25021] =: "PCP: 
[#121322] z:0P-—CIP ШОР. Prop 
-- -- 
ж2643. һ:0Р,В.з.(яғу).г(УӘРуу.д-«РПРУуа.В-РІГ(РУУ 


[(x264:01)] 

*26431. Fi PeSer.3:QP,,R.=. 
-- -- 
(a2, y) x,y e OP -OP .aPy. Q= P (Piya. В = PE (Pig у 

[«207:35 . «2643 . «216:6] 

#26432. F.C'P,- PLI «Py OUP [415022 . (ж26401)] 
"PEE 

#264321. F: PeSer.ze VP. D. (P) сое 1 


Dem. 
F.4216611,2 E: Hp. 2. ee C'P - TP, (1) 
Р.яд014. Экее CP, D. (Poi А (2) 
F.x121305.2 F: Hp. ze D'P,. 2. q (P) t- ta. 
[49012] >. (Pe el (3) 


+. (D (2). (8). DF. Prop 


um 
ж264:33. Е:Ребег.2. «C Pp = (Pu C VP 
[4264:921 . 4202:55 . #26432] 
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--- -- 
ж26434. Ft:PeO.m уе ОР.Р (Рун = РРР) у.Э.т=у 
Dem. 


— e 
F .x264321.3202:55.2 H: Нр.Э.СРЭуа-(Р, му (1) 
Һ.(1).ж9012. ЭНР:Нр.осС“,.Э.«(Р Уу. (Р, 
(ж260:28.ж91:5411 Э.с-у (2) 
Б.Жд091. 2F:Hp.z-e(*P,.2.a- ЕР (3) 
F.(1).«901214 . DF: Hp. ze CP, 2. y e CP, 
[ж250:21] 2.у= БР (4) 
|. (3). (4). РЕ: Нр.х--еС{Р,.2.2=у (5) 
F.(2).(5).2 F. Prop 
#264341. +: PeSer.m ye CV:P.z(Pygy.D.m—y 
Dem. 

F.«716611.2 F: Hp. 2: ye edP. 

[91-504] ~ fæ (Poss - 

[#91-54] № 


426435, Е: Ребег. y e C VP gg (Poe o (P) y 2. 2— y 

oe + 96302. DH: Hp. 2 io (Pig «vey (Par: 

[*264-341] D:a=y:. DF. Prop 

#26436. Е:РєО.Э.Р, вшогУ“Р.Р, e Ке ехе [#2643435] 

The following propositions lead up to ж264:39:391, 
#26437. F:PeQ infin -o.2.5 CP, = Pa 

Dem. 
F-420692 ‚ЭК. Hp.D s ("X^ Y =. (qa) ac C VP y e CP gta zPy . 


[4260:32:27] =. (о a e CP co, y (Pata Poy. 
[*264:233:35] z.(qa). a= min Р) тетін Б; Зиг UP ny» 
[413195] 2. шэн Роке = mins (Pat ePi а) 
F.x26027 .2 H: Нр. Pny. D. (Pate Paty 

[*205:5] 5. И ші (Р, Y (2) 


F.(1).(2). DF: Hp. 2:2 (C Pp) y «Р, ул. DF. Prop 
— > 
ж264:871. F: P e бег. а (УР). D . (Piga C РФ 


Dem. 
Ес 
Е. ж216:6. ЭР: Нр.2.аєРФ (1) 
F.x20471.2 t: Нр.2РЬ.хР,у. ~ (уРЬ).2.у=. 
[33314] 5.beQ*P, (2) 


Е. (2). Transp. ж216:011 . D H: Нр.Э:лРЬ.«Р,у.Э.уРЬ (3) 
Н.С). (3). «90112. 2F :. Нр.Э:а(Руже.2.=Рь:. +. Prop 
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3264372. К: Р сВег.Э.ЛЭР, G P+ Py, 


Dem. 
F.x264/3:321.:3202:55 . D 
-- -- 

| :. Hp.2:2(F3P,)u =. (да, 0). а(УР)ь. а "(Рука уе (Руж. 0) 
[*26&871] 2.=Ру (2) 

-- -- -- 
F. 26435. DH: Hp. a(V*P)b.ce(Pogy ay e(P)g b. 2. у (Руа. 

PORA. 

[«9017] Daye (Рука. 
[x260:27] Э.с(8Рьу) (9) 


Е. (1). (2). (3). DF: Hp. 2. IP, €P+P..: D+. Prop 


4264373. H: Pe Q. e (B'Pe UVP). D. P> Py ЕР 
Dem. 
F . ж264:261:238. ж26349.2 


—— —> 
|: Нр.2(Р- Рь)у. 2. minp(P,)y ‘a, тіп «Ру e СУР (1) 
—— —— 
F.496301 . D F :. Hp. minp(Poy*z = minp'(P)y*y.2:r(P)gy. v y (Pga: 
(2609271 О:ғ-ум.а«Р,у.У.УРһа (2) 
+.(2).Ttansp. ЭР: Нр(1). 2. тіп (Р) 4 тор (Ру (3) 
+. (1) 4264371 2 F : Hp. minp Ржу P ши (Руже. D yP (4) 
—> —> 
F.(4).Trausp. ЭЕ: Нр(1). 2. ~ {minp(P,)y‘y P minp(P)) a] (5) 
—— —> 
Е. (3). (5). Dt: Hp(1). D . шар(Руу“е Р пиар (Руку (6) 


<-- <-- 
+. (1). (6). 2 F: Hp(1). D. (ga, b) .a(VP)b a e (Pya . y e(P)xb - 
[«2643:321.20255] — 2.2 (5P,) y: Dt. Prop 


#26438, Е: РеП. > (ВР в (VP). >. PP = Р-Р. [k264372:373] 


4264381, Е: Реп ВР e C VP 2. FIP, = PE DP Pa 
Dem. 

Е. #26433. D F: Hp. 2. CCP, C CP, 
(426426.442:2] 2. BP se CHIP, 
[x264372] >. FIP, G PLD'P- P, а) 
+ .#25021.3+:Hp.«(PLD'P+Pp)y.D.a,yeOP,. 
[+264-233.4263'49] 2 . minp"(P,)yé2, minp (P) ye C VP. (2) 
Thence as in the proof of «264373, 
Е:Нр.а(Р рФ-Р,)у.Э.с(ОЭР,Эу (3) 
F.(1).(3).2F. Prop 
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426439. Р: Pe Qinfin—o.~ (BP e CVP). D. XP, = P 
Гж264:87:38. ж260-12 . ж162:11 


264391. Е: РеО B*Pe C VP.2. XP, = Р DP 


Dem. 
|. *264-13.2Е:Нр.2.РеО шва — о (1) 
|. ж260-27. ЭН: Hp. D. P, = Ра СР, 
226426] = Pa D DP (2) 


+. (1). (2).ж964&87.ж*26019.Эк:Нр.Э.4“б“Р„=Рь„.Рь„ЄРРр“Р (3) 
+. (3) «264381 . D H. Prop 


42644. Е:РеП,--ЕНР,Э.СФ, Co [x26495139] 
ж264401. Р: Pe 0.2. D'P, Co 
Dem. 


F.X1515.4264134.2 +: Hp. 2. DP, - РГ Ы DVP (D 
F.(1).426495. DF. Prop 


4264402. к: Pe infin. Е! ВР... BP, e Об 


Dem. 
F.x26424, 2 F: Hp.2. EL B'Cnv' УР. 


v ж--- 
[k1515.496434] 2. ВЕР, = PE(P В“ Опус УР. 


[x264/252] 2. BP, e fins D+. Prop 
#264403, H: Pe OD. BP e (УР... BP = А 
Dem. 
Е. 26426-231. D F : Hp. 2. BP e CP, . BP = B Cav VP. 
[490-14] 5. CP. BOnv'V4P =A. 
[к151-5.ж964:34] >. BP, = А: ЭБ. Prop 


The following propositions deal with the various different cases that arise. 
Their net result is expressed in ж264:44. 


#26441, Е: РО шоо. E! BP... NP - Ni VIPX o 
Dem. 
F.x264364.2F : Hp. 2. P,, є Relexcl a МР. СР. Со. 
[x251:03] D.E P, «МУР Хо. 
[426489] 2.PeNr VIP Xo :2F. Prop 
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x26442. к: Реб. BP oe P. V Pe. dD. NP od NBSP, 
Dem. 
F 426436. DF: np. 2. Р„=(В‹Р„) | (BP). 
[4162342643913] Э.Р-ВФ,28Ф,. 
[426436401] 3. NrP- o4 BP, :2 E. Prop 


x264421. H: Pe Q. IP cC VIP V Pe2,.2. NP odi 
Dem. 
F. 26436. D : Hp. 2. P, = (B Pu) 4 (ВБ). 
[4162:3.4264:39113] 2. PL DP = ВР, ФВ, 


[*264:403.160-21] =B Po. 
[x264:401] 3. PED'Peo. 
[#204-461] 2.Peoti:2F.Prop 


4264422. H: Pe infin ө. BP we OVOP. VP wed. 
МР = (МУРУ (D'V:P) X o) + NrB Py 


Dem. 
F x26436 4204272 .2 H: Hp.>.DP,, vel. 
[42047461.4264:24:36] Э.Р,-Р,ДОФ,ыВФ,. 
(ж16943.ж264:391 Э.Р-ХҮР,1УР,)3-8Ф, (1) 
Һ.ж96436401.ж95163.2 
t:Hp.>.NrS(P,.[ D‘P,,) = М (УСЭГ (DVP) xo (2) 


Е. (1). (2) #26436. D+. Prop 


#264423, Е: Pe Q. BP e OVP. UP we. Ds 
МиР = (Nr(V*P)E (D|VP) x o] 1 
Dem. 

As in «264422, 
F:Hp.2. P, - Ppl ОР, p ВР. 
[#162-43.4264391] >. PL DP — P, | DP p) $B Pp 
[4264-403] = «Р.Е DP) а) 
Е.ж96436-401. «25163. 2 
F:Hp.D.NEZX«P,DDCP,)- МЕР (РУХ — (2) 
+ .*204461. 2 F: Hp. 2. МР = Nr(Pt DP) +i (8) 
Е. (1). (2). (3). Dk. Prop 
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ж264:429. ixa=a Df 
This definition is aerely intended to enable us to include i with ordinals 
in general formulae. 
#26444. Р: Ре0.2. (ча, В).аєМо vil. Be NO finve'l.Nr'P=(axo)4+8 
Dem. 


F-16022 416013. ЭР: P e Q fin. >. МиР = (0, x o) МР (1) 
+. «160-21. эк Р=ш.2. МР =(i Xo) 40, (2) 
К.ж264-41.ж160°91.Э 

н: PeQinfin—o. +E! BP .>.(qa).aeNO.Nr'P= (aX 9) 40, 8) 
F. 26442402. D 

к: Pe OQ. B Poet V P.V P єв, Э.(яВ)-8с NO fin. Nr*P—(i x o) В (4) 
k.x204491. — 2E:Pe 0. BP e C VP. P 62,.9.NrP=(ixe)ti (5) 
F. 0964-499-409. DF: Pe N infin — o. BP «eO VP V Pwer. D. 


(qa, 8). 4e NO. BeNOfin. МР = (аХо) +В (6) 
F 4264423, DF: Реб. BP e C'V«P VP o e2,.2. 
(що). «e NO. МР = (axe)il (7) 
=. (1). (2). (8). (4) -(5). (6). (T) -D F . Prop 
The following propositions apply the above results to the cardinal number 
of the field of a well-ordered series. 
x26445. t:PeO. V'Pe2,, 2. №С‹Р = №, 
Dem. 
F .3264:42:402 «18071. 1527.2 
Е: Hp. BPa eC VP .2 (gp). p e NCinduct . NCP = Cw и. 


[x263101.4019341] Э. МСР, а) 
F. x26442] . #18162. D F: Hp. В: Реб УР. Э. МР Обо +,1 
[%263-101.«123-4] =X, (2) 
F.(1).(8).9F . Prop 

4264451. H: Pe Qinfin- o. EL BP. Э. МР = Ne'C VP х, А, 

Рет, 
F 2964.41 41885. D E : Hp. 2. МСР = No'C VIP x, Оо 
[x263101] = Ме VP x, N: DF. Prop 


x264452. Е: Pe infin - o. УР, BP s eC У.Э. 


Ne P = Мед УР x, № 
Dem. 


F.x264:492 . ж1845 . ж18071.2 
К: Нр. 2. (qu). ре NC induct . Nc'C'P = (Nc'D'V'P x, №) +, (1) 
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Е. ж123-43 117762. D F : Hp. pe NC induct. D. p < Nel VP x, №. 
[k117:561] d . (NeD'VP x, Ми < (Ne*D'V*P x, Ni) (Чер x, N) 
[123:421.x113:43] « Меру x, N, (2) 
+. (1). (2) #117625. F: Hp. 2. NeC'P = NeD VP x, Ny: ЭР. Pror 


4264453, Е: P e infin — o. E!E P.Y Pae 2, D. NOP = Ne'D'V*P хх, 
Dem. 
As in ж264:459, 
HF .x264423 2 F : Hp. BP e C V*P 3. NeCOP = Ме“ УР xN, (1) 
Е. (1).ж264452. D F. Prop 
x26446. t:PeQ infin — u. D. Ne'CP = Му х, N, 
Dem. 
F 123421 426445. ЭЕ: Hp. VP e2,. Э. NOE = меб VP xR, (1) 
F «264453. 2 
F: Hp. ЕТ ВР. V.P мед, Ne'C УР = a 1.2. Ne OE их, №, 
[123-422 4113-43] = (и х, №) +o (и x, Ny) (3) 
FOKlT5716.2 
ЕсНр.Э.нх,М,« (u + 1) x №. (и Их, Nos их, Ns) to (ах, Юу. (3) 
Е. (2). (8). 2 F: Hp. 2. МР (a4, 1) x, № 
[Hp] = Ne'C'V:P x, N (4) 
Е. (В. (4) #264451. К. Prop 
*26447. t:PeOiufin.O.(qgu).ueNC—U0. Nc'CP—-u x, № [x26446] 
ж26448. F:acC*(Q— Clsinduct. 2. Ncfae D(x, №) [x26447] 


ж265. THE SERIES OF ALEPHS. 


Summary of *265. 


In the present number, we shall confine ourselves to the most elementary 
properties of the ordinals and cardinals considered, The most important 
propositions to be proved are the existence-theorems. These all depend 
upon the axiom of infinity; moreover, as the numbers concerned grow 
greater, the existence-theorems require continually higher types. 

In virtue of the definition in *262, (N,), is the class of well-ordered series 
whose fields have N, terms. This is not an ordinal number, but the logical 
sum of a certain class of ordinal numbers, namely of Nr'«(N,),. 


в, is the smallest ordinal whose field has more than № terms. We do 
not, however, take this as the definition of œ: we define œ, as the class of 
relations Р such that the relations less than Р (in the sense of X254) are 
those well-ordered series which are finite or have №, terms in their fields, 4.6. 

> 
өрж Ё. Поза Р - (N) о О fin] Df. 

Ву «254401 it follows immediately that if Pec, P is a well-ordered 
series and c, is its ordinal number (26511). Hence о, is an ordinal number 
(ж265:12), though we need the axiom of infinity to show that c, exists. 

Assuming the axiom of infinity, the existence-theorem for a is derived 
from the series of ordinals which are finite or belong to series of № terms 
For notational convenience, we temporarily define this series as №; thus 

Nz(«)pÍNOfnuN:r'"(N),] Dft [x265]. 
It is also convenient temporarily to write M for * «27: thus 
M= < Dft [«265]. 

It is easy to prove that if N, exists, М is ar ө, (ж26525). Hence we 
obtain the existence-theorem for w, in either of the forms: 
ж265:21. big iQ nta. d.q la at tya 
ж265:28. |:Тобп ах (л). D. 1o, өй 

It is easy to prove that @, is greater than the ordinal number of any 
series of №, terms (ж265:3), and that if œ, exists, 


-» 
Mo, = NO fin u Nr'(N), (426585), 
te. the ordinals less thar «y are those that apply to series of N, terms or of 


a finite number of terms. 
12 


170 SERIES [PART У 


We define №, as 04), 1.6. as the class of those classes which can be 
arranged in a series whose ordinal number is ө. It follows from ж152:71 
that N, so defined is a cardinal number (ж265:38), and that if N, exists, 
N, > М, (ж265:34). 


Та a precisely analogous fashion we can put 
AV 
@, = P fless P = (№), о (№), v Q fin] Df, 
К, = Со, Df. 


Theorems similar to those mentioned above can be proved for о, and №, 
by similar methods, We can proceed to w, and &,, where v is any ordinal 
number. But our methods of proving existence-theorems fail if v is not 
finite, since at each stage the existence-theorem is proved in a higher type 
and we know of no meaning that can be assigned to types whose order 
is not finite. 


It is easy to prove that the sum of two ordinals which are less than œ; is 
less than w. Much of the accepted theory of (№), and о, depends upon the 
proposition that the limit of any progression of ordinals less than œ, is less 
than «y, so that in the series N, every progression has a limit within the series. 
This proposition—or at any rate the current proof of it—depends upon the 
multiplicative axiom. The proof, in outline, is as follows: 


It is easy to prove that an ordinal which has N, predecessors must be 
a member of Nr'(N,)., ie. must be, in Cantor's language, an ordinal of the 
second class. Now consider any progression P contained in N, i.e. consider 
а series a, @,... @,,... of increasing ordinals of the second class. The interval 
between any two consecutive terms of this series is either finite or has N, 
terms. Hence МОР, ie. the class of ordinals preceding the limit of our 
series, is the sum of N, classes each of which is finite or has N, terms. It is 
then argued that, because №, x, №, = N,, the whole class N**C*P must consist 
of N, terms. This conclusion, however, except in special cases, requires the 
multiplicative axiom, since it depends upon ж118:39, т.е. 


Fs. Multax. D : y, ve NC . x ev n СЇехсЕр. D. sfr e p Xov. 


It follows that, unless for those who regard the multiplicative axiom as 
certain, it cannot be regarded as proved that о, is not the limit of a pro- 
gression of smaller ordinals. With this, much of the recognized theory of 
ordinals of the second class becomes doubtful. For example, Cantor pro- 
ceeds to define a host of ordinals of the second class as the limits of given 
series of such ordinals. It is probable that, in regard to all the ordinals which 
he has defined in this way, a proof that they belong to the second class can 
be found, by actually arranging the finite integers in a series of the specified 
type. But the mere fact that they are limits of progressions of numbers of 
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the second class does not, of itself, suffice to prove that they are of the second 
class, 


As another example we may mention the very interesting work of 
Hausdorff*, much of which is based upon the proposition that a term which 
is the limit of an œ, chosen out of a given series cannot be the limit of an 
в chosen out of the same series. This proposition is a consequence of the 
proposition that у is not the limit of a progression of smaller ordinals, and 
must therefore be regarded as doubtful. Hausdorff constructs by means of 
it many remarkable series, for example, compact series in which no pro- 
gression or regression has a limit. The existence of such series appears, 
however, to be open to question, unless the multiplicative axiom is assumed. 


It із not improbable that a proof, independent of the multiplicative axiom, 
сап be found for the proposition that о, is not the limit of a progression ; but 
until such a proof is forthcoming, the proposition cannot be regarded as 
certain. 


826501. w, = P {les P — (N), v Q fin} рг 
ж26502. N= Оч, рғ 
426503. о, = P(es«P (№), ы (№), v Qin] Df 
426504. N,— 0а, Df 
ete. 
x26505. М-< Dft [x265] 
This definition is revived from #256, 
x26506. N =M [«NO fin u Nr*(N),] Dft [x265] 


Тһе existence-theorem for о; is derived from М, since, if N, exists, N eo. 
#2651. Fi Рем. =: Qless P. =q. QeN . C'QeClsinductu N 


[(ж265:01)] 
ж26511. Р: Ре. Э.о = NYfP. Pe 0 
Dem. : 

F.x2651. DF:Hp.D. À less P. 

[#2541] 2.Ре0 (1) 
F 4254401 . (1). (426501) .2F : Hp. Qe; . Э. Qemor Р (2) 

~ 

|. ж254-401 . (1). (ж265:01) D F: Нр. Qsmor Р.Э. 16580 = (№); v О fin. 
[(265:01)] 3.Qco, (3) 


F.(1).(2)- (3). DF. Prop 


* Untersuchungen über Ordnungstypen. Berichte der mathematisch-physischen Klasse der 
Königlich Sächsischen Gesellschaft der Wissenschaften zu Leipzig, Feb. 1906 and Feb. 1907. 
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#26512. |.a,eNO (|ж26511.ж256:54| 

> 
#26513. F:aeNOinfin.D. ME М‘ ава 


Дет. 
H. #256209 DH : Pe Qinfin. 2. NM} МиР) = МЕР OP) 
[4262-112] =Nr'P (1) 


F.41). «260211.2F. Prop 
ч 
#2652. H.G*'N- NO fin — #0, о Мг (№), = №0, [x25551] 
#26521. F:ig!N,.aeNO finu Nr"(N),.2. 
> > 
M [ M'aless №. aM (Nr*N) . aC less‘ N 


Dem. 

L.4253:13. 32652. D F : Hp. ae NO fin u Nr(N),.2 . ME M'a с DAN, . 
[#254182] э.м Mals N (1) 
L.(D).420518. — D :Hp.aeNr(N),.2.aM (NN) (3) 
F.(2).426331101 .2  : Hp. ac NO fin. 2. aMo . oM (Ni*N). 

[x256:1] 2.аМ (ММ) (3) 
Е. (2). (3). DF: Нр. ас МО finu Nr“(&,),. >. aM (Nr* N). (4) 
[x25517] э.аС N (5) 


F.(1).(4).(5).2 F . Prop 
426522. F:gq!N,.2.G fin (№), Cless [ж965°91] 


426523. +: PeD‘N;.D.(qa).aeNO fin v Nr(N), Р Ма. NP =a 
[42652 . +95313. 4905-13 . 2627 . 4120-4991 
#26524  F:PeD'N,.2.PeO finv(N), [x26523] * 
*265:25. F:gq!N,.2.N eo, 
Dem. 
F.49544119. ЭР: PlessN.3.(qQ).Qe D'N,. PsmorQ. 
[4265:24.426118.415118] 2. P eù fin v (Nj), а) 
К. (1).ж96599.ЭК:Нр.Э.1ев“ = Q fin v (No), - 
[*265:1] 2.N ea :2F.Prop 
426526. H:a eN,- 2 . Ме (less Г 04Суа) e o, . Мева [ CH Cla) = № 
Dem. 
F.x254431 15037 2 
Е.М (less беСіа) = (Nuri less) p Na*(0 л Са) а) 
F-12316 2 Fsae N,. Э.Ма(0 a Cla) € NO fin v №), @) 
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Е.н12814 42621891, DF raeN,. pe NCinduct 01.2.1, n “Са: 


[x26225] ОР: N,.veNOfin.D.n!va Ola. 
[x15245] DiveNeCCla 8) 
К. #1527. DF: Pe(®),.aeX,.d.aeO Nor P. 

(ж60:341 2.Nr'P e Nu Cla (4) 


+ .(3).(4). DF rae. 2. NO fin v ММ), СМСС л 0) (5) 
К. @).(5Б).ЭК:ае%,.Э. NO fin u № (М), = Мә (бесі a 0) (6) 
К. (1). (6). (425501 ¥265-05-06). ЭЁ: ас Ny. D. Ма өв “СГа)-. 


[265-25] 2. Ми (less [ Оча) соц: ЭЪ. Prop 
ж26527. bi qi, ata.d.qla o Ifa 
Dem. 
F.x6455 D F : Века. CPC 8.2 Petya J) 
К.(0). Эн: Вейа. 2. ССВ Са. 
[155.19.635] 2. Мб сие. 
6457] 2. Ми езз[ СОВ) бча (2) 
F . (2). *265°26 . D F. Prop 


x26528. | :Infinax (2). D. g!a, atis 


Dem. 
F.x12337. 2F t Hp. D. ŢIN ай. 
[x265:27] 3.91o o Claris, 
[x64312] о.о a Mea: Dk. Prop 


Propositions concerning №, and œ, and generally №, and ,, where v is 
an inductive cardinal, are proved precisely as the above propositions are 
proved. There is not, however, so far as we know, any proof of the existence 
of Alephs and Omegas with infinite’ suffixes, owing to the fact that the type 
increases with each successive existence-theorem, and that infinite types 
appear to be meaningless. 


#2653. F:aeNr(N.),.D.a< w, [x2652225] 
#26531. F:igIN,.O. Nz № 


Dem. 
+. *265°25. D+: Hp.d.CNe®, (1) 
+. «2652. 5F.NOfin- 0, CON (2) 
F.x2621921.412397 . D F: Hp. 2. NO fin — (0, eX (3) 
F.(2).(3). 2F:Hp.2.NceCN > К, (4) 


+. (1). (4). DF. Prop 
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+26532. Eig 1N,,2. №, №. К,а Л 


Рет. 
Б. ж2653.29+: Ре0.СРе№,. 2. Реоєо. 
[(*265:02)] Э.СЧР--єК, 
F. (1). ®262°18 . (ж265'02). DEAN AN = Л. ЭН. Prop 
ж265:33 F.N.eNC [415271 . 265-12] 


126534. b:g:N,.2.N, M, [4265313233 . 255741 
> 
826535. b+ q!o,.d. Mo, =МОйв v Nr*(N)), 
Dem. 
F 42653 . #20331 . D F: Hp. 2. NO fu v №), Сч, 


+.ж26511.ЭК: P eos. №0 e М. D. Qless P. 
[x265:1] 2. Nr'Q e NO fin v Мг (8), 
F.(D.(2).9 F. Prop 
ж265:351. Е: Pew. =. ү! өү, Мг“ ОР; = NO finu Nr*(N,), 
Dem. 
F.x25611.x26535.2 


Кай То, . МР, = NO fin v Nr(N),. = 
(%9561.ж204:341 =. Ре: +. Prop 


25 
«265352. Е: Рев. 2. МР, = М, (ж26585851| 
#26536. Б:а,8сМГЧМ,,.Э.аБВеМЧКО, 


Гет. 
F.x18071.2 F: Нр,Э.С“а48)- Cat, C*8 
[426212] Ем, 
[#128-491] =. 
[x26212] 2.а+Ве Nr'(N)), : DF. Prop 


#265361. Р.а, 8c NO finu Nr*(N), .D.a d Ве NO fin u Nr“(&,), 
[Proof as in «265:36, using «12045 and *123-41] 
#2654. Fi Peay. a COP. Pyne Cls induct v N.D. g!p Pa 


Dem. А 
К.ж265:1.ЭР:Ир.Э.(Р[ Руа) less Р. 


[*254-51] 2. Рича CCP. 
4 
[*202:504] 2. я! Ра: D+. Prop 
#265401. F: Pew,.aC OP. PaeClsinduct uN,.3.q tp Pia 
Dem. 
-» 

F.x205131.2 F : Нр.Э.Р,ба- Pau maxpa. 
[+205'3.ж120:251.ж123:4] 2 . Py ae Cls induct o N,. 
[*265-4] 25.9 tp Pen :D F. Prop 


-» E 
49 ! оюу, М МиР = Мо, . 


(1) 


а) 


(2) 


SECTION Е] THE SERIES OF ALEPHS 175 


> EI 
ж265'41. +: Pew. D. P“ P CRN, о Cls induct. P4C'P CN, v Clsinduct 
Dem. 


> 
F.«254182. Dk: Hp.2:2eC P.D. (PY Рек) less P. 
> 
[x2651] 2.P'zeN,uÜlsinduei (1) 
> 
Е. (1). #120251. 1294 . D k: Hp. 2:2 € CP. 2. Релей, Clsinduct (2) 
F.(1).(2). DF. Prop 
«26542. F:Peo,.2. G'PCD'P 
Dem. 
= 
F. ж265'441. 2+: Нр.ге@Р.2.ч!рРЧих. 


[45301331] 2.zeD'P:2F.Prop 
< < 
%26543. Р: Реа. хе 0“Р.2.РЕРь аео. E!lt Pre 
Dem. 
< 
|. #2642 . x26542. 9+: Hp, 2. ~ Е! тахь Pa. qa) 
< 
[*264-22] D.P Ре (2) 
<- 
Н.(2)-426541 24128401, ЭР: Hp. 2. PHP с №. 
ee 
[265-401] 2.g tr PP, 
«< 

[(1).*250-193] Э.Ё!! Р, а (8) 
F. (2). (3). DF. Prop 


— € < 
x265431. |: Pea, ФЕР. se CQ. Q'z C Pu uz. D.J! p PCQ 
Dem. 
> € 
F.x26543. ЭН: Hp. 2. C*QC РР: 2E. Prop 


420544. Б.РеоршеСФРЬЭ.РГРушсог 

Dem. 
F.325313.2 F: Hp. 2. DP E Pya) = АНУ) -Pyy R= Pp Py) (1) 
|. #254101 2 Hp.oPyy. D. NP PE y) NP p Py. 
[#265359] 2. МиРЕРан y) e М, (2) 
Е. ж265352.2Н:Нр.2. МиР р Pts e МФ, (3) 
+. (3). 426536135. D 
E: Hp гав Мо, қ 2. NP} Picha e Ме, А 
[*265°351] Э.(яу).- МРГ pon az М“Р[ Ру О 
|ж258:47:111 D. (y). Pyy - Nr*PE Р: +а= МР Py. 
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[4204-45] D. (qy).2Pyy. МР офа Nv Pt Pet Ne PEP (ery). 
[4255564] D. (gy). Pyy -a= Nr Р (ery). 
(D] — 2.aeNr«D«P E Ри), (4) 
F.(8). (4). Dk: Hp. 2. МР Був) Мон, 
[4265:35:351] 2. РЕ Pyne: ЭН. Prop 
ж265441. Е: PeSer. Q, Reon ВИР.ВС0.5. 

POOR ее: = 090 


Dem. 
Е. ж263-27 . Transp. DF: Hp. D. ~E! max CR. 
[#205-123] 2.СЕСО0ЧС ЖЕ. (1) 
(ж872) 2.РеСЕ СРеОЧСВ 
(87152) сресф (9) 
F. x26347 . Transp. D F: Hp. 2 pCR = А. 
1(1)4202:511 2.002 Q«CR. (3) 
[*201:5. Bp] 2.Р“СФСРеСЕ. 
[(2)] D. PCR = PQ (4) 
Е. (3). (4). DF. Prop 


= e 
x26545. H: Pew. QE Piae .2,.91 Q- Pye: Qew. 
+— «- = 
S=29 we CQ. y = ming (09-Р, 2).8-8|8,/490:3. 
Ryo € @ « Rag CQ. PMC Ryg = PAOD 


Dem. 
F.x32181. 2E: Hp. 2.8 CQ. (1) 
[x91:50.420]48] — D. R,CGQ (3) 
F.x26311.2 E: Hp. 2126 CQ. 2, E! 5а: 
|ж71:511) Э:86Сїв-»1.0“) CDS: 
Га)! D:SeCls->1. CS CDS: 
[*12251.x9621] D: Re Prog: 
[*263:1] D: Ryo (8) 
+. (2). (3) 3265441. 2 E: Hp. D. РС= РО) (4) 


|. (2).(3). (4). D F. Prop 


265451. +:. Hp&26545. 2:2 eR. D. P (s Век, 
Dem. 


F. x26545 426314. DF: Hp. 2:26 R.D. Ве Se. 


v e € 

[Hp] D. RíæePæ- Ра. 
[*260°181] 2.Р(хн R2)ceClsinduet (1) 
F.x26541.2^:. Hp. 2:2e CR. 2. P (zi— Riz) e&, СВ induct (2) 


F.(1).(2). DF. Prop 
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#265452. H: Hpx26545 4! P(ar а) Ply Ву). 2.2=у 
Dem. 
F 420118 2 Ft. Hp. 3: £P (Rty). yP (ota): 

[#1421] Dia yeCR.xP (В) «yP (Ba) : 
[4204:41.420545] 2:2, (у). УВ, (Rifa): 
[204-71] О:а-у.у.«Е,му:у-2.у.У >: 
[6441] Ә:л-у.у.аВыу.уВьа: 
(ж204:13.ж26545| — 2: 
*260453. Е: Hp«26545. к= (ңа). xe CR .a— P (s Ёл) мг 

ке, е Cl ехо, к= PO Ro POR (8965451:4581 


ау: ЭР. Prop 


#265454. + :. Hp265:453: xe N, ^ Cl ехс М,.Э,.8хєМ,:2. 
POOR a Py CR е, [265-453] 


x26546. +:.Peo,.QeanRiPiceOQ. 22.4 YQ Б: 
ке № п Clexcl*®,. Э, s € 4:2. PO №, 
[0265-41-454 . 4193-421] 
< 
ж265461. Е: Нрж26546.2. 1! p POQ (ж265464011 
*26547. +:.Peo,.Qewn В"Р: ке №, п Cl excl'N,.2,. ке №: 2. 
Ip «cQ (ж265461:481 
ж265:48. bs. eX п Clexcl/N,.2,. ‘ке: О: Pew. Qeo n RIEP.2 El lbp CQ 
[*26547 .ж250'123] 
x260481. Е; Multax. >. Hp«26548 [x11332 . 12352] 


ж26549. F:. Мшбах. 2: Реа . Qeon RKP.2. Ett, CQ (ж265:48:481| 
This proposition shows that, assuming the multiplicative axiom, any 
progression of ordinals of the second class (1.6. consisting of series having N, 
terms) has a limit in the second class, because Ne a. 
«2605. Е: Рєо,. Осо. СӘСС:Р. ~ Е! тахрС. 
= € < 
В = 29 {we CQ. y = ming(P* n Qa). S= ЕГ Ry BQ. Э. 
Sy eo Spo CP. PHOS, = PROD 


Dem. 
F.«20511. 2F:Hp.2. RGP.RGQ. (1) 
[420118] 2.8,СР.8,С60 (9) 
- > <- 
F.«205197. DE: Hp. we CQ. Qu C Раш. О.а = шах, От (8) 
> 
F.«263:412. «26126. 2 F : Hp. zeQ(Q. 2. E! тахь) (4) 


R.& W. UL 
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c — 
|. (8). (4) #205198. DH: Нр. ee Q. Qua C Бус, Э.Е!тахи0 0 (5) 


Е. (5). Transp. DFLHp.2:2e0Q.2.g Qua - Риз. 
[491:542.4202103] 5.g t Qian Ра. 

[4250121] 2. Е! Re (6) 
Е. (1). (6). x12251. ЭР: Hp.2. S Ров. 

[#2631] Э.8,єо (n 
+. (2). (1) 4265441 . D F: Hp. D. P*C*8,, = PHO (8) 


Е. (2).(7). (8). DF. Prop 


*265°51. Е: Hp«26548. Pee. ae №, м COP. o Е! maxpa. 2. El tpfa 
Dem. 
C.x9655.2 E: Hp. 2.(g8). Seo RIP. P*C*S-a (1) 
F.(1).*26548. D F. Prop 
The following propositions follow easily. 
«26002. F:. Hp«26548.P ew, .2: 
«— 
an OP eN, о Clsinduct. = . “Р n p*P* (ап СЕР) [x26551:41] 
«26003. |: Hp«26548.2:. Реф. =: 
PeQ ian CP e M, о Св induct. =. 11 ОКР ap P“ (an OP) 
ж26554. F:Peo.2.G'V'P Clt,"C*(o« ВЕР) |26551 
Le. every limit-point in an c, is the limit of a progression, which is what 
(following Hausdorff) may be conveniently called an w-limit. 
*265°55. Р: Рео,. 2. УР = №0 (о о ВЕР) (ж965:54. ж216:602) 


This proposition does not, like ж265'48, assert that every progression in 
P has a limit, and therefore it does not reqnire the hypothesis of «265:48. 


SECTION F. 
COMPACT SERIES, RATIONAL SERIES, AND CONTINUOUS SERIES. 


Summary of Section F. 


A compact series is one in which there is a term between any two, 
ùe. in which PG P?, where P is the generating relation. We may call 
any relation P compact when PG P*; then a transitive compact relation 
will be one for which Р = Рз. Hence a serial relation Pis compact when- 
ever P= Р. Compact series in general have certain properties, some of 
which have been already proved; but the majority of the interesting pro- 
positions in this subject come from adding some other condition besides 
compactness. Thus series having Dedekindian continuity, which have many 
important properties, are such as are compact and Dedekindian. Rational 
series (1.6. such as are ordinally similar to the series of all rational numbers, 
positive and negative, or, what is equivalent, to the series of rational proper 
fractions) are defined as such as are compact, without beginning or end, and 
consisting of №, terms. Such series, alsu, have many important properties. 
A continuous series (in Cantor's sense) is a Dedekindian series containing 
A rational series in such a way that there are terms of the rational series 
between any two terms of the given series, This species of compact series 
also has many important properties. It consists of all series ordinally similar 
to the series of real numbers including 0 and ©. 


*270. COMPACT SERIES. 


Summary of #270. 


The propositions of the present number are mostly either obvious or 
repetitions of previously proved propositions. The latter are repeated here 
for convenience of reference. 


We put comp = Bw CP» Df 
so that the class of compact series is Ser n comp. We have 
> 
#27011. Н:.Ресошр. =: Ру. Dzy- F гБ л Piy 
#27034. Р: P etrans n comp . D . s‘P =sgm‘P 
The proposition $“Ру =sgm‘Py, which was proved in ж212, is a particular 
case of the above. 


ж27041. +: PeSerncomp.>.Nr‘P С Ser n comp 
Le. a series which is similar to a compact series is a compact series, 
#27056. +: PeSer. QQ. E! BP, Е! В.Э. Рё c Ser o comp 


This proposition gives us a means of manufacturing compact series of 
various bypes, such as w exp, e, e exp, «e, etc. 


#27001. comp- P(PGP*) Df 
Here “comp” is an abbreviation for “compact.” “Compact” series are 
the same as the series which Cantor calls “ überall dicht." 


ж2101. +:Pecomp.=.PGP? [(4270°01)] 

ж27011. |:. Ресотр. = :&Ру. Dzy T (Ба n Piy [*270°1] 

427012. +: Pecomp.=.Pecomp [427011] 

#27013. +: P etrans n comp. =. P = P? [#270°1.*201-1] 

*27014. Е: РеБегл сошр - = . Ре В] п соппех. P=P?.=. PeSer. P= P: 
[27013] 


#27015 +: Ребег о сотр. = . P e бег. Р, = А [*201'65.ж*270°14] 
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> > 
*2702. F:Pecomp.D.~g!max Ps [x20525 . 2701] 


> > 
x270201. Е: P e comp. Эс» др лм «ТР. ~y! max DP 
Dem. 
-» “ “ 
Е. ж87-25. ЭН. шир ЧР = PDP- (PDIP (1) 


> 

|. (1). #9701. Db: Hp. 2. mings P =A (2) 
— 

Similarly F:Hp.2.max,D'P- A (3) 


F.(2).(3).2 F. Prop 


— v -» 
ж270202. +: Pecomp.3.~ Я! minp'P*'a. ~y! шах, “Ра 
[Proof as in «270201] 


> 
x270203. F: P ecomp. D. ~y 1 зе4р сс [*206:42 .ж2701 | 


ж270204. H: PeSer n comp. Е! зера. 2. ~ E! maxp‘a 
[ж206:451 . ж270:151 


ж210:205. +: Pe Sern сотр. D . ltp = seqp («207-1 .ж270:204] 
> 

#27021. |+: Рева сошр.хе(“Р.2.х р (Р“=) [ж207:31.ж2701) 

ж270'211. F: Pe ВЕ п comp. D. 016 = CP ж210:21| 


Thus if a relation is compact and contained in diversity, every member 
of its field is a limit-point. 


#270212. FE: Peconnex. D'lt; = CP. 2. P e comp 


Dem. 
F.x90734.2F : Hp. 2. CP C - GP РЭ. 
[33:251] Э.ОЧР- Р )-А. 
[ж270-1] 2.Ресошр: 3+. Prop 


«27022. HF: Pe Rl'Jo connex . D :Pecomp. =. О» = CP. =. СРСР 
[4270211212 . ж207:18) 


ж210:23. F:Pecomp— (А.О, P ~ e Bord 


Dem. гс 
F.x270:201.2F : Hp. 2.(g0).aCCCP pta. ~ д! minpa. 
(ж2501011 D. Pwe Bord: D+. Prop 

#27024, +: Ребег е сотр — (А.О. (Р ~ є Cls induct 

Dem. 


H. x27023. 2F: Hp. Э.Р-ей. 
[261-31] D. СР ~ eClsinduct : D+. Prop 


X2703. F: P eSer n comp . D .sect/P — ЮР. = Ру“С‹Р 
[#211-351 . x27015] 


182 SERIES [PART V 

#27031. +: Petransncomp.3.D‘Pe=D(PeAL) [21151 .ж210114| 
> 

#27032. Е:Р ебал: п comp. Э.Рае(Р АТ) (ж2114452.ж927011 


4270321. H: ЁС“РСОЧР,А1).Э.Ресотр [4211451 . #2701] 
4210322. H: Pe trans. 2: POP СРР, АТ). =. Ресошр 
[4270-32321] 


«27033. Р:. Ребег. 2: Pecomp.z . (I*maxp o (I'seqp = A 
[*211:551 . x27014] 
«27034. |: Petransacomp.>.s*P=sgm‘P |ж27031.(ж912:01:02)) 
«27035. +:. P etrans n connex n comp. 2: P e Ded . = . d'maxp = — seq» 
|»214:4 . 27013] 
ж270351. + :. PeSer. 2: P єсотр n Ded. = . (I*maxp— — Ч ‘ведь 
[x21441 . #27014] 

À series which is compact and Dedekindian is one which has Dedekindian 
continuity Thus the above proposition states that a series which has Dede- 
kindian continuity is а series such that every class has either a maximum or 
a sequent, but not both. 
x270:352. Е: PeSer n comp o Ded .аезесиР. D . limaxp‘a = Нить“ (СР — а) 

[21449] 
#27036. Е: РеВ1“ п comp. D. 6>С*Р = @Р.УР=Р 
[32162 . ж270-211 . («216:05)] 


#2704 +: Рєсотр. 2. Nr*PCcomp 


Dem. 
F.420012. — 23H:SePsüorQ.2.(SQy = 850. P = 850 а) 
F.(1).«2701.2F : Pecomp. Se Рашо 9.2.530 С 601. 
[15031] >. SSiQESISIQ?. 
[151-252] 2.06€Q2F.Prop 
*210:401. Е: Pecomp.z . “Р C comp (2704. ж155:121 


ж27041. Һ:Ребег өсотр.2. М“Р С бег а comp (2704. #20422] 

ж210:411, Е: PeSerncomp.=.Nyr'PCSermcomp |ю27041.ж155:19| 
> 

#27042. |: Pecomp.>. PE Руа, Р} Риз ecomp 


Лет. 
F.«27011.2F: Hp. "m . yPz. Э. (gw). yPw .wPz. 
[*90-16] D. (gw). w Pus .yPw.wPz (1) 
F.(1).427011.2 E: Hp. 2. PE Pys e comp (2) 
Similarly Е:Нр.Э.Р [Ру есотр (8) 


Е. (2). (3). DF. Prop 
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42705. Һ:Р,0ебегасотр. “Ра 9А. (Е! ВР.Е1В). о. 


Dain. РФ0 ег n comp 
F.x16051. ЭР: Нр.Э.(РДО- PuQtuD'P 10 Qo C PT0:Q 
[493:103.Hp] = Рао о РРС 0) 
Е.(1). 40701. ЭР: Hp.d.PAQE(PHOY (2) 
Ha (2). #2045. DF. Pro 
#27051. F:PeSerncomp.C*P С Бег м comp . P e Rel excl. 2. 
ХР e Ser n comp 

Dem. 

Е. #20452. DF: Hp. 2. X'P e Ser (1) 

F.x1621.2 


Е. (EPY = (C Py ш (Руш (CP) | (FSP) 0 (PP) (OP) — (2) 
F.x2701.2 F: Hp. a (SCP) y. D. (AQ) - Qe OP. аб. 


[44113] 2. a (iO Py y (8) 
kF.«2701.2 E: Hp. z(FP5P) y. 2. (F5) y. 

[416312,4201:2] 2.a(FPy y (4) 
F.(2).(3).(4).31621.2 F: Hp. 2. P G(X*P* (5) 
F.(D0.(5).2F.Prop 


The hypothesis of ж270:51 18 in excess of what is required for the 
conclusion, which only requires, in place of Pecomp, that there should be 
no two consecutive relations in C*P of which the first has a last term while 
the second has a first term. This is proved in the following proposition. 


#27052 +: PeSern Rel excl. ОРС Бег п comp. 
BP (OP «Сау“а В) = A . 2 . ЎЕР e Ser ^ comp 


Пет. 
Е. #2701. #16312. DF: Hp. D. “СРС (OP) (1) 
Е. #20163. DH: Нр.2. FP = FIP, o ЭР! (2) 
|. ж93-103 . DH: Нр. ОР. .2: 09 = 009 .у.@В = CR (3) 


Е, (3). 21:. Нр.а(ЕЭР)).Ә: 
(19, В): ге D'Q. ye CR. v o e CQ. ye CR: QR: 
[*881818117] 
2:(я0,В,2):202.26 CQ. ye C R.v.oe C Q.zeC RH. zRy : ОР,В: 
[#150-52.ж201-63] 2:2 (СР) (ЕР) y у. (P) (СР) у: 


[#1621] 2:2(5Руу (4) 
F.316312.42012.2 o: Hp. 2. РР: = (ВР) (5) 
+. (2).(5).41621.2 F: Hp. 2. GP C(X«Py (6) 
F.(D.(8).1621.2 F: Hp. 2. XP G (SPY (7) 


F (4). (T) :204:52 . D F . Prop 
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«270521. | :. Pe Ser п Rel? excl . С“Р С Ser o comp: 
CP аСау“а B=A.v. Ро ОВ = А :2. ХР є бег п comp [27052] 


427053, К: PeSer .Qe Ser a comp. ~ (EL B«Q.E1BQ).2.P xQ Sern comp 
Dem. 


F.x1661. ЭР. Рхе= 59] ;Р (1) 
F.x16521.2F. 9; iP e Rel? excl (2) 
H .x16525.420421. DH: Hp. A! P.D. Q4 P eSer (3) 
|. #16526. «2704. 2E: Нр.2. соу JP С Бег n comp (4) 


Е. #1515 16520 2E: Hp. cE! 88.5. CQJ Pa G'B- A (5) 


Е.Э151:5.:416536. ЭЕ: Нр.с-Е1В“ф.Э.С90|5РлОпе“ЧОЕВ-аА (6) 
=. 4). (2) .(3). (4). (5) . (6). #210521 . 2 
Е: Нр.Я!Р.2.Рх QeSero comp (7) 
Е.ж16618.ЭЕ: P2 À. 2. P x QeSer e comp (8) 
F.(7).(8). DF. Prop 
x27054. |:РеЗег а comp. ~ E! BP. ze СР. Э.Р хє бег n comp 
Dem. 


F.«*20451. Db: Hp.d.P-+weSer (1) 
F.x1611. DF: Hp. 2. (P-pay = Р эр РТ uz 

[x93:103] = Ро OP hie (2) 
+ .(2).*2701.3+:Hp.3.P+2G(P pay (8) 


Е. (1). (3). DF. Prop 
ж210:541. Е: РеЗег п comp. ~ Е! ВР. 5-е P.D. ge РеБег о comp 
[Proof as in «270:54] 
#27055. К: Рє0. (Р СбЅег. > В! BP. C Pr Cnv'HB—- А.Э. 


ПЕР eSer п comp 
Dem. 
2513.2 E: Hp. 2. ПР eSer (1) 
25021 .ж93-103.2 
HHp.Qe CP. MeF P.D. (qo) (MPQ) (PQ) (2) 
.ж20043.2 


: Hp(2). (MP Q(B, Qz. L-M (Ре д)өг1 (Б )-Э.М(ПӨРУ (3) 
‚*20048.2 | 
: Hp(3). Ne FCD. (M*Q) 9 (№0). МЕР = ХҮРЧ >. LIP) У (4) 
.(9)-(3)-(9)-2 
> > 

:Нр. M, Ме РСР. Qe OP. (М4) 0 (№0). МР) = ХҮРО.э. 

(L). М(пеР)г.І(ПР) У (5) 
.(5) 420043 -D F : Hp. 2. TIP C (IPY (6) 
4(1) (6). ЭР. Prop 


ot) “Sam me TC qv 


prm 
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827056. F:PeSer.Qe OQ. w Е! ВР. > Е! В.О. P%eSeracomp 
Dem. 


Е. ж176-151. Dt: P-À.2.P*eSer а comp а) 
F.x176181182. D+. Резтог ПЕР i %9 (2) 
F.X16595. 42511212 H: Hp. !P.2.P1iQe0 (3) 
К. «10526 420421. DH: Hp. D. CP 150 C Ser (4) 
F.x16525. 1518. ЭР: Нр.й1Р.2.- Е! ВОР 30 (5) 
F.X16526.41515. ЭК: Hp.2.CPLIQn CnvTI*B = А (6) 
К. (8). (4). (5). (6). #27055. ЭЕ: Hp i P.D. ПЕР 50 e Sere comp. 
[(2).&270-41] 2. P? e Sern comp (7) 
F.(1).(0.2*. Prop 


By means of the above proposition, compact series can be manufactured Бу 
taking series of such types as w exp, о, e exp, œ, e, exp, о, etc. Any power 
«exp, В consists of compact series, if В is an ordinal having no immediate 
predecessor, and @ is any serial number having no immediate predecessor 
(ùe. not formed by adding 1 to a serial number). 


x271. MEDIAN CLASSES IN SERIES. 


Summary of #911. 


We shall call a class a a “median” class in Р if aC C*P and there is a 
member of a between any two terms of which one has the relation Р to the 
other. When this is the case, we have 

aPy Эу. 2). 29. Pz - ePy, 

ie. PCP[a|P. 

Thus P cannot contain any median class unless P is compact. Conversely, 
if P is compact, С“Р is a median class, Hence relations containing median 
classes are the same as compact relations. Median classes are important in 
dealing with rational and continuous series: the rationals are a median class 
in the series of real numbers, and the series which Cantor calls continuous 
are characterized by the fact that, in addition to being Dedekindian, they 
contain a median class which forms a series of the same type as the rationals, 


ig 
If P is a compact series, the class Р“СЕР is a median class in the series s*P 
(ж271:81). This fact is used in proving that the series of segments of а 
rational series is а continuous series, 


Our definition is 
Ж med = Ё (аСС:Р.РЄРГа|Р) Df. 
Thus med*P will be the median classes of Р, and “РеС“пей” means that 
there are median classes of P. We һауе (‘med = comp (ж271:18), also 


#27115. t:amed P.D. P, Рраесошр 


ж27116. +: (an СР) med P. E . (an D'P) med P. = . (ae ПР) med P. 
“(ал ГРАС“РутеаР 

If P is a series, and а C C*P, a is a median class when, and only when, its 
derivative is ПР, ie. 


#2712. F: PeSer.aCCP.2:a med P. S. АР = ёра 


An important proposition is 


ж271:39. F:P,QeSerao Ded.a med P. 8med Q. (Р ра) smor (QE 8). 2. 
PsmorQ 
Т.е. if P and Q are Dedekindian series, and а, В are median classes of Р 
and Q respectively, then if РС a and Q[ В are similar, so are P and Q. This 


ШОШ 
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proposition is proved by showing that P is similar to the series of segments 
of Руа, the correlator being ltp with its converse domain limited (#27137). 
Another important proposition is 


82114. — FiSePümorQ.B medQ.2 . (S8) med P 


Le. a correlator of P with Q correlates median classes with median 
classes. 


The above two propositions are used in x2753:31, which prove that two 
series which are continuous (in Cantor's sense) are similar, and that a series 
similar to a continuous series is continuous. 


X27101. шед-8Р(аССО“Р.РСРГа|Р) Df 

x2711. Framed P.ziaCO P, PGP a| Pic E. 
аСС“Р::Ру.Э,,. lan Pan Ру ((ж211:01)) 

27111. F:amedP.z.amedP [#2711] 

#27113, Е:ашеа Р.ВССО“Р.Э.(амВ)шей P (91111 

#27114.  F:amed Р.Э.С“Р [ amed(Pha) 


Dem. 

F.x2711.2 

Framed P.2:z yea. aPy Dey. (F2). zea.uPz.zPy. 
[x35:102] Э.у.(Яг)-гєа. (PE a)z.z(Ppayy: 


|к85:102,ж271:11 2: “Р E amed (PE a) :. 3+. Prop 
#27115. t:amed P.D. P,P} аєсотр 


Рет. 
КТІ. 2F:Hp.2.PGP:. 
[*270-1] D. P ecomp (1) 
F.(1).«27114. ЭЕ: Нр.Э.Р aecomp (2) 
F.(1).(2). +. Prop 
*27116. +: (an С“Р)шей P.=.(an D‘P)med P. = . (a n ПР) med P. 
=.(enD‘Pad‘P)medP 
Dem. 
b.«x2711.43315.2 
< > 
F: (an CP) med P. zPy.24,.9g!an D'Po Реп Ру: 
[27131] = (ал D‘P) med P 0) 
b 2711. 33151. DF: (ал CP) med Р.=. (a n ОР)шей P @) 


F.x2711.*3315151.2 2H 

| :. (ап C'P) med P. :2Ру. 2, 1ал DPA GP o Pian Py: 
[427111] : (a n РР n CP) med P (3) 
+. (1). (9). (8). 2 F. Prop 


шош 
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зу 
421117. k:Pecomp.2.C'P,D'P,GQ*P e med*P 


m E «35452 42701 D FE: Pecomp. 2. PG PI P|P. 
[#2711] 2.а‹Ре med“ P (1) 
[«27113] 2. P emed‘P. (2) 
[«271:16] D. D‘P e med‘P (8) 


F. (1). (8). (3). D F. Prop 
#27118. +.C‘med=comp [*2711517] 
x2712. b: PeSer.aCC'P.2:amed P.z. GP = 8ра [421613 2711] 


2% 

ж2713. +:PeRIJntrans.amed Р.2.Р“ашей (<Р) 
Dem. 

F.«27115.«27034.2 F: Нр.Э.сР-ади P. 


[x21211] Э.СР-8 (В, үерчР,А1):41ү-8) (1) 
Б.(1)- 421118 ЭЕ: Hp. 8(s*P)y.D.g!y - B. Py y. Р“В-В8. 
[#871] 2.(я2,7). 2єу- 8.а2Ру.уєу. 
[#2711] 2.(ң2,у,2).леу- B.uPz.2Py.zea.yey. 
[#20112] 2. (92, у,2).хеу-В.пРа. Ру. ге. yey. <> (УРД). 
> > 

[*32-18] 2.(gz).zea.g! P'z-B.g!y— Ре. 

>30 
[(1).*270-322] D.(qz). zea. B (s'P) (P'z) .(P'z) (s'P)y (2) 


F.(2).«2711.2 F. Prop 

#27131. +: Ре Rid ^ trans л comp. 2 ‚Реа‹Р med («“Р) (ж211:817) 
The following propositions lead up to the proposition 

#27137. +: PeSern Ded. a med P. D . ltp | C's'(Ppa)e P amot (s'(P [а)) 


whence, if a is a median class of Р, P is similar to the series of segments of 
Pa. This proposition is used in proving that every continuous series is 
similar to the series of segments of a rational series. 


Em 
*27132. H:PeSer. В = PEa. GBeD'R,. E1M,8.2.8— R*B-an Plt 
Dem. 


> > 
Е. ж205:9.2Е:Нр.ал CP e1. 2. maxgíB = шахр (а ^ В) 
-» 


|ж37:418.ж211:111 = max, 
[#20713] =A а) 
-» 
Е. (1). ж200:35. ЭЕ: Hp. Э.шахи8-А. 
[x2114212] Э.8-8В“В (2) 
-» 
Һ.ж9207981. ЭР:Нр.Э.Р“В-РЧь8. 
> 
[437-413] Э.Б“В-ас РЧь 8 (3) 


+. (2). (8). D F. Prop 
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#271321, Е: PeSer. R= Р а.Э.Гь| D Reell 
Dem. 


Е, «27132. 2+: Hp. B, ye D*Re. ltr = Њу. dD. В= у: D+. Prop 


ж211:322, Е: PeSer. R= Pfha.d. ltp RGP 
Dem. 
F.x21223. DF :. Нр. D : a(ltpis‘R)y. =. 
(яй, у). B, уе ОВ. BCy By e — It Bey = у. 
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> > 
[4207331] — 2. (8E). B, ye "В... BC y. By. Ра- PUR, Py = Phy, 


> — 
[*37:2.4271:321] Э. Р“: C P'y o y. 
[x204:33] 2.=Ру:. 2 . Prop 
> > 
x27133. +: Petrans.amed P. D. P‘æ = Р “ас Ра) 
Dem. 
> > 
=. #201501. D F: Нр.Э.Р“РеСР. 


> > 
[x37:2] D. Pan Р) С Ри 
F.x2711. Dh: Hp.D:yPe. D. (g2). yPz.zea.zPa. 
[4371] D. ye РЧал Р) 


Е. (1) - (2). D F. Prop 
> > 
#271331. +: Hp *27133.R=Pla.d.an Рх = Час Ра) 
Dem. 
> > 
К. ж27133. D F: Hp. Э.сдс Ра = ап P't(a Ра) 
-» 
[*37-413] = R“(an Ра): D+. Prop 
> 
«271332. +: P e Ser. a med P . ze ŒP . D . w= Ий Цас Ра) 
Dem. 
> > 
F.x271331.2 F : Hp. 2.26 Рес Pan Ра). 
-» 
[205123] 2. maxp(a o Pen) =A 
+. (1). 427133.2 
> > > 
t: Нр.2.ее СР. Pia= Р“ (ап Рт). ~ Е! maxp(an Ра). 
-» 
[*207:521]2 . ==: {аһ Р): DF. Prop 
#27134. +: PeSer.amed P.>.P=Itpis(P[ а) 
Dem. 
э 
F.4971931.321011. DH: Hp. Re PE 2.2. a5 Po e DR 
— 
F.420433. Эн: Нр. 2Ру.2.ал Ра Cao Ру а 
F.«271332. DF : Hp. ePy .2 ғ = 0а n Ва) .у= Цас Py). 
=> 
[*204-1] э.ал Pu pan Pty 


(1) 


(2) 


а) 


a) 
(2) 
(8) 
(4) 
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F. (1). (2). (4) . #21223 . D 


Fi Hp. Re Ppa. D izPy. 2 (a Pea) (sR) (an Pey) (8) 
Е. (3). (5). DF: Hp.OtzPy.2 . «(tis (Рро)} y (6) 


+. (6) 4271322. D - . Prop 
«27135. F:amed P.D. DP, а), C — G*maxp 


Dem. 
К.ж87418.ж21111.2 
Р:. ВеРр{Р[а).. 2: (яр). В = ао P(pna): (1) 
[#371] 2:(яр):2еВ.Э.. (Ну) .уерпа.2Ру (2) 


|. (2). «2711.5 

E: Bp. BeD(P[ ae. 3: (Яр) .w1e8.2,.(wy,z) -zPz.zea.zPy.yepna. 

1691 2..(Н2).хРё.2В. 

1ж87:1| Э,.сєР“8 (8) 
EN 

F . (3) - #205123 . D F: Hp. 8e «РІ ae. D. wasp B= A: DE. Prop 

«27136. F:PeDed.amed Р.Э.(Р | а). Сар [27135 . #214101] 


*27137. +: PeSernDed.amed P.D. ltp] C's(P[ a) e Pamor {s(Pf a)} 
|ж211:321:84:36 . ж151:22) 


*27138. F: PeSern Ded . a med P . D . P smorí(s*(Ppa)) [#271187] 


«27189. H: P,Q eSer А Ded. amed P.8medQ.(P[a)smor(Q[ 8)-Э. 
P smor Q 
Dem. 
+. «21272, 2F : Hp. 2 . {sP ра) smor (s'(P 8) 0) 
F. #27138. D F: Hp. 2. P smor (s(P E a)} . фвшог(6401 8) (2) 
F.(1).(2). DF. Prop 
This proposition is used in proving that all continuous series are similar, 
by means of the fact that such series contain rational series as medians, and 
that all rational series are similar. 


#2714. +:Se Psmor Q. 8 med Q. 2. (S*8) med Р 


Dem. 

F.x95354.X7414.2 FH Hp. D.Q 8] $- 01188. 

[41501] 2.8 (QT 8)- (SiQT 848. 

[x15111] Э.(8Х9Г8)1(890)- (PT S8) P (1) 
ЭРҮҮ ЭР:Нр.Э.(018)188-0Г18- 

[41501] Э.(8Х01.8)1(8:0)- 80181015 (8) 
F.(2).«2011. — ЭВ:Нр.2.810|86(840Г8)1(830) 
[151:11.(1)] 2.PC(PI 8*8) P. 


[2711] 2.(S*8) med P:2* . Prop 


*272. SIMILARITY OF POSITION. 


Summary of «212. 


If P, 0 are two serial relations, and Т is a correlator which correlates 
some terms of C*P with some terms of OʻQ, we say that two terms æ and у, 
of which æ belongs to СЕР and у to OʻQ, have similar positions with respect 
to T if y comes after the correlates of all members of D*T which x comes 
after, and y comes before the correlates of all members of D‘T which 2 comes 
before. This notion is useful for inductive definitions of correlations. If we 
start by correlating any two terms 2, yı, and take another term =, coming 
(say) after ду, а term y, having similarity of position with respect to æ, { y, 
must come after у. Suppose now we take a, between 2, and æ, Then 
aterm уз having similarity of position with respect to z | y, ua, $ у. must 
come between y, and y,; and so on. À correlation Т constructed in this way 
will be such that 75QG P. TPG Q. If the whole of СҰР and C*Q can be 
obtained by prolonging the construction long enough, 7 will at last become 
а correlator of P and Q. This is the principle of Cantor's proof that any two 
rational series are similar. 

Ав a rule, when the notion of similarity of position is useful, the relation 
T will be one-one, but this is not assumed in the definition. We write 
“Ж ғау” for “x and y have similar positions in Р and Q respectively with 
respect to Т,” ог, ав we may express it more shortly, “ the P-position of д is 
T-similar to the Q-position of y." "The definition is 


-» > < < 
Tro 89 [xe CP. y e CQ. DT о P'z C T*Q'y . DT a Ра C TQ*y . 
E 
рог Ту) DE 
This definition states that the predecessors of x which have T-correlates are 
to be correlated with predecessors of y, the successors of z which have 


T-correlates аге to be correlated with successors of y, and if т itself has 
a T-correlate, y is to be a T-correlate of д, 


When 7 is а many-one relation, the definition becomes somewhat simpler. 
We then have 


*27218. F:TeCls 1.2: cTpgy.=: 
> Y < ч 
geC P.yeC QizeD'To P'z.2,. T2Qy:ze DT л Р т.Э,.удТ 2: 
zeD'T.2.9— Та 


192 SERIES [PART V 


We have 
#27216. F.(D'T)] TET 

That is,a term which has a correlate cannot have similarity of position with 
any term except one with which it is correlated. A member of (“Ра ГТ 
will have similarity of position with its correlate (assuming Ге Сіз-ә if 
PEDTETIQ. T-CPCC'Q (427218). 

Under ordinary circumstances, a term which is not à member of D'T 
cannot have similarity of position with any member of (197 («272:2). When 
T is many-one and its domain is contained in C*P, and P and Q are series, 
and æ has no 7-correlate, we have (ж279:21) 

> “ 
2Тьоу. тіле СОР.уеС%:: «ІХТАРа.-,.Тефу, 
т.е, in this case, 2 and y have similar positions if the predecessors of æ which 
have correlates are the terms whose correlates precede y. In this case. if 
хе СР, we have (ж212:212) 
< > > Є = 
Tpofz = CQ 9 (D'T л Pla = T*Q« = CQ с 9 (ОТ n Ра = Те). 


We next investigate the condition for C*P = “Тро, ùe. the condition 
required in order that every member of C*P may have similarity of position 
with some member of C*Q. А sufficient condition is 


P,QeSer. Qecomp. ТеСІз-»1. D'TeClsinduct. PLD'T G 750.410. 
THOP CDQnaQ 
as is proved in ж279:34. 
We next consider the reversibility of Тро, ùe the condition that the 
converse of Тро should be (Тов. A sufficient condition is 
P,QeSer. Ге1-1. D‘TCOP.AT COQ (427242). 


Finally, we have two propositions on the addition of another couple z | y to 
T. With the above-mentioned hypothesis of *272°42, if eT pay and 150 СР, 
putting W=Tua | y, we shall have Р D*W = W5Q («212:51), so that the 
hypothesis we had for T still holds for W. 


The propositions of this number are in the nature of lemmas for 
Cantor’s proof that any two rational series are similar, which is given 
in ж218, 


927801. Tro = #9 ше OP. ye CQ. DIT Бес тфу. 
DT a Pia c Ty. DT avec Ty} Df 
42721, HiaTpgy.=. 2e P. ye CQ. DT a Ра CTO. 
DT a Рег © T Qy. DT л ие С Ty [(4272-01)] 
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ж27211. Е:їлєС“УР.Э. 
< voc > - «< 
Tror = ЖО] n p RTT n Po) рр л PC) 


E: 
n p TDT a tka) 
Dem. 


F.x2721.2F: Hp.2. 
c > = v 
Tpo'z = 04) a f (ze DT a Ре. 2; zT QuizeD'To P*z.2,. 2T Qy: 
ze DT nitz. D. Ty) 
хе > < < 
[40:51:58] = CQ o p'Q'* T*(D'T л Per) о рТ о Ре) 
< 
ар їр тае): DE. Prop 
x272111. Е:ксСЭР.Э. 
< о 4 > c < e 
Трох ж CQ ^ p'(Q ТОТ n Ре) ч ТРТ a Р“) ы TDT a «ә 
[*272:11 . ж40181 
#27212. Е: Тру. вже Р.уе С :. 26. 2,:2Рх. 2.27 |у: 
2Рх.2.2Т7|0у:г=2.2.2Ту [*272-1] 


ж212:13. bi: Те Сі5-01.2:. 2Грьоу. =: е0Р.ує CQ: 
-» v <- v мэ 
ZeD'T о Рис.Э,. T'zQyu:zeD'T o Pia. D. yQT'z:ixeD'T.2.y — Т 
[4272112 . #71701] 
#212131. |: ТєСБ-э1.лє(“Р.Э. 
= що ove e 
"yf = CQ a p GT Pea о QUT! Pa o TDT каз) 
[*272111 .ж71'613] 
827214 b:zeCP-D'T.2. 
< "S > c < 
Трое нэ CQ ^ р“ ТТ ^ Р“) ард ТТ ^ Р“) 
[4272111 . 4018] 
#272141. Е:сє(СЄР-1У Т.Э. 
< > — < < 
Ты“ = OQ o 9 (Га Ре С Тфу. DT a Р C 7409) 
[«27211] 
«27216. F:TeCls21.zeC'P —D'T.2. 
- — о ә — у c 
Тоа = CQ n p'Q' Té Pr a pr QUT Pra; 
[x272:131 . #4018] 
x27216. + .(D‘T)1 Trp СТ 
Dem. 


Е. ж27219.2 Е: хе ОТ. Тру. Э.=Ту: ЭН. Prop 
R. & №. HL 
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272161. Г: Te Chol. PE D'T G 150.Э.(0“Т)1Тьь- С“РТТГ OQ 
Dem. 
F.x15041. 3k:Hp.zeD'T.zPz.zTy.2.T'2Qy (1) 
F.x15041. 3k: Hp.zeD'T.zPz.aTy.2.yQT'z (9) 
F.(1).(9) «27213. DH: Hp. zTy ue CP. ye CQ. Э.Троу (3) 
Е. (8). ж27216. DE. Prop 
x27217. F:TeClsSO1. PE D'TG DQ.D'7C C P.O'TCOQ.2. 
T-(D'T)T; 19791611 
The hypothesis of «27217 is satisfied in all the important uses of Tg. 
272-171, Е: Hp #27217 ас DET. 2. Тен Te [321217] 
#27218. -:ТеСіз-і.Р 976720. THOR c 0 .2еСР о ОТ. Э. 


" ч 
Тьус-- Т 


Dem. 
=. #15041 .2Е:. Hp. 2:26 "Го Ёо. 2,. (I9) QUIS) (1) 
Е. #15041. DFi Hp. 2:2e Ро Pir. 2, (242) 9 (72) (2) 
Е. ж87-61. ЭН: Нр.2. Tae 09 (3) 
|. (1). (2). (3) «#27213. D H: Hp 2 ce Ty (7а) (4) 
F.x27218 DH: Hp. aTpoy -D -y = Te (5) 


Б. (4). (5). ЭН. Prop 
x2722. К: ТеСі8-01.РТССР. Peconnex.Q€J.r~veD‘T.9. 
Ты nGT-A 


Dem. 
> 9 
F.x27243.2 E: Нр.дТьоу.гсЇХТ 0 Pw. Э.Те+ у (1) 
e У 
kF.x27213.2 bl : Hp.aTpoy 2e D'T o Pa. D. Те фу (2) 


Е. (D. (2) Эн: Нр. 27у: 267.2. фу: Р. Prop 
ж272201. Е: TeCls S1. D'T COP. Peconnex . 91 Р“ЧТьо- D'7.2. 


асс 
Dem. 
F. #202104. DH: Hp. ze D'T.aTpoy. coe DT. D:2Pe.v.aPz: 
[*27213] 2iTGQy .v . yQ (Tz): 
[*33132] D: T'ze Qi. +. Prop 


*27221. bi: TeOlsO1.D'TCC P. P,QeSer. ze eD'T.2:. 


E v 
аТьоу . =: хе CP.yeC QizeD'To Р. =. Т ду 
Dem. 


F.x2122 .ЭЕ:. Hp.zeD'T.2Tjy 2:242. y Те: 
[*204:3.«272:201] 2:=Р2. =. (2Рз): yQ (Те). 5. (Та) бу) (1) 
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F.(1).«27213.9 F: Hp. D ta Tpoy. = 
veCP.yeCtQi.zeD'T. D: 2Pa. D . T'zQy : сз (2Ра). D. ~ (7*2) Qy (2) 
F.(2).2F t Нр.2:. 27у. =: ав C Р.уесС“О:гей Т.гРх.г,. TaQui: 
DF. Prop 
ж212:211, E: Hp 27221. 2 :. Ту. = 
теС“Р.уе0%:2«ГУТА а. =,.у0 (те) [Proof as іп ж27221) 
*272212. Е: Нрж272:21 .2се(“Р.Э. 
< > -» < c 
Тра = 69 9 (DT о РФ = T*Q*y) = С o 9 (DT a Pla = 7404) 
(ж279:21:0111 
*27222. +:TeClsl.P,Qetrans.2Trpgy.z,weD‘T. геР(2-ш). 2. 
cQ Те- Те) 
Пет. bd 
F.«27213.2 F: Hp. >. Тау. удТчи :D F. Prop 
4272221. F: TeCls—1 . P,Q e trans. я! еа P (z ш). D. (7*2) Q (Tw) 
[*272:22] zweD'T 
ж212:23. F:.TeCls1.P,Qetrans: 
2(Р|1УТ)ю.Э,..- 11 Тыл P(z—w):23. PED'TG TIO 


Dem. 
F.a972:221. DFi Hp. D: (P) “Туш. 2. (12) Q(T). 
[*150:41] D.z(T5Q}w:. D+. Prop 


x27224. F:D'Ta CP - A.D. Tp CP TOG [32721] 
ж21723.  F:TeCls-931.SG T.2. Tr G Spo 
Dem. 
Е. #27213. DH: Hp. 27у. 2 22e D'T. Р.Э. T*2Qy: 
[x729] DizeDS.2Px.d. SeQy (1) 
Similarly F: Hp. 22 pqy.DizeD‘S.aP2. 2.9082 (2) 
F 327218 .2 H: Нр. 2Tpgy 2126 DIT 22.2 To y: 
[#729] DizeDS.2=0.9. Seay (3) 
F.(1).(9).(3) «27213. D H : Нр. 7 poy. D 28у: ЭР. Prop 
The following propositions lead up ta x272:34. 
#27231. F:P,QeSer. d Cls1.z-eD'T.z— шив О Ра). 
ш = пар ПТ a бра). РТ С1590.3. Toga = Qs — Tw) 
Dem. 
F.x20521 „Эк: Нр.мер а Pto — v2.2. uPs. 
[&150-41.Hp] 2. fuga (1) 


196 SERIES [PART V 


. 4). 2Е:Нр.уе0 (е Teo) шер Ta Ра. 2. TuQy (2) 
Similarly Е: Hp. ye QT - Те) СІЗ DT o Px Pn yQT«u (3) 
F.(2).(3).x27243.2 F: Hp.ge QÜ- T*u).2.aTsoy (4) 
b 4272-22, DH: Нр.2. Troa CQ (Üz — Tw) (5) 
F.(4).(5).2F. Prop 


427232. Һ:Р,0ебег. Te Cls 1. DIT C Ре. 
— ev 
PED PE 750. = шахь DT. D. Трое = Q Te 


Dem. 
b.#27213.3Dhi:Hp.d:.a7pgy.=rueD7T.5,. Puy (1) 
F.«20521. 2F: Hp. ue D'T —4z.2.uPz. 
[150:41. Hp] 2. PQs (2) 
F.(2). 2FnHp.yeQT Dine DIT. Dy. Рау: 
[ал D: му (3) 
F.(1). ОЕ: Нр. 24у. 2. Ту (4) 
Е. (3). (4). DF. Prop 


ж272:321. F: P,QeSer. TeCls->1. DT са f 
PED PE TQ. w=min D T.D Тв @ Теш 
[Proof as in *272°32] 
x27283. +: P,Q eSer. Q ecomp . TeCls—1. D‘T e Cls induct. 
PE DTG 79:2. (PDT a PEDT — DAT CD Tr 


Dem. 
> -» -» 
F.x26126.2F : Hp. g 1 D'T n Ра. 2. E! maxp'(D'T a Ра) (1) 
=. 2261-26. 3+: Hp. q !D'Ta Ро. 2. E! ши» (DT an Ра) (2) 
F.«20511111.2 
> < 
Е: Hp.zceD'T.z- maxr (DT an Ра).ш-шіп»«ІУТА Ра).2.2Рш. 
[15041] 2. 72070. 
[x27011] Э.я!0(Тє-ЇТч). 
(ж272:311 2.8 ое (3) 
Е. (1). (2). (8). 


> < 
F:Hp.zeeD'T.g 11 7 Ро. яі То Ре. D.x eD Тр: dt. Prop 


SECTION F] SIMILARITY OF POSITION 197 


2 < 
ж212:331, Е: Нрж272:33 .q 1Q. T*CPCD'Q. 2. CP o р РРТС ТЬ, 
Dem. 


F.x26126. 2F : Hp. я! Тп CP. 2. E! max DIT (1) 
F.427232, 2 F: Hp. гер EDT. = шахр. 2 а а 5 

[x33:4] Di ql Toole (2) 
F.(1).(2). DH: Нр. vep PEDT. g! DAT ^ P.D. we D уд (8) 
F 35:85. 427224. 2 : Hp. D'T A CP - A.D . “РС РТ (4) 


F.(3).(4). DF. Prop 
*272332. | : Hpx27233. 0 1Q. Tec pc q«Q.5.C«P o p ерте рет, 
[Proof as in ж272:381] 
x27234. +: Нрж9272:33.910. THOR DR an Q.D. CP = ПТ 
[#27 23333133218 . ж202:505| 
The following propositions are lemmas for ж212:42, 
#2724. +: P,QeSer. Те1-1.0ГС СР. СТС 0. 
awe DT иТюу.2.у(Т)оья 


Dem. 
F.x272:21 . 2 F :. Hp. Эссе Ру С «ТАРА. =,. Тобу: 
[#72243] DiveOP ye CQ: (Tw) Ре. =. we ЧТ. wQy: 
[x27221] D:y(Dgpa D+. Prop 


#27241. +: P,QeSer. Telwa1l DTCC. АТС С°. 


vceD'T.oTpoy.2. (Тура 
Пет. 


427218. Db: Нр.Эьтєб“Р.у= Та: 

zeD'Ta Ва. 3,. Тфу: арта. 2, y QUI 2) s. 
[x20438] 2:. ге (Р.у= Pa; :zeD'To Ве. Dis Ру: 

гер T -is Ра. 2.. Тәу. >. (P2)9y) :. 
[Transp] 2:.2є(*Р.у= Tai ze DIT ие. Э„:4Ра.= (Ta) Qy te 
[2041] 2:.2е0\Р.у= Та: “2еГ“7.2,:2Рт.-. Ta Qy :- 
[472243] Э:. ве СР.у= Ta .. (Tw) Pa . 2, we “Г. шу. 
[x71362] ;. уе CQ. а= Т ус (Tw) Ра. =, . w e OT . шеу. 
[ж*14°21.ж83-43]Э:. y e CQ. a= Ту: w e AT. Dy: (Tw) Ра. =. wQy :- 
[#2043] 2:. уе 00 . == Туз. ше «Ро Qty Du. ТР: 

а еа а бу. Э. РТ) :. 

[427213] ыу Тува ЭР. Prop 


ч 
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x27242. Е:Р,ОсЗег.Тв1-›1.0°ГС СР. ТС 09.2. (Thar = Тю 
Dem. 


Б. ж279441 Db: Hp. 2. Tro C (T jor а) 
TQP х 
FT ES 2 HP 2. Cnv4 Por Тро (2) 


F.(1). (2). DF. Prop 
x27248. k:P,QeSern сотр VÀ. Tel1.D'TCD*PaG'P. 
ATC Da Q'Q. PED'T— T5Q. РТ eClsinduet .D . 
D'Tyo— OP. .ОТьо-- С 


Dem. 

+ #27234. Db: Hp. D. “Гу = СР (1) 
F.x15086.2 F. 739 = PQEIT. 75Р= BPEDT (2) 
F.(2). FiHp.2.P[D*T- QE GT. 

[151-25] Э.0|497-Т5РГЇРТ 

[(2)] = ТУР (3) 
F.x120214. Dh: Hp. D. QT e Cls induct (4) 
|. (3). (8) 327234. D H: Hp. D. CQ = рТ) 

[#27242] = (Tyg (5) 


E (1). (5). 3b. Prop 
#2725. F:P,QeSer. TeCis—>1.D'TCOP.aTpy. ТЕР.2. 


(ТәгіуудеР 
Пет. 
Е. ж150:75.2 

А 1 > < 
К: Нр.2.(20оа | ypQ- 750 о 1509) Т ие о ua TQ (1) 
PANES «< oc 

F.3272212.2 F: Hp. a eD'T. 2. T*Q'y © Pa. Тус Pla (2) 
F.(D.(2. Db: Hp.areDT.3.(Tual yjQC P (3) 
F.x27216. DbiseD'T.2.Toz|y-T (4) 


F.(8).(4).2 F. Prop 
#27251, К: Р, еЅег. Те1-51. D'TC СР. JT C OQ. 
«Тру. PLD'T- 09. W- Tos фу. 2. PLD*W- WiQ 


Dem. 

b #2725. Dt:Hp.>.WiQEP а) 
F.«272:42. Эн: Нр.2.у(Рдоье (2) 
Е. *150-36 . #15126. DH: Hp. 2. P5P - QE T (8) 
F.(2).(8).42725. 2F:Hp.2. WiPGQ (4) 


Е. (1). (4) .#15036. ЭР: Hp. 2. WiQE PED W.Wi(PLDW) GQ. 
(ж151:28) 2. PE DW =3@:Э2К.Ргор 


*273. RATIONAL SERIES. 


Summary of «218. 


A “rational series” is a series ordinally similar to the series of all positive 
and negative rational numbers in order of magnitude, or, what is equi- 
valent, a series ordinally similar to the series of all rational proper fractions 
(0 excluded). This characteristic of rational series is not, however, the most 
convenient for purposes of definition. Following Cantor, we define a rational 
series as one which is compact, has no beginning or end, and has М, terms in 
its field. Thus the field of a rational series can be arranged in a progression, 
and this is the source of the special properties which distinguish rational 
series from other compact series. 


Rational proper fractions can be arranged in a progression in many ways, 
for example the following: If two fractions (in their lowest terms) have the 
same denominator, put the one with the smaller numerator first ; if they have 
different denominators, put the one with the smaller denominator first. We 
thus obtain the series 


1 
PEEPLES bee 
This series is a progression, and contains all rational proper fractions. 


Conversely, the’ natural numbers can be arranged in a rational series. 
Take, e.g., the following arrangement: Express the numbers in the dyadic 
scale, so that every number is of the form 


E2 (шек), 


where « is a finite class of integers. The relation of the number to « is 
one-one, Arrange the various «’s by the principle of first differences, 1.6. 
form the series Ма | (Cls induct — (А), where M is the relation “less than” 
among finite integers. he resulting series is a rational series; thus the 
integers are arranged in a rational series by virtue of their correlation with 
the classes x, This arrangement places all the odd numbers before all the 
even numbers, all numbers of the form 4v-+2 before all numbers of the 
form 4v, and so on. If two numbers are expressed in the dyadic scale, 
their relative position in the series is determined by the first digit (starting 
from the right) which is not the same in the two numbers: the one in which 
this digit is 1 precedes the one in which it is 0. 
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The two chief propositions in regard to rational series are (1) that any 
two rational series are ordinally similar, (2) that if R is a progression, its 
finite existent stb-classes arranged by the principle of first differences form 
a rational series. The second of these propositions is proved by showing 
(а) that the finite existent sub-classes arranged by first differences form 
a compact series, (5) that the finite existent sub-classes arranged by last 
differences form a progression. By this means, given any progression, we 
can specify a relation which arranges its terms in a rational series. For if T 
is a correlator of our progression Ё with the progression 


Ry. р (СВ induct — 6А), 
then Т Кы | (Св induct — A) 
isa rational series whose field is СЛ. Hence rational series exist in any 
type in which progressions exist. 
The arrangement of the finite sub-classes of a progression, with the 
resultant existence-theorem for rational series, will be dealt with in the 


following number. In the present number, we shall be concerned with the 
proof that any two rational series are ordinally similar. 


The proof of the similarity of any two rational series is due to Cantor. 
It is long and rather complicated ; in outline, it is as follows. 


Let Р, Q be two rational series, and R, S two progressions whose fields 
are СҰР and C*Q respectively. Construct a series of correlations of parts of P 
with parts of Q on the following plan: Begin with A, and if Т is any correla- 
tion, let the next be 

< 

T o seq; 057 | тіп 'рвець“Ю“ Т. 
Then the sum of all the correlations generated from A by this law of 
succession will be a correlation of P with Q. It wil be seen that, if 
we put 

AA < 

W = XT {X = едк“ | min; Трозеав“ РТ, 

the relation which is to be shown to be a correlator of P and Q is Wy, in the 
sense defined iu *259. Thus we have to prove 


У: в1-1. dW, = CQ. Р= 50. 
Wael— 1 results immediately from ж259:15, 
РГО, = 40 results immediately from ж250:16 and *272°51. 
Thus it remains to prove Ре”, = С“Р. AW, = 00. 


D‘W,=C*P is easily proved. By induction, if T is one of the series 
of partial correlators, D‘T e Cls induct, and therefore E ! зед ОТ, by ж208:47, 


Ж 
and by «27234, СЕР-ТУТру; hence Ч! Тьубеаһ е, aud therefore, by 


c 
x250121, Е! тіп, сд. Hence T has a successor, which correlates 
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c 
Seqa'D*T with mings‘T'po‘seq,‘D‘7. Hence the successor, іп R, of every 
member of ("В which has a correlate, has a correlate; hence by induction 
every member of C*R (i.e. of СЕР) has a correlate. Hence DW, = ОР. 


The proof of АУ, = C*Q is more difficult. As before, let T be one of the 
series of partial correlators. We have to prove that there is a correlator which 
has seq; 0 іп its converse domain; when this is proved, the result follows 
by induction. To prove this, put 


а= min 7, «ед “СТ. 
Би в ро 8ёЧ 5 . 


а exists, іп virtue of xX272:43. Also since D*W , = С“Р, it follows from x25913 
that there is a partial correlator U such that 


а = seq DU. 
c 
We then have to prove вед; = min ро“. 
> > € 
Put y —seqs;T'7. Then 8% Са. Hence, by «2722, Sy n Про = А. 
Thus if zU oy, it follows that y = ming оба, To prove zU poy, observe that 
теп.0ысТы.Р 0507-1550. 


We have ue DSU. D. ~(uTpoy), by «2722. Hence, by the definition of Тоо, 
we have, if u e 050, 


(qo) .zeD'T.zPu.c» (BaQ) .v.(g2) -zeD'T.uPz. (QT. 


In the first case, we have (gz).zeD'T .zPu . c» (z2Pz), because «Троу 
Hence, since 24-2 because zc e D'T, 


(qz) -zeD'T.zPu. 2Рг. 
Similarly, in the second case, 
az). z e DT .uPz .zPa. 
The second case is incompatible with zPu, and the first with иРх. Hence 
aPu.d.(qz).2eD'T.aPs.2PuruPe.D.(qz).2eD‘T .uPz.2Po. 
But, since wT pay, ePz.>. уб (Та) .2.у0 (бе), because T GU, and since 
PDIDOU-U, гРи.Э.(05)0(09) 
Hence «Ри.Э «UO o, and similarly uPz.2. (Un) Оу. Hence 210767. 


Hence y = ming‘ Орда, and therefore у belongs to the converse domain of the 
next correlator after U. Hence every term of C*Q belongs to the converse 
domain of some correlator, and therefore to (I*W,. Hence W4 correlates Р 
and Q, and Р and Q are ordinally similar. 


14 
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927301. y= Sern compan “М, л (ЮР Р) Dt 
Following Cantor, we use 7 for the class of rational series. 


= 
*27302. Repo T= Tu seqg'D‘T | тіп; равед Dfi [x273] 


EE 
x27808. (RS) = (Еро) А Dft [x273] 
21304. Trespo = #(Е5)о Dft [x273] 


Trspq Will be shown to be a correlator of P with Q when P and Q are 
rational series, and Ё and S are progressions whose fields are C*P апа C*Q 
respectively. 

#2731. b:iPeg.z.PeSerncomp. ("Ре №. РР = ПР [(«273:01)] 
#27311. bi. Рет. =: Ребег п comp. D'P- ЧР: (ЯА). В ео. СР =0Е 
[273-1 . #263101] 
2^ < 
ж2132.  F:W-XT(X-seqzD'T | тїп“ Трозеаь DT}. D. 
Вю = Ay -(RS)po C (Aw AYA . Trsro C Wa. Тазров (Ag KAY А 
[4257-195 . ж2582942. (ж273:09:0304.. ж259:09:08)) 

Here the temporary definitions of «259 are revived. 

The second of the above inclusions might be changed into an equality, 
but it is not necessary for our purposes to prove this. 


#27321, F:Hpa2732.2.D'W,CC*R.GQ*W,CC*S 


Dem. 
F.x25918.2 H: Hp. 2. D'W, = ОЧ W( Aye AA (1) 
F.x20618.2F: Hp. XeD*W.2.D'X COR (2) 
F.(1).(9). Db: Hp. D. D'W,CC*R (3) 
Similarly Р: Нр.2. AW СО (4) 


F. (8) . (4). D F. Prop 
*273211. Е: Hp *2732.7edW.D.DT a D*W*T— Ал (ж2062) 


#273212, H: Hpx2732.2.W,eCls 2 I. D' (A, «Ay À e1—1 
[«273:211 . «259-141 -171] 


*273:22. Б: Hp *273-2.C*P=C'R. Peconnex .QG J. 2. 
W,el-1.G[ (As *AYÀe1—1 
Dem. 
F.«273211:212:21 .ж206:2 . (ж259'03). D 
F:Hp.2:Te(A X AY AA Q*W.2.Te Cls1. DTC C P. seg Тое DT. 


42 
[«272:2) 2 mins Грозеда DIT ~ e AT а) 
F.(D).2FHp.2:Te(AgXAYÀ па. 2p. 0T а = а. 

[42591417] | 2:W,el-;Cls. QP (АужА)с1-э1 (3) 


F.(2).3278:212. D F. Prop 
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*273283. F:Hp«2732.P,QeSer.C P = CR. С = C8. Te(AykAYÀ . 2. 
PLDT-2TQ 
Dem. 
Е.ж272:51 #27321. DH: Hp. Te IW. 2. PED Ay T- (As TYR (1) 
F. (1). 425916 .2 F. Prop 
x27824  F:iTe(RS)pg. 2. D'T, АТ e Cls induct 
Dem. 
F.x190:251.2 
Е:. Hp.2:T6eD'A,,.D'TeClsinduct. 2. DAT e Clsinduct: 
[490112] 2:À (Ay), T. 2 . D*T eCls induct : 
[«213:2.(427303)]. 2: Te(RS)pg . 2 . D'T'e Cls induct ау 
Similarly F:. Hp. 2: Te(RS)59 . D . а Те Сів induct (2) 
F.(1).(2).2F.Prop 
27325. F:P,Qeq. CP = CR. С) = CSS. Te(RS)po . 2. 
D'Tp, = СР. АТ = С 


Dem. 

Б.ж2131,2 
Е:Нр.Э.Р,Осбегосошпр.С“Р-1“5Р-4ФФ.С/0-1 50-40 (1) 
FOIS 320344 . 2 F: Hp. D Gi P p 1Q (2) 


|. (1). (2) .«213:22:28:24 . #27243. D F . Prop 
#27326. |:.Р,Оет.В, Seo. (СР = СВ. 0*® = C638.2: 2: 
Te(RS)p, . 2. E! seqs'D'T , E ming Tpo'segr DT 


Dem. 
ex 
F «273.21 «26347 427324 D F: Hp. (ВХ). Dg 1 CR o p EDT. 
[250122] 2.EtsqD'T | (D 
< 
F.(1).«27325. 2 F: Нр.2. sp! Трозеав DT. 
Тж250121.ж2791) 2. E! min, ведь (2) 


Е. (1). (2). D F. Prop 
427327. +: Hp #279-2. Hp27326 .2 . (RS) pq C AW .(Е8)ь СОА 
[4273-26] 

«278271. H: Нр 273-26. T e (ВЯ). 2 . зеде Тро 

Dem. 
.49732.2 +: Hp. Hpa2732.2 . Te(BS) pon D'A, «D+ Au! T (RS) (1) 
.x27392.5 
: Hp. Hps2732 , Te (RS). EL A T. 2 ведер А T (2) 
- (D). (2) #27827 2D 
: Hp. Hp #2732... A "T e(RS)pg seq DT e DÀ "T. 
x273:2.(«2713:04)] 2 . seq,'D'T ер: 2 F . Prop 


жайло “гот 


m 
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4273-272, +: Hp«213:3C . 2 . (А5), = R“OR 


Dem. 
F 4206401 .2 F : Hp. Te(RS)jg. DT= Ra. ce C RD 2 = sequ DT. 
[420471425021] — 2. D’ Reng Ее а) 
Е. #25013. ЭЕ: Нр.2. DÀ = RBR @ 
F.(1).(2).«90131.2 Ft. Hp. 2: 7 (Rsp)yA . 2. рете ROR : 
(827303) 2: D'(RS)s, C RCR (3) 
+. (1). (497303) . 2 
Fi Hp. Dive CR. Ria e D'(RS)po. ЭЙ DRS) pq (4) 
+. (2). DF: Hp. D. EBR e D“(RS)ro 6) 
H. (8). (5): 490112. 2E s. Hp. Dive Rjg B R.D. Вас D'(RSyg (6) 
H 426348 425021 .2 F: Hp. 2. CR (№. BR = BR, (т) 
H. (6). (7) #263141 41221141. 
к:.Нр.Э:теб“В.Э. Riz e D“(RS)pq (8) 
К.(3).(8).Э F. Prop 


*27328. +: Hp *27226.D. Trspgel 1. “Тера = OP» P= Trsa’ Q 
Dem. 


F. 273222. D +: Hp. D. Taspo 1 —1 (1) 
F.x273272. ЭН: Hp. 2. Тара 8 “СВ 

(ж26992) =OR (2) 
F.4273233 2 E: Hp. 2. PE зро = Tasroi - 

(2 Э.Р-Тьэо0 (8) 


Е. (1). (2). (8). DF. Prop 


In order to prove Тұзро е P smor Q, № only remains to prove 
“Таз = С“). 


#2733. F: Hpx2732. T.Uc(AsXAYÀ .2:D'TCD*U.z. TGU 


Dem. 
|. ж33.263 . 2F:TGU.2.D'TCD*U (1 
F.x259111. Эн: Hp.2:7TGU.v.UGT (2) 
|. 33:263. DF:UET.DTCDU.I.DT= DU (3) 
|. (3).4273-212. DF: Hp. UG T. DTC D*U.2.T-U (4) 
F.(2).(4). DF: Hp. DTCDU.Dd. TCU 6) 
Е. (1). (5). DF. Prop 
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#27331. +: Hp 273-26. Te(RS)po уе CS — aL. Sty са‹Т.э. 


> 
o: (32,0). 2 = шіп, T po'y .Uc(RS)po 2 = вед Ч 


F «27325. X250121 . DF: Hp. 2. (ga). a = ming Troy а) 
F 42732722 +: Hp. a — ming обу. 2. (AU) . U e(RS)pq- DU = В. 
[x206:401] >. (qU).Ue(RS)pg.@ = веди (2) 
F.(1).(2). DF. Prop 


421332. |: Hpx273:31 . a — ming! Troy . U e(RS)pq а= зе D U.D. 


Dem. жы TEU 
Һ.ж20514.2-:. Нр. «Ва. Э:-> (иТроу): 
[#27213] 2:(Я2):2е0°Г:2аРи. ~ (2703) ‚у.иРг,со (yQT*2) (1) 
F. #272242. DF:Hp.D.æ~xe DT. (2) 
[4273-272] >. DTC Вы (3) 
L.«2783972. Dk: Hp.d.Re=DVT (4) 
F. (8) . (4). 2733.2 : Hp. 2. TGU (8) 
F.(1).«27213.2 
+: Hp.uEz.2:(g2) :2eD'TizPu.c (2Ра) v . uPz сә (#Р2) (6) 
F.«2041.2F : Нр.Э:аРи,гРи.Э.сРп:оРи.«Р:.Э.сР: (7) 
|. (6) .(7). (4). 2F :. Hp. ue D'U.D:uPz D. (q2). ze DT. uPz.~(æPz): 


zPu.2.(u2).zeDT.zPu.c(zPao): 


[(2)] DS:uPz.2.(gz).zeD'T .uPz.zPo: 
gPu.2.(uz).zeD'T.zPu-xPz (8) 
F.«27213.«27323.2 


F:Hp.ue DIU гере. аРг. Pa. D . (Uu) Q (г) . (72) бу. 


[(5)] 2. (Uu) Qy (9) 
Similarly Р: Нр. ue DU. ze DT. zPu .zPz . 2 . yQ (Uu) (10) 
+. (8) . (9).(10).2 

Е:.Нр.иср 07.2 :uPa.d.(U*) Qus aPu. 2 i 1652) (11) 
F.(11).«27213.2 F: Hp. 2. уу (12) 


F. (5). (12). DF . Prop 
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— 
*273'33. Һ:Нрж27822.2.у-тіл, рох. 2 (Rsp U) у 
Dem. 
> 
+ .¥278'32. Db: Hp. D. Sy Cu. 
> = 
[ж279-9-49] D. Byn ра = A а) 
< 
kF.(1).x27332.320514.2 F;Hp.2.g—mingUp e — (9 
Е. (2). (&27302). D H: Hp. D. æ (Rap, U) у: 2 E . Prop 
*27334. F:Hp«27381.2. y є “Төре 


Dem. 
F.x2733183.2 F: Hp. 2. (qU) . Ue (RS)pg . ує ор. 
[490:16.(273:08)] 2. (qW).We(RS)p. yed W. 
[(«273:04)] Э.ус @“Тьзро: Dt. Prop 
«27335. tF:Hp«27326.2.GTaspo = СО 
Dem. 


-» 
F.«27384.2F: Hp. ye CS. S*y CO*Tgspo. 2. yel *Tgspo (1) 
Е. (1). «25034. D F . Prop 


x279:36. F:Hp«27326.2. Trspge Psmor Q [2732835] 
ж2734. kF:P,Qen.2.PsmorQ 


Dem. 
F.«2731] . DE : Hp. 2. (qR, S). E, Seo .C'P- C R.CQ- CS 
[x273:36] D. (GR, S). Тр, e P 5шог Q: D+ . Prop 
#27341, F:Pen.Psmor Q.D. Qen 
Dem. 
F.x27041. 2F:Hp.2.Q ебег а comp (1) 
Е. 151-18 4123321. DH: Hp. D. CQe N, (3) 
F.x1515. 2F:Hp.2.D'Q- Q'Q (3) 


F.(1).(2). (5). #2731. D +. Prop 
#27342. Б: Pen. D.n=Nr'P [278441] 
#27343. +. ne NR [«273:42 . ж256:541 
The following propositions are easy to prove: 
Е: QeSera CHR, Pen. 2. Qx Pen, 


whence F:ae МВ п С1Ѕег. Оба = N,.2.aX т=з; 
and 


+: Pen. QeSernG®, me CP D. 1590 = №0 п RIQ x P).Qx Pen, 
whence, from the fact that all т are similar, 

Р: Pen.QeSern CR, D. g t Nr'Qo REP, 
Thus an т contains series of all the order-types composed of №, terms. 


*274. ON SERIES OF FINITE SUB-CLASSES OF A SERIES. 


Summary of «214. 

In the present number, we shall be concerned with the construction of 
a rational series consisting of the finite existent sub-classes of a progression. 
When the finite sub-classes of a progression (excluding A) are arranged by 
the principle of first differences, the result is a rational series. When they 
are arranged by the principle of last differences, the result is a progression. 
These two propositions, with the consequent existence-theorems, are to be 
proved in the present number. 

We define “Р,” as Ра with its field limited to finite existent classes. 
(For the definition of Py, see #17001.) In the present number, we shall be 
chiefly concerned with P, when Pew, but it has interesting properties in 
many other cases. 

Our definition is 

P, = Pa} (Cls induct — кл) Df. 

We shall be concerned in this number not only with Р,, but also with 
Р, (Cls induct — (Л). This is Cnv(P),. Thus if we put P=Q, the 
hypothesis that PeQ as used in studying Р, (Cls induct — КА) is 
equivalent to the hypothesis that QeQ as used in studying Cnv'Q,, 
i.e. 0,. Thus the study of Ра and P, with their fields limited to inductive 
existent classes may be replaced by the study of P, in the two cases where 
(1) P e Q, (2) P є О. The second case is the simpler, and is considered first. 
We have first, however, a collection of propositions which only assume that 
P is a series. 

Since an inductive existent class in a series must have a maximum and 
a minimum, we have 


«27412. +:: РеЅег.2:.аР,8.=: zx ES 
a, B e Cl induct*C*P — ИЛ :( 2) .2ea — 8. a6 Ре = В o Pe 
We have 
#27417. Е: О P e1.2. СР, = Cl induct*C* P — ил 
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Whenever Р is a series, P, is a series (ж274:18), If P has a last term, the 
class consisting of this last term only is the last term of P,; if P has no last 
term, P, has no last term (#274191). If СР is an inductive existent class, 
the first term of Р, is С“Р (*274194); if not, Р, has no first term (274195). 
Hence if P has no last term, P, has no first or last term, and we have 
Р-Р, = Р, (#974196). Thus of the characteristics used in defining n, 


ме have P,eSer whenever PeSer, and D‘P,=(‘P, whenever ~EB P 


We next prove 


x27422. H:PeQ.D. P eQ 
which, in virtue of what was said above, is equivalent to. 
PeQ.2. P, | (Cls induct — A) e Q, 


that is: The principle of last differences applied to the inductive existent 
sub-classes of any well-ordered series gives a well-ordered series. 


To prove *27422, since we already know that P, is a series, we only have 
to prove that every existent sub-class of С“Р, has a maximum with respect 
to P,. This is proved as follows. 


Let к be any existent sub-class of Clinduct*C*P — “Л. Consider the 
minima of all the members of к: these minima all exist, because x is 
composed of inductive classes. Then in virtue of the nature of the principle 
of first differences, members of « which have a later minimum come later 
than those that have an earlier minimum. Hence if we consider minp‘‘x, 
the classes whose minimum is the maximum of тіп рек (which exists, because 


P e О) are later than any other members of к. Put 
<- 
æ = maxp'minpf* . к, = К A MINp T. 
Thus к, consists of those members of к which have the largest minimum, 
and members of к; come later than any other members of к. Similarly the 
latest members of x, will be those that have the greatest second term. 
That is, if we take away the (common) first term from each member of кү, 
and if A, is the resulting class of classes, we have to apply to А, precisely 
the same process as we have already applied to к. Thus we are led 
to put 
Ё : € 

ау = maxp'minp“« .«,—& aminp a, . A, = (— (а), 

аз = maxp'minp*X, . Ka = À ^ minpfz, . X, = (— 46)“, 
and soon. The series 2, %., ...13 an ascending series in Р, and is therefore 
finite, by «26133. It therefore has a last term, say z,. Then the class 
(ал Y Ua, V ... V Ил, is а member of к, and is easily shown to be its 
maximum. Hence every existent sub-class к of С“Р, has a maximum, and 


therefore Г, є О. 


SECTION Е| ON SERIES OF FINITE SUB-CLASSES OF A SERIES 209 


In order to symbolize the above process, we put 


Pax = max p'minp к Dit, 

ч < 

Tp'k = (— Pk) (x аар Рк) мА РЁ, 
PEL 

Мр“ = Рь„“(Ть)у“к Dft. 


v ea 
Then Ри‘к is what we called z,, Трк is what we called X,, (Тр) is 
the class к, №, Аз, ... Хус, and Мр“ is the class ах, %, 23, ... æ. Thus what 


we have to prove is 
Мк = max (P,)'«, 


which is proved in *274 215. 


We prove next 


#27425. +: Реш. 5. Рем 

For this purpose we use *263'44, namely 

o- 0 - «А a PP. = Q*P Et BP), 
Thus it only remains to prove 
D(P,) = DP, -~ E ! BP, 

~ E! B*P, follows from #274195, and D*(P,), = D'P, is proved without any 
difficulty; hence our proposition follows. 

From 32742517, by substituting Р for P, we obtain 
*27426. t:Peo.D2.PyL(Clsinduet —A)eo. 

CP. E (Cls induct — (Л) = Cl induet*C*P — fA 

whence it follows immediately that 
«27427. Е:ае N,. 2. Clinduct'ae N,. Cl inducta — tA e N, 

I.e. а class ОҒ N, terms contains N, inductive sub-classes. 

We now have to prove 
«27483. F:Peo.2.P,en 

In virtue of 42741727, we lave СР, e №; and by «27418, Р, «Ser. 
Thus it only remains to prove Р,єсошр.“Р,-( Р, The second of 
these results immediately from #274196. Аз for Р,есотр, if аР,8, 

< 

av B e Cls induct, and therefore я! pP**(a v В); but Есер (амд), we 
have аР, (8 v is). (Воиг)Р,В; hence Р, GP. This completes the proof 
that P, єз. 

The proposition holds not only if P ео, but if P is any series which has 
no last term and whose field has №, terms (*274°32). 

Finally, we deal with the existence of » (ж274-4 46). If Pew, P is 
similar to Р, (Clsinduct— A), by «27426; and if T is a correlator of 

в. & №, m. 
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these two, ТУР, is an 1 whose field is ОР (ж274:4), Hence the existence 
of n ів any type is equivalent to the existence of о in that type (#27441). 
Hence we have merely to apply previous propositions on the existence of o. 


#27401. Р,-Р,| (Clsinduct —4A) Df 
#27402. P,x = maxpíminp'*« Dft [«274] 


“ = 
«27403. Тык-(- UPS) (en min Pae) — КА 
Dft [#274] 


-- 
#27404. Мук- Pini Tp) Dft [4274] 


42741, braP,8.=.0,8 eClinduct P - A 1а-8-Р“8-0) 
1701 (427401)] 

#27411. bF:PeSer.acClinduct/C P А. 2. Е! minp'a, Е! maxpía 
[+26126] 

#274111. |: Pe Ser >В! В.а Clinduct&C*P . 2 gp 1р Pa 


Dem. 
F.x27411.2 FE: Hp. q 1a. 2. maxpfae DP. 


— 
[x20565] 2.9 1 pP а) 
F.(1).4402.2F . Prop 
#27412. Би: Ребег.О:. аР,В.=: 


-» > 
% a, Be Cl induct*C* P — VA :(q2).zea— 8.an Р = Bn Poe 
ет. 


F.x1702.2 
к a B e ClinductCP — iA: (тг). zea— Bao Pts Ва Ва: .аР,В (1) 
F.x27411.2 F: Hp. aP,B. 2. Et тіпр{а- 8 — P(B- a). 
[*170:23.«205:192] D.(qz).zea-B.an Р, -8 ^ Pa (2) 
F.(1).(2).2 К. Prop 
427413, Е.Р. (Св induct — iA) = CnvP), [4170-101 . («274:01)] 
*27414. bi Ребег. 2:. a {Pı} (Cls induct 2 A} B. =: 
c 4 
a, B e Cl induct*C P — КА : (92). 268 —a.an Ре = Во Poe 

[42741213] 
ж27416. H:a, Ве О шдас ОР — А. 8 Са. Ва. D. aP,8 

[#17016 #2741] 
#214151. Г: ас С110фас С“Р-1.,дєа.Э.аР,(1(55) [27415] 
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427416. big! P,.=.0°P~c0vl 


Dem. 

Е. ж2741. ЭР:41Р,.Э. СОР (1) 
F.«274151. 02 E: CP 6091.02.41 P, (2) 
Һ.ж6088. 2bF:0Pel.2.— (Ча, В). а, Be CKC*P — ÅA. qla. 
[42741] 2.Р,-А (8) 


F. (1). (2). (3). DF. Prop 
#27417. Е: C P ~el. D. СР, = Clinduct0 P — (A 


Dem. : 
F.x274151.2 F . Cl induct*C*P — A — 1 CD*P, (1) 
F.«274151.2 E ize CP CP it. D. изв dP, (2) 
F.(2). Dt:Hp.d.ClhOPal CaP, (8) 


F.(1).(8). ЭЕ: Hp. 2. Clinduct/C*P — кА CCP, (4) 
Б. (4). 2741.2 F . Prop 
x274171. Е: P! GJ. aPy.D . (tæ) P, (uty) [97411] 
#27418 Б: PeSer. D. P,eSer 
Dem. 
F.x20114.2 
H: Нр.2еа-В.шеВ-у. Зы LHP Bo Pu = үл Poo. 2: 
zPw.D.zea—w. an Pie=y n Ps (1) 
F.x20L14.2 E: Нр(1). 21wPz.2.wea-y. „ал Ренн Pw (2) 
|. (1). (2) 3202103 . 427412 . D H: Нр.аР,В.ВР,ү.Э.аРуү (3) 
Ь.ж27211.2 
Б: Hp. a8 eClinductOP— А a4 8.2. (gz). 2= ming (а- 8)9(6—9). 
[4205-14] 2. (92) -2е(а- В) ч(В-а). an Р =Й P'z. 
[027412] >.а(Р,о P,)B (4) 
F.(3). (4) 417017. ЭН. Prop 


тээ EI 
#27419. F: Р есоппех. P GJ D. BP, = (ВР 


Dem. 
Е. ж274-151. DF. Cl induct*C*P ~1 CD'P, (1) 
F.x274171. ЭР:Нр.Э.СЧУРСЇР, (2) 
зэм zy 
Е. (0). (2). 27417 . DH: Hp. 2. B P, Cu BP (3) 


|. ж202:524.2 
22 ч 
|: Нр.2є BP. BeChOP—UA.ere B.D. ae PB- (^ш) (4) 
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E.(4.2 

Е: Hp. ze Р.Э. (ЯВ). B e Clinduet*C*P — A g 1: -8-Р(8-19) 

[2741] 3.va c ceD*P, (5) 
Эз эч 

b.(5) 427417. D F: Hp. 2 (E P CEP, (6) 

Ь.(8). (6). DF. Prop 


x274191. Ё:. Р єсоппех, P3 GJ. 2: E! BP m BP, = “В : 

WEIBP.D.BP,=A [427419] 
#274192. E: Peconnex. P1 J.D: EL BP. =. EV BP, [ж974191] 
4274193, H. ВР, СР o (СВ induct ~ A — 1) 


Dem. 

Б.ж4151. DE: СР eClsinduet - iA — 1.2. CP e BP, а) 

Е. 22741617. Dk: CP ~ e(Clsinduct—44A —1).2.0*P cse CP, (9) 

k.«27415.  ЭЕ:ае С] ш4аси0“Р — A eC P —a.2.(a viz) Р,а (8) 

+. (8). DE. Cl induct P- iA — (CP COP, (4) 
> 

+. (4). Transp 2741. 2 F . БР, C (Cl induct*C*P — A) o СР (5) 
-» 

b.(5). 427416. ОЕ. BP, С (Св induct — fA — 1) o OP (6) 

F.(1). (2). (6). D F. Prop 


#274194. +: C'PeClsinduct (А —1.2. ВЕР, = CP. |74193) 


-» 
*214195. Е: СР ~eClsinduct. D. B*P,—A [#274198] 
4274196. Е: PeSer. e EL BP. О. DEP, = (IP, 
— 
Dem |, 274192. 2H:Hp.2. BEP, A а) 
> 
H. 27419516 . #26124. DH: Hp. D. ВР, = А 2) 
Е. (1). (2). DF. Prop 


The following propositions give the proof of Рео.э. P, є Q (#27422). 
ж2742. к.РеО.кСО‹Р,.ц1к.Э.Е! Рика. Рик e ming e 
[«274111 ,ж250:121 . (ж274:02)) 
#274201. +: е Тык ‚=.(Ча).аєек.тїшр@= Pue. B =at Pae A! 
[(x274:03)] 
4274202. H: E! Prix. D.E! Tp [(#27403). 41421] 


“ 4 
#274203. |:. Нр 9749.2: Трке Л. Е. ко minp Рик — UP yk 
Рет. 


F.x274:2:202.2 
К::Нр.Э:.Тьк= Az teo(sqa, 8).a cx. піпра= Р, к.В-а-4 Р, кк. 18: 
[x137191] miaekn Mnp Рик... а – ЕР к-А: 


[#2742] =:авка minp! Рк e =a Ч = Рики ЭР. Prop 
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ж274:204. bre COP, «(ТУХ Dd ACOP, 


Dem. 
F «120481 . #274201. D F : к C Ols induct. E ! T... Тек C Cls induct (1) 
F #274201. DF: СССР. E! Т.Э. Гы C CHOP — ИА (2) 
Е. (1). (2) «27416 .ЭР:к COP, ELT pe. D. Tee COP, (3) 


F.(3). Induct. ЭК. Prop 


4274205. H: Pe Ser. EL Р, Тус, D. (PrN) P (Pn TA) 
Dem. 


Б.н214201, 4205-21. Db: Нр. Be Tr. 2. BCP Pair а) 
F «20511 . (427402). 2 F : Нр. о. Pm ToN ев А (3) 


F.(1).(2).2F.Prop 


4274206. H: Нрж274:905. «(Туул Э.СР, 5) P (Pa уд) 
Dem. 


=. #1421 . (427402). DET E! Pp TA D, E! Prà (1) 
|. (1). Induct. Dt: Hp.2. EI P, (2) 


F.(2).«274205 . Induct. D+. Prop 


x274207. c: P eQ. «(ТьХ. Ри» = max pM pfx Э. 
SE! РТ. ТЬ = А 


Dem. 
+ .¥274205. Transp. 2+: Нр.2. ~ Е! Р.Т. 
[*274-2042, Transp] о. ТЬ = AIDE. Prop 


x274208. H: Реп. «СОР,.д1к.2: 


-- < “ 
А e(Tp)y n t (ЯА) к (Тр). Хетіһ P, = UCP ALT PRS A 
Dem. 
F.x250191.2 E: Hp. 2. E! maxp!Mp‘« (1) 


|. (1) . 4274207203204 . D +. Prop 
27491. БВеТьк.Э.ВәеР,жек [4274201] 
A274211. bs «(Туул Вел. 2. B9 Pa Tr (кі M) ек 
Dem. 
F.x27421.2 E s Нр: Bex Dp. B o РТ (кл) ек:2: 


ye Tk] X.2,.y9 PLAUT, (к Ты) єк (1) 
F. x27421 . (1). Induct. D F . Prop 
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4274212. H: Pe Qe COP, qin. D. Мек 
Dem. 
L.x274208211.2 
К: Hp. D. (9%). «(ТА ТРэг- А.Р, ел. Роч РТ) є. 
[4121103] 2 (AN) . РТ (A) e . Pin Тр (кА) = PT pa’ к: 
D+. Prop 


dy 
#274213. +: Ребег. к CCP, ae kx. (Tp)yX. PPan МькСа.Э. 
-» 
a — (PPr 0 Мк) е^ 


Dem. 
=. #274201 LDH: Hp. e=. D.a- (Put n Ми = a. 
[13:12] D.a- (PPa àn Мр“кує к (1) 
H. 274206. D 


Fi Hp: Век. PP, n М,кС8.Эв B- (PPa п Ир“куеМ:Э: 
Век. PPa Torn Mp CB. Dd. PP. o Mee CBs Du ей. 
g- (ёл n Мун) ex. Par eB - (P Pan Мен). 
[4274201] — 3. (8- (ВЕРА o Мик) - P) e P. 
[4274206] 2. [8 - (РЕР, o Мк) Т. (2) 
Е. (1). (2). Induct. DF, Prop 


ж274:214. Е: Pe Oe COP, аек — ИМык. D. aP (Mp) 

Dem. 
F.«274212. ЭР. Hp.2: Мк є ОБ induct : (1) 
[ж17016] D: Мык Са.2.аР,(Мь“«) (2) 
F.x27411 (1). 2 F : Hp. qq! Mp'e —a.2. а: 
[*205°14.(4274-04)] 2 . (дл). к (Тыл. Pa A ее еа. PEP АА Мык Са. 


(8974-2181 2. (AA) - e (Трж Р.Әсгеа.а- (ЁР, е Мк) ел. 
PP о Мьк Са. 
[274-901] о. (ял, з). «(ТА z= ming*[a — (Рр, a Mp‘). 
2Р(Р, A) РРА с МР« Са. 
[*3118] 2. (ge) zea- Мр. Мико Piz Ca. 
[x1 7011] 2 a P, pf) (3) 


|. (2). (8). DF. Prop 
ж274:215. H: РеО.кС СР, gp 1.2. Mole = max (P, [3214219214] 
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27422. F:Pc0.2.P,e0 
Dem. 
F.x274215. ЭЕ: Hp. 2. E ff max (P,)“Clex‘C*P, . 


[4250125] 5. P,e0:2F. Prop 
The following propositions constitute the proof of 
Pe 0.2. B, єв (x27425). 
ж274:091, F : P eer max y'a e Cls induct ас Cl induetÜ*P — tA — (Be, 


c 
В = (a — tmaxpfa) ы P*maxp'a. 2. a P, 8 


Dem. 

F. x20555. эк: нр. B'Pea, 2. q1a— ("шахра (1) 
F.x«202511. ЭН:Нр. BP єа.Э. BP Реа (2) 
H.x93101.  DH:Hp.~ ELB P.D. у! P'maxp'a (3) 
F.().(2).(8).2 F: Hp.2. 18 (4) 
F.x120481 71.2 H: Hp. 2. 8 СВ induct (5) 
F.x20521.«200361. 2F : Hp. 2.8 л Panaxpfa = a л P'maxp'a (6) 
Е 


. (4).(5).(6).ЭЕ:Нр.2.а, 8eClinduct^C*P — A . тахрава-—В. 
> > 


an Репахра-- В o Р“тахр“@. 


[x27412] 2.аР,8:2+.Ргор 
x274222. Е: Нрж274:221 . аР, у. тахр‘аєу.2.ВР,у 
Рет. 


һ.ж 7412.21: Hp. 2. (92). 26а y. nig avete no P= y^ Ps. 
[420114.«205.21.Hp] 2 . (42) .2e8 — у. .ВоРч- ул Вы. 
[*274°12] Э.ВР,ү: Db. Prop 


#274223. Е: Hpx274221 .аР,у. maxpfacoesy y 8.2 .ВР,у 
Dem. 


- > 
F.x27419,2 E :. Hp. 2 :(s2) -2ea — y — Итахр‘а. an Pe=yn P'z.v. 
-» 


> 
ал P‘maxp'a= ‘уп P*maxp'a (1) 
b ж201-14 . ж205:21.5 


> > 
Е:. Hp:(qz).zea—y—-t (120 un Paw eios Э.ВР,у (2) 
F.x20521. Db: Hp.an Pemaxp'a= =ya Pax, a.D. 


— ('maxp'a = уе Pemaxpta (3) 


F.«202101.2 F: Hp.2.y Bile - о P*max ‘а (4) 
E 

|. (3). (4). DF: Hp. an P'maxp'a = ул Рипахра. Э:ү,С8: 

[¥170-16.(4274°01)] 2:9+8.2.ВР.у (5) 


Е. (1). (9). (5). ЭБ. Prop 


216 SERIES ЇРАВТ У 


4274224. |: Нрж274991.аР,у.В+у.2.ВР,у [4214222223] 


827493. k:Hps274221.2 .« (P, В [4274221924 . 20479] 
x20425. FiPeo.2.P,eo 
Dem. 
F.«2749216.2 E: Hp. 2. P, eO — А а) 
E.x27419117.2 
Е: Hp. ae DP, 2 ae Cl induct P- А ВЕ @) 
Е. ж263-412 . «27411.2 
F:Hp.aeClinduct*C* P — A .2. Pémax fe є Cls induct (3) 
|. (2) . (8) #27423. D H: Hp. ae DEP,- D. a € ОХР,), (4) 
F (D) (4). #274195 , #1.21-323 D 
b:Hp.>.P,eQ—A. DP, = ВКР.) .~ Е! В“Р,. 


[4263-44] D. Беш: Dt. Prop 


427426. +: Pew.>. Pup (Clsinduct – 1А) ео. 
С“Р E (Cls induct — (fA) = Cl induct CP — A 


Dem. 
Һ.ж97413.ЭР:0-Р.О.Р, (Cls induct — (6A) = 0, (1) 
Б. ж974:95. Он: Рео.0-Р.2.0,ео (2) 


EXTAT он: Peo.Q— P. 2. 040, = Clinduc РА (8) 
F.(1). (2). (8). DF. Prop 
#27427. Е:ае№.2. Cl induct'ae N,. Cl inducta — єМ, 
Dem. 
F.x263101.2 F : Hp. 2. (qP). Реш.а= 0P. 


[x27 4:26] 2.(ЯМ). Mew .Cl inducta – “А = СИ, 
ж268:101| D. Clinductfa — (А e Ny. (1) 
[x123-4) 2. Cl induct/a e № (2) 


F.(1).(2). D+. Prop 
The following propositions constitute the proof of 


Peo.2.P,en (427433), 


MAS. К: PeSer.aP,B. wep Pfau B). 2. aP B vex) (B v ve) P,B 
Dem. 


F.x20053. 3H. аа БАРЫ uia)a P (1) 
F.«20055. Db:iHp.zea- 8.2.2ea—(B vta) (2) 
F.(1).(2). 427412. 3b: Hp. 2. aP,(B v ta) (3) 
Е. ж200-5 . #17016. Dk: Hp.2.(8 utt) P,8 (4) 
F.(3).(4).2F . Prop 
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827631. Fi Ребег. E! BYP. D. P, c Sero comp 
Dem. 
F.x9741.x12071.2 :aP,8.2.nu В eClsinduct -rA (Т) 
|. (1). «27411. ОЕ: Hp.aP,8. 2.E! maxP'(av В). 


<- 
[x93:103] 2.9! Pimaxp(av В). 
c 
[ж205:67] 2.я!рР‹Ҷао B). 
[ж2743] Э.аР2В (2) 
Е. (2). #27418. F . Prop 
#27432. К: PeSern ON, SEL BP. О.Р, en 
Dem. 
b.*27431. ОР:Нр.2.Р,ебегл comp (1) 
Е. #274196. 2F:Hp.2.D*P,- СЕР, (2) 
Е. #2742717. Db: Нр.2.0%Р,е% (3) 


Е. (1). (2). (8). #2731. D F . Prop 
#27433, Е: Pew. >.P,en (#27432 . 2031011122] 
This is the principal proposition of the present number. 


c 
427434. b:iac N,.2.91m a CCl induct/a — (Л) 


Dem. 
F. #263101 . D H: Hp.D.(qP). Рею.С“Р-а. 
[*274°33-17] 5.(qM). Men. СМ = Cl induct‘a — iA : К. Prop 


The following propositions are concerned with the existence-theorem 
for n. They all follow from «274/33. 


v c 
x2744. Б: Pew. T= P smor (Py (Cls induct -!AY.2. T5 Pega ССР 
Dem. 


F.x274261T. ЭГ: Нр.2.а= CP, (1) 

F.(1).315111131. 2 Б: Hp. 2. 75Р, smor Р, . CTP, = ОР. 

[«274:33.x273:41] 2. TIP, т. C T3P, CP 1 DF. Prop 

#27441. b:gl!ont'P.z.g!got*P 
Dem. 

Е. ж2744. Db:iQeont'P.D.(qR). Вел. СЕ = CQ. 
[x64:24] 3.9!50tP (1) 
Е. ж27811.20 н: Ren a tP.D .(qQ).Qeo.CQ— CE. 
[x64:24) Э.ц!ФӨЁР (2) 


F.(1).(2). DE. Prop 
<- 
#27442. Frae®.d.qiqn Са [274426 ,ж268:17 .ж250:6. ж268:1011 
ж27443. +N, = Cn (9731 .ж974-49) 
ж27444. big ti ata.s.qinn toa [#263131 . 4274-41] 
ж214:45. Fiug!M,(m).m.q!pet m [X26313 4274-41] 
#27446. |: Infin ax(z).=.qinn то [0268132 . #27441] 


#275. CONTINUOUS SERIES. 


Summary of «215. 


The definition of continuity to be given in this number is due to Cantor. 
А different and not equivalent definition was given by Dedekind: series 
which are continuous in Cantors sense are also continuous in Dedekind's 
sende, but not vice versa. Cantor's definition has the advantage (among 
others) that two series which are continuous in his sense are ordinally 
similar, which is not necessarily the case with series that are continuous in 
Dedekind's sense. Dedekind’s definition of “continuous series" is, in our 
language, “series which are compact and Dedekindian.” Cantor’s definition 
(after a certain amount of simplification) is “series which are Dedekindian 
and contain an М, as a median class.” In the case of the real numbers, the 
rationals are a median class of this sort. 


An equivalent definition to the above is that a continuous series is a 
Dedekindian series whose converse domain is the derivative of a contained 
rational series (x275:13). 

Following Cantor, we shall use 0 for the class of continuous series. 


In what follows, we prove first that the series of segments of a rational 
series is a continuous series, 1.6. 


#27521. Һ:Ре,.2.<Ре0 


EM 
The contained № is P**C*P. The proposition follows at once from 
X27131. On its importance, see remarks on «27521 below. 


From this proposition, it follows that if 9) exists in any type, 0 exists in 
the next type (27522), whence the existence of 6 in sufficiently high types 
follows from the axiom of infinity (ж275:95). 

To prove that any two continuous series are similar, we use ж271-39. Ву 
the definition, if P and Q are continuous, they contain respectively two 
median classes а and £, such that P[ a and Q[ В are rational series. Hence 
by «273:4, Рразтог 9 | B, and therefore P smor Q, by ж27189. Also 
obviously Ред. PsmorQ.2.Q«e0. Hence 


#27532, FE: Pe0.2.0- Nr'P 
and 
ж275:33. F.0cNR 
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427501. 6— Sera Deda med“, Df 

-» 
#2761. К:Рєе@.=.Рєбег ед. 1 № ^ med*P 


[(4975:01)] 


#27611. |:.Ред. =: Ребег а Ded : (ga). a e N,- pa = 0P. a C OP 
[ж275-1.ж271°2] 
ж27512. Һ::Реб.=:. Ребего Ded: (ga) :ae №: 
aPy. Dey qian P(r—y):aC CP. (x2751.x2711] 


ж217513. |:.Ред. =: Ребегм Ded: (qk). ВЕР. Вел. òp C R = аР 
Dem. 


F.x2731.x2712.2 

к: PeSero Ded. REP. Вел. òr CR UP. 2. C Re №. CR e mod'P . 
[x2751] 2.Ре0 1) 
F.«x27116.2F :a med P. B-an D'PaG*P.2:8medP. (2) 
[x27115] Э.Р|Весошр (8) 
Е. #12317. +: Hp(2).PeSer.aeX,aClO'P.3.8eNn ССР (4) 
F.x2T1d. Эр: В шеаР.2. Рив = р-р. Рив = аР (5) 
Е. (5). *3741.(2). |2F:Hp(2).2.DPE 8)-8.Q0«PE 8)-8 (6) 
Е. (8). (4). (6).427391.2 H: Hp (4). 2. PE Ben (7) 
F.(2).42712. D H: Нр(4). 2. СРВ) = СР (8) 
К. (7). (8).«2751.2 E: Реб. э.(я8). PE Ben. 5C (PE В) = СР (9) 
F.(1).(9).2F. Prop 


x27514. F.0— Сау“0 
Dem. 
> 
+. 421414. 4271-11.3+: Ребег л Ded. ав, ^ пе Р.-. 
> ә v 
Р «бет ^ Ded . a e №, n med‘P (1) 
F.(1).«2751.2F. Prop 


-» > > 
#2752. |:Рел.2.5“Ре Sern Ded. Р““О‹Р в №, . Р“С©Р є med's*P 


Dem, 
F.x21433. DF: Hp.2.s*P eSer ^ Ded (1) 
К.ж20%85. эк:Нр.ә, В“0“Раш OP. 
[2731123321] э. Весе, (2) 
F 427131. 42781. D H: Hp. 2. BOP e med's‘P (8) 


F.(1). (2). (8). DF. Prop 
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ж21521. Ь:Реу.Э.«РсӨ [x27521] 

This proposition is of great importance, particularly in the theory of real 
numbers. We shall define the real numbers as segments of the series of 
rational numbers, in order to be sure of their existence. Thus if P is the 
series of rational numbers, s*P, which may be taken to be the series of real 
numbers, is continuous. If P is the series of rational proper fractions, 
excluding 0, «Р is the series of real proper fractions together with 0 and 1: 
this series is continuous in virtue of the above proposition. 

The above proposition is also useful as enabling us to deduce the existence 
of 0 iom that of э), and thence from that of N,, and thence from the axiom 
of infinity. A rise of type is, however, required for the existence-theorems, 
which are given in the following propositions. 


#27522, Біл!19ғ%4а.Э.ң!байча 


Dem. 
Е. #6455. Db :g 1o n tua. D. (Р). Pen. СР Сі. 
[x63:371] 3.(qP). Рет. CP eta. 
[x275:21] Э.(Я9)-060.0“0С ta. 
[*64-57] Э.ц10 оо: ЭН. Prop 


x27523. big iN ata. 2.9102 a [4274-44 . x27522] 
x27524. Бің15,(а).2.410ө0%: [x27529 .ж6431312. (465:02)] 
ж215:25. |: Табл ах (2). 2.9! 0 ой“ 


Дет. 
Е. ж12337. ЭН: Hp. 2. qt, (x). 
[x27524] Э.д1боё ёс. 
[x64312] 2. Я! nas: DE. Prop 
*2753  F:P,Qe0.2.PsmorQ 
Dem. 


F. #27513. Dk :: Hp. 2: P,Q eSer n Ded: 
> 
(4Е,8).В,8еу.В6Р.860.СФ еше Р.С8ешей9: 
(204411 2: P,Q бего Реа: (ча, 8).атей P. BmedQ. PE a, QE Ben: 
[#2734] D : P,Q e Ser n Ded : (Ча, В). a med P. В med Q.(P  а)вшог(0| В): 
[#27139] 2: PsmorQ:. 3+. Prop 


#27631. +: Pe@. PsmorQ.d.Qed 
Dem. 
> > 
Е. #2714. DH: PsmorQ.q!&,a med*P. 2 . Я! № а med'Q (1) 
F.x20421.4214:0.2 +: PeSern Ded. PsmorQ.2.QeSere Ded (2) 
F. (1). (2). 42751. D F . Prop 


«27632. F:Pe0.2.0—Nr'P. [ж275'3-81] 
421533. F.0e€ NR [x27532 . 425654] 


#276. ON SERIES OF INFINITE SUB-CLASSES OF A SERIES. 


Summary of *276. 

The subject of the present number bears the same relation to 0 as that of 
#274 bears to з. We shall consider, in the present number, the arrangement 
of all the infinite sub-classes of a series (together with A) by the principle of 
first differences, 1.6. the relation 

Pab (— Св induct v (Д), 

where P is the given series, This relation we will call Ру. It consists 
of Ра with its field limited to terms not belonging to C*P, (x27612). It 
will (under a certain hypothesis) contain a part similar to Б, namely Ра 
with its field limited to complements of finite sub-classes of C*P. Hence 
if Pew, P, will contain an y, whose field is composed of the complements 
of members of С“Р, (*276'2). The field of this 7 will be a median class of Ру. 
We shall find, also, that Poe Ser, if Pe Q (ж276:14), and P, e Ded, if Pe Qinfin 
(x276:4) Hence 


421641. +: Рєо.2.Р,є0 

Also, since Реә.2.014С“Ре9% and since CC P,e S, we shall have С“Р,е gh 
(x276:42). This result is important, since it gives the proposition 
#27643, F.0«0— 2% 

The proof that Р, is Dedekindian if Р is an infinite well-ordered series 
is somewhat complicated. We proceed by proving that every sub-class of 
C*P, has a lower limit or a minimum. In this proof, we observe first of all 
that 

OP = ВФ,.А-ВР, (#276121). 
Hence СЕР is the lower limit of the null-class, and A is the minimum of ‘A; 
also if x is any existent sub-class of С“Р,, other than tA, we have 

-> 

limin (Р,Укс- limin (Р) (е — tA). 

Hence if we can prove 
кСС':Р,.я\к. Aven. D.. Etlimin (Р) (A), 

we shall have Cl ex*C*P, C АЯ ит (Po), 
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whence, by ж214:12:14, we shall have Pae Ded. Thus we have to prove (A), 
te. к СРР. gp 1«.2,. Е ни (Рь)‘к, which is «27639. To prove this 
proposition, consider minp‘(s‘« — p'«). This exists unless xel; it is the 
first term which belongs to some members of x but not to others. "Those 
members of к to which it belongs precede (in the order Ро) those to which it 
does not belong. Let us call those to which it belongs Тк, so that 


АА <-. 
Tp = £X {Хх = ка ейпіпь(ө%к- р“к)|. 


Put also Рк = minp(s‘« — рк) Dft, 
M < 
зо that we may put Тьёк = ко «Рк Dft. 


Then if we put А = aR (ХСк.Х-к), T» and A fulfil the hypotheses of «258, 
and we have 


А (Tp, x)e 0. 


The series A (Tp, к) proceeds to smaller and smaller sub-classes of к, of which 
any one, say A, consists of terms which come earlier (in the order P,) than 
any other sub-class of x not belonging to А. By ж258:281, the series A (Т, к) 
has an end, namely 

РТьжАук, 
If this is not null, it must consist of a single term, which will be the minimum 
of к (*276°38), But if it is null, we proceed as follows. Put 


-» 
Рк = 559 (ЯА). Ne (Tp A) cy = pra Р Par} Dft. 
Then Рик will be the lower limit of x. 
In the first place, we easily prove that, since р“(ТьжА )*к = A, if 
X e(TpkA)'i — КА, 
Pm and Tp both exist (ж276:341). Hence every member of к has 
predecessors in к, and к has no minimum. In the second place, we show 
that 
{А (Pp, кш s р, D (PaA) P (Pmp) (27684342), 
-» 
and that аех.2Э.рРхаР, m ao ВР (42163858), 
Hence we find that 
> > > 
^ {А (Tp, «)} ш. aeu . D. pra PPa = pu ^ PP, = ао PPS. 
> > 
D. pan РР, Ср o РФ, р. 
> > > 
(pha РР.) o РР, Ол pra РР, 
whence it follows that 
> > 
Xe (TpkAYk —UA D. р 6 PPa = Рик ео PoP nh, 
whence, by what was stated above, 


зу 
х е(ТьжАук аел. D. an Р.Р. = Рик о Р.Р, (216354). 
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Again, if дек, the product of all the members of (ТьжАУк to which a 
belongs is a member of (ТьжА)‘к to which a belongs, but if we call this 


product X, Р. ~e a (because, if Р, Оо, ae Ty, which is contrary to the 
definition of X). Hence we have 
аєк.Э.(Рү(к)Р,а (x21636). 
1t only remains to prove 
(Р,к)Р,8.Э.(до).аєк.аР,8 (ж216:81). 

Ву the hypothesis, and the definition of Ри“к, we have 
(я2,Х).ХМе(ТржАУуж.герӘ ^ POP. —В.Рик n Ps -8 „Ве, 
Since this involves Е! P,,‘A, it involves A+A, hence, by what was stated 

above, it involves 
> > > 
(яг, X, а). Хе (ТьжА к. cer. zean РР. – B. Рико РФ = В а Р“, 


> > 
Hence ме obtain B^ Р C Pk a PEP mr, 
-» — 
and Рк PPa = ав PPan 
E 
whence B ^ Р Са. 


Hence, by «17011, we have аР,8. 


This completes the proof of Рик = tl (Р,Ук (#27638). Hence, combining 
the two cases, we find that ж has a minimum if s ! p'(Tp3A)'«, and a lower 
limit if eq ! p(ZpxA)‘«. Hence E! limin (Р,)%, in either case (ж276:39). 


This completes the proof of P e Ded if P e Q infin. 


ж27601. Р,- Pal (—ClsinductuctA) Df 


x27602. A=88(8Ca.B+a) Dft [#276] 
ж2176:03.  P,'X = minp'(s*A — р) Dft [x276] 
427604. Т,-3йїи-ХөєР,Э) Dft [4276] 


4276-08. Pun — s 9 (qr). Ме(ТьжА ук А у= pra Р.Ә) Dit [4276] 
ж0761.  F:aP, B = . a, B «(ООР Св induct) ол. g1a— 8 - РВ a) 
[1701 . (ж276:01)] 
x27611 Р::Ре0.2:.аР,8.=:а, В e(CI*CCP — Clsinduet) v А: 
-» > 
(qo).2ea— 8.аа Ра-ВаРФ [ж25135. («276:01)] 
27618. F:iC Pe c1.2.P,- PAE(- OP). [X9T417 49761 441011 
4276121. Е: («Розе Clsinduct.2. 
BP, = А. ВР, OP. ОР, = (СОР — Cls induct) v КА 
Їн170:31:32:38 . («216:01)] 
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«276122. Е: С“Р--е001.2.0‹Р, о CP,— ССР [4276121 . 274117] 


ж216:123. Р: C“P ~e Clsinduct . =. 9! Pe [*276:1:121] 
x27613. Е: С Pee001.2. Nc'C P, +, МОР = ӨХЄОР 
|»216:122 ,ж116:121 


#27614. Ь:РеО.Э.Р,єбег [x25136 .(ж276:01)| 


#2762. Ь:Рею.Э.(ССР-У“Ч(С induct P — ИА) № п тей“Р, 
Dem. 
F «24:492 , D F. (CP —)' (Cl induct*C* P — 14A) sm (Cl induct*C*P — A). (1) 
F.(1). 27427. 2F : Hp. 2. (C*P —)'«Cl induet*C*P — fA) e М, (2) 
F.x200361.x263:47.2 
> > > <. < 
Е: Hp. aP,8.2ea— B. an Р‘ = Bn Р‘г. у= (an Py'z) о Pominp(an Р) 
: < > 
D.minp(an Ре)еа-у.ал Pominp{an Р) = y a Péminp(a a Pe) . 


> > > й 
гєү-В.үс P'z—-an Ре = Во Ре. үс є Clsinduct. 


[327611] Э.аР,у.уР,8 (8) 
F. x26347 .D E : Hp(3). 2. СР — y e Cls induct (4) 
Е. (3). (4).ж97611.Э 

Е: Нр.аРьВ.2. (Чу). CP — y e Cls induct. «Рьу . УР, В (5) 
F.x12071. Transp . D 

Р: Hp.aeClinduct'C*P — £A . D .(C*P — а) є Cls induct (6) 
F.(6).«276191.2 F: Hp. 2. (CP —Y*(Ol induet*C* P — A) C C*P, (7) 
+. (2). (5) 42111 (T). ЭБ. Prop 


The following propositions constitute the proof of 
Pe OQ infin. 2. Pae Ded («276:4). 


ж2163. Fi EID,A.2:ae Ty. Esae. Pu Neat Pu = minpf(s*A — pA) 
[(x276:03:04)] 


#276301. Е: PeQ. AC OC P — «А. леәе0 uU 1.2. EE P, ELT 
Dem. 


Е. #401213. ОН: ро = 5. Dra, BeN. О. в.а= В а) 
Е. (1). Transp . 34023, 2 F : Hp. D. ! s'e рік. 
[«250:121] D.E! ming'(s*i — рк): 3+. Prop 


4276302, Б: Е! Pua. D. Р ер – р [X268] 
4276303. F. TPCA. (Tr) o CA 
Dem. 
Е. 42763. ЭР: ий Х.Э.иСх a) 
F.x276302. 2 Fs up D EA (3) 
F.(1). (2) «20118. 2 F . Prop 
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«276304. К: д (A (Ть,к)| he 2. CA. рл Ср. wer. р + рош 
[4276:302:303] 
x216305. F.A (Tp, ке [4258-201 . 4276'303] 
#27631. E:PeO.q 13. АССР 6A X e D'Tp. 2. 
Ле1. 8 = PA= [*276:301 . Transp] 

ж216:32. Е:.РсеО .Хс-с0и1.ХСФ,.Э: 

Prhe p Tp- Piae. Daa n POP =p% КУЛЖА 


Dem. 
F.x276301. Он: Нр.2.Е! Ten. E! Pad. а) 
(ж216:8021 >. Puhe py Bm (2) 
F.(1).42763.2 F : Hp. 2. PP, м s'X РРА a pr (3) 


F.(2).(3). ЭР. Prop 


4276-321. Е: Hp27632 ac TA. Bex — Tp. 2. аРьВ 


Dem. 
3 3 
Б. #276332. D t: Hp. 2. PA ea— B. an Р“Р„%= Bo PP. 
[«27611] 2.aP,B:2F.Prop 


4276322. Е: Hp«27632 . ue (Tp& А) ае ш. Bex — р. 2. aP,8 
Dem. 
F.x4023:2 E i. p C(Tpk AY gp! pzpep.aeu.BeX—p Dus p oPo i2: 
acp*p. Вел р'р.Э.в.аРьВ (1) 
F. (1). x276:321 . «258241 . D F . Prop 
#27633. F:Hpx«27632.94 ! p(Tpx A). 2 Up Tp A) n= min (Pe) 
Dem. 
+ .¥276°31. #258231. +: Hp. 2 . p(Tp AY e1 (1) 
F. (1). *276°322. ЭН; Hp.aeX— p'(TpkA)y.2. (t p(TpkA A] Руа (2) 
F.(1).(2).2 H. Prop 


ж276-331. +: Hp #27632. q! p(Tp AYA. 2. Et min (Р) [427633] 


x27634. К: Hpu27632. upd. pe DT». D. (Pah) P (Pmp) 
Dem. 


Һ.ж9763. DF: Нр. D. Pma = minp(s*A — pr) (1) 
F.x2763:3304. 3+: Hp. 2. Рим e (8%. — pr) (2) 
kF.x276302. DE:Hp.2Ó.P4'Xep'u. Pop coe pp. 

[13:312] D. P4 E Р (3) 


F.(1).(2). (3). 3+. Prop 
в. & W. ш. 
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ж276341. | :. Нрж276:82 . p'(Tpk AX — A .2: 
РТ AYR C PEP T pe AYX . Р, TRA) ~ € Cls induct : 
p €(Tpk AYX — ИА... ELT pip. Е! Pug 
Dem. 
F.x258:231. «276301 . D 


Ес. Hp.2:pe(TpkAYA— ip (Tpk AX. D.E! Ти. Е! Риш: 

[x27634.Hp] 2:45e(Tpk AYA. E! Р.О. (Ра) P (Pa Tou) (1) 

F.(1). #261:26 . Transp. ЭР. Prop 
ж216:342, Е: Нрж276'341 . X [4 (Tp, к)} и. E! Р. D. (Pid) Р(Р, p) 

Dem. 
F.x2763.2 
F:tHp:pC(Tpkx Aye. у! p.qipp:d:. Puíp'pes'p'p— pp p: 
І 40:11:11) Э(яо).верфр.Р,фрФфеа:(чо).верфр.Р,ффрегев:. 
[%*401.%1126] Э:.Хєр-Э, :(Ча). вех. P, pfpea:(ga) aer. .Рь“р“р соєа:. 
401411)  Э:.лер. Da» Pappe (SA — pk) (1) 
Е. (1). #276302. D F: Hp(1).2: 
TX ep. Хер. 2 - Pm e p Tp'X . Po pfg ~ ep T : 
[41312] Э:ТьХєр-.Хєр.Э,.Р ЭЛ Pupp (2) 
F.(1).(2).*2763.5+:Hp(1). ТьЭєр.Хєр,Э.СР,Э) Р(Р, р). (8) 
Е. (8). «27634 %258-241. 2 F . Prop 
ж217635. E: PeO.k CD'Po. qin. p(TpkA) — А.Э: 
Xe (Tp Аук А.Э. Р, ер Т о ВАРТ 


Dem. 
F.4276341 .2 F : Hp. Xe (Tp A) — ИА. 2. Е! ТЬХ. 
[x276302:34] 2. Ри e p Ted ЇР: ЭР. Prop 
«276361. H: Hp27635 . D . P (Tp Аук C Рик 
Dem. 
H2763. он. SE! РА а) 


F ж276:35 . (#27603). DH: Hp. Xe (To AY А.Э. Pathe Pye (2) 
F.(1).(2). 2F. Prop 
*216352. Е: Нрж97635.2.Ружеге Cls induct [ж276:351:341] 


ж216:353. Е: Hp «27635 . X e(Tpx A) - X (A (Tp, к)) praep. 3. 
> 
р^ o PP, = рео РР, = an P Pa 


Dem. 
Е. #276304. 2F:Hp.2.aeX (1) 
F.«2763531. Transp. DF: Hp. D. E! PA. XA e0v1 (2) 
> 


. EJ 
F.(1).(2).«27682. DE: Hp. dpan РР,Х-ас РР, (3) 
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> > 

Е. (3). 2Е:. Hp. 2: Вер. 2, аһ POP AA = Во РР, (4) 
> > 

F.(4)-2F: Hp.D.an PPP = рро РРА (5) 


F.(3).(5).2 F. Prop 
x276354. +: Нр ж276:35. хек: «єХ.Э. 
Рико PP N= prn Те, Naan ВР, 
Рет. 
F.x276:353. Эн: Hp. gu! o - AA (ТЬ, к} ш. 2. 


Іі» 
рип РР. = pAn PPa 


ич 
|ж22:41) 2. (pian P'Ps'u)n PP, 9, СО ^ TO, ~ (1) 
-» -» 
F.«276353.2 +: Hp. р [4 (Tp, к} X . D.p BAP Pape pho Р ын 
[*276`342] Cprn PP, (2) 


Е. (1). (9). ж276'305.2 
> E E 
F:Hp.ue(TpkAYx — VA .2.(pfun Р“, p) с PHP C рх PPa (3) 
|. (3). «276:32 . (k276:05) . D F . Prop 
ж216:355. +: Нрж27625.аек.О.(яХ).Хе(ТьжАук.аеХ. Р.А coca 
Dem. 
F.x401.2 E: Hp. 2:(gX) . re(Tp¥ Аук. асел: 
[x276:305] 2: (qr): x e(Tp A) x aco eX р (А (ТЬ, к) А.Э. аеш (1) 
Fox401. 2E р (A (Тр, к)} X. О. чер: = pid (Tp, к): Э.аеХ (2) 
|. (1) . (2). Transp. D 
Е: Нр.2. (ЯА, и). p, Xe (Tp Ay X = Три. aep ace. 
[*276:8] D. (Fu). ме (Тьж.А)‘к. аєш. Риби c e2:2F . Prop 
*27636. F:Hps27635.aex . 2 (Рик) Pea 
Dem. 
F.x276:351355354. D 


> > 
Е:Нр-.2. (FA). A «(Тәж AY& . Pre Рик а. Рико РФ, = ANP iPad. 
[*276:352) 2. (Рик) Руа: 2 F . Prop 
pus 
«276361. H: Hp 27635. D.x CP, Pu‘ [«276:36] 


x27637. Е:Нрж276:85.(Р,к)Р,8.Э.(Яа)-аєк-аР,8 
Dem. 


E > 
К.ж27611.ЭР:Нр.Э.(уг).гє Рк - В. Puen Рс = Bn Р. 


> 
[(276-05)] Э.(яёХ).Хе(ТькдУк . ze px РФ, dr — Lg 

Рик n Pues -80 p р 
[*276°354] Dd. (gz, Ма). -Ав(ЗужлУк, aed, zea- B. 


Pr CPP, 2 an PP, = Bo POS. 
[Fact.«276:304] D.(qz,a).aex.zea—B. Во P Ca. 
[x17011] D.(ga)-aex.aP,8:D F. Prop 


228 SERIES [PART V 
ж27638. Е: Рє0О.кСП«‹Р,. я! к. p Tp Ay = A.D, Pye = Ч (Por 
[x276:361:37] 
#276381. Е: PeQ.k& CD'P,. gp !x. р(ТьжАук- A.D. EL th (Py) x 
[x276:38] 
x27639. Б: Ре0.кСр‹Р,. я! к. 2. Е! Ішіп (Р,)ж [4276331381] 
in the following proposition, the only reason why Р has to be infinite is 
in order that Р, may exist; for “Ded” was so defined as to exclude А. 
#2764. +: PeQinfin. >. Pae Ded 
Dem. 
F.«276:121.«207:3.«205:18.2 F: Hp. 2. liming*A = C'P . liminp't'A =A (1) 
F.«2067. ЭН: Нр, кССР,. A ek.k А.Э. 
> > 
prec (Р,)“к = prec (Pa) (x — (Л) (2) 


=. #205199. D H: Нр(2). 2. min (Р, = min (Рук — tA) (3) 
+. (@). (8). ЭР: Hp(2).2. limin (Pj = limin (Py) — Л). 

[«276:39] 2. Et Ши (Р,/к (4) 
Е. (1). (4). ж276'89.2+:. Hp. 2: x C OPa. 2, . E Himin (Ps)'«: 
[121412114] 2:P,eDed:. +. Prop 


x27641. F:Peo.2.P,e0 [x2762:414. 2751] 
427642, kiPco.2. C P, ед 


Dem. 
F.x27613 . #27427 . 2E : Hp. D. Ne'C! P, +, № == 2% (1) 
F.x2762. ОЕ: Нр.2. (Чи). Ne'CP, = p+ Ns. 
(ж128:4211 2. NAP, +, N, = NCP, (8) 


Б. (1). (2). DF. Prop 
ж21643, |. O° = 2% 


Dem. 
Е. «276-4241. ЭН: я! о. D. qiCOn 2%. 
|%100:442.ж975:33.ж15271| 2.090 = 2% (1) 
Е. #27511. 269101. ЭР:о-А.2.0-А (2) 
Е. #263101 . #116204. ЭЕ: о = А.Э. W= A (3) 
|. (2). (8). ЭЕ:ю=А.2. 00 = 2% (4) 


Е. (1). (4). DF. Prop 


The propositions proved in the present number are capable of being to 
some extent generalized. Also we can prove 


Е, 0 = (о exp, в) +1. 
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For this purpose, we prove first that if Р, Q are well-ordered series, P9 is 
Dedekindian (except that if ~E! BYP, P? has no last term); 7.6. we prove 

P,Qe0.2:XCC P9, g 13. 2,. Е! іт (РФ). 
For this purpose, assuming X C C'P9. я! А, put 

Q^ = ming (Gy c e0 v1), 

T, = Xo М [M QnA min pM Qu], 

4 - kh (a CA. wr), cs 
(PQ) — 58 (яа). p eT AY N = (pu) O Qu]. 


We can then show, by steps closely analogous to those in the proof of PyeDed, 
that we have 


8 Lp (Tpk A) A.D. ир‹(Ть® AYA = min (PY, 
cong ! p (Tex AYX . D. (Ре) = prec (Ре), 
whence, in either case, Е! limin (P9)'4. 
Hence we liave 
F:P,QeQ. Et BP. D . Pee Ded, 
HiP, 90.2 E1 BP. Ze epo. D. Pet Ze Ded. 
We have therefore Е. (м exp, v) +1 C Ded. 
We now have to prove 
де(ө exp, e) +i -Э. EN п те4%. 
For this purpose, it will be sufficient to prove 
Peo.2.g IN o med(P*), 


The № in question will be the class of those members of ОР?) in which, 


from a certain point onward, the correlate of every member of C*P is B'P. 
We have 


М(РР)М.=:М, Ме (OPI C PC P: 2 
> 
(ща). ee CP. MP P& = NEP (Mf) P (№). 
Now consider the relation 
> “ ev 
І = МР = у} Рив о (BP) Т Р“Рух, 
where (М Ви) Ру. 
Then М(Р?) Г. Г (РР) М. Also L has B*P for the correlate of every term 
after Ба. Hence it is determined by the correlates of the terms up to and 


including Ба. Thus, putting z= Руш, we have to consider the class of 
relations 


а Èa) -ze TP. X el» Cls. AX = Ри. DEX COP). 
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И X ey, X o (BP) Т.РчпахуачХ is a member of С*РР, We have there- 
fore only to show that we N,. 


To show that p e N,, we observe that if Хер, D'X and (I*X are both 
inductive classes; hence each has a maximum. Let X and X' be two 
members of р, and let us put 

д = шах УА . 2 = maxpDCX'. y = maxpKT*X . у’ = шахь G*X". 

If а= рр and y=vp, put at+py=(e+,v)p. Then put X before X’ if 
(а py) P (£ +py), orif z-pyma vpy .yPy. Butif т-ру- 2 +py and 
у= у, te. if ж=а'. y y, take the immediate predecessors of 2, y, æ’, у in 
D*X, АХ, ПХ’, Q*X' respectively, and apply the same tests to them, and 
во on, until we come to a difference. In this way, we obtain an arrangement 
by last differences (in a slightly extended sense), and this arrangement is 
easily shown to be ап о, Hence ре №. Hence the class 


v-4((8X). Хер. y Хә(еВеР) Бапан CX] 


is an №, and we have already shown that it is a median class of OP”, 
Hence 


К: Рем. 2.91 N n шеа«Р*), 
The same class will be a median class of Р? p Z, if Zee СРР. Hence 
EiPeo. Zee P^. 2.9! So med(P p Z). 
Hence, by what was proved earlier, 
Е: Pew. ZreOP?.3.(PP 2) е6, 
ie. Е. (о exp, в) oi = 6. 


РАВТ ҮГ 


QUANTITY. 


SUMMARY OF PART VI. 


THE purpose of this Part is to explain the kinds of applications of 
numbers which may be called measurement, For this purpose, we have 
first to consider generalizations of number. The numbers dealt with hitherto 
have been only integers (cardinal or ordinal); accordingly, in Section A, we 
consider positive and negative integers, ratios, and real numbers. (Complex 
numbers are dealt with later, under geometry, because they do not form 
à one-dimensional series.) 


In Section B, we deal with what may be called "kinds" of quantity: 
thus eg. masses, spatial distances, velocities, each form one kind of quantity. 
We consider each kind of quantity as what may be called a “ vector-family,” 
1.6, a class of one-one relations all having the same converse domain, and all 
having their domain contained in their converse domain. In such a case as 
spatial distances, the applicability of this view is obvious; in such a case 
as masses, the view becomes applicable by considering eg. one gramme 
аз + one gramme, ùe. as the relation of a mass m to a mass m when m 
exceeds m’ by one gramme. What is commonly called simply one gramme 
will then be the mass which has the relation + one gramme to the zero 
of mass, The reasons for treating quantities as vectors will be explained in 
Section B. Various different kinds of vector-families will be considered, the 
object being to obtain families whose members are capable of measurement 
either by means of ratios or by means of real numbers. 


Section С is concerned with measurement, 26. with the discovery of 
ratios, or of the relations expressed by real numbers, between the members 
of a vector-family. А family of vectors is measurable if it contains 
à member Т (the unit) such that any other member S has to Т' a relation 
which is either a ratio or a real number. It will be shown that certain 
sorts of vector-families are in this sense measurable, and that measurement 
80 defined has the mathematical properties which we expect it to possess. 


Section D deals with cyclic families of vectors, such as angles or elliptie 
straight iines. The theory of measurement as applied to such families 
presents peculiar features, owing to the fact that any number of complete 
revolutions may be added to a vector without altering it. Thus there is not 
a single ratio of two vectors, but many ratios, of which we select one as the 
principal ratio. 

16 


SECTION A. 


GENERALIZATION OF NUMBER. 


Summary of Section A. 


In this section, we first define the series of positive and negative 
integers. If р is a cardinal, the corresponding positive and negative 
integers are the relations +, and —, р, or rather (+,u)f (NC induct — tA) 
and (— ин) (NC induct — (А). (It will be observed that а positive integer 
must not be confounded with the corresponding signless integer, for while 
the former is a relation, the latter is a class of classes) We next proceed to 
numerically-defined powers of relations, 7.6, to В», where v is an inductive 
cardinal We have already defined R? and А», but for the definition of ratio 
it is important to define А” generally. If &e1—1. АСУ, we shall have 
В’ = R,, and if ReSer, we shall have (А, = E,. But these equations do 
not hold in general, and in particular if ЁС Т and »+0, = В but В, = À. 
After a number devoted to relative primes, we proceed to the definition 
of signless ratios, thence to the multiplication and addition of signless ratios, 
thence to negative ratios, and thence to the generalized addition and 
multiplication which includes negative ratios, (In the case of ratios, signless 
ratios are identical with positive ratios. This is possible because signless 
ratios, unlike signless integers, are already relations) We then proceed 
to the definition of real numbers, positive and negative, and to the addition 
and multiplication of rea! numbers. At each stage, we prove the com- 
mutative, associative, and distributive laws, and whatever else may seem 
necessary, for the particular kind of addition and multiplication in question. 


Great diffieulties are caused, in this section, by the existence-theorems 
and the question of types. These difficulties disappear if the axiom of 
infinity is assumed, but it seems improper to make the theory of (say) 2/3 
depend upon the assumption that the number of objects in the universe 
is not finite. We have, accordingly, taken pains not to make this 
assumption, except where, as in the theory of real numbers, it is really 
essential, and not merely convenient. When the axiom of infinity is 
required, it is always explicitly stated in the hypothesis, so that our 
propositions, as enunciated, are true even if the axiom of infinity is false. 


*300. POSITIVE AND NEGATIVE INTEGERS, AND NUMERICAL 
RELATIONS. 


Summary of ж300. 


In this number, we introduce three definitions. We first define “U” as 
meaning the relation which holds between и +v and ш whenever и and у 
are existent inductive cardinals of the same type, and 40, and w+,» exists 
in this type. Thus U is the relation “greater than” confined to existent 
inductive cardinals of the same type. The definition is: 


«30001. 07 = (+, 1), (NC шаце- ил) Df 


Then if р is an inductive cardinal which exists in the type in question, 


у 


0, and U, are the corresponding positive and negative integers, where “ U,” 
has the meaning defined in #121. It will be observed that OU, д, so that 
0, exists, when д exists in the type in question. We prove (ж300:15) that 
U is a series, and (ж800:14) that its field consists of all existent inductive 
cardinals of the type in question, its domain consists of all its field except 0, 
and its converse domain of all its field except the greatest (if any). If the 
axiom of infinity holds, C*U consists of all inductive cardinals. 


It will be observed that U arranges the inductive cardinals in descending 
order of magnitude. Тһе reason for choosing this order instead of the 
converse is that U is less required in its scrial use than as leading to the 
functional relations U,. As explained at the end of Part I, Section D, there 
is a broad difference between functional and serial relations, and this 
produces, where one relation (or its derivatives) is to bave both uses, & 
certain confliet of convenience as to the sense in which the relation.is to be 
taken. Considered as arranging the integers in a series, Ї7 would naturally 
be defined so as to arrange them in ascending order of magnitude, as was 
done with “М” in x123. But considered as functional relations, it is more 
convenient and more natural to take (say) +, 1 as the relation to start with, 
and —,1 as its converse. Thus we want uU,» when uv, 1, t.e. we want 
1ле — v 4,1; and this requires the definition of U given above. 


We prove in this number (300-23) that Tis well-ordered, and (ж800:21:22) 
is either finite or a progression. We also prove (ж800:17:18) that, if и is any 


236 QUANTITY [PART VI 


typically indefinite inductive cardinal, р and ш +,1 will belong to C*U if U 
is taken in a sufficiently high type. 

Our other two definitions in this number define two classes of relations 
which are of vital importance in the theory of ratio. We define numerical 
relations, which are called “ Rel num,” as one-one relations whose powers are 
all contained in diversity, т.е. we put 


*30002. Relnum-(1—1)a R(Pot/RCRIJ) Df 
We thus ha? (ж800:8) 
Е: Ве Ве] пит. =. Ecl 1.R,,GC J. 


It will be remembered that the hypothesis Re(Cls — 1)u(1—Cls). В, €J 
played'a great part in x121, and in all later work which depended upon #121. 


When both В and В fulfil this hypothesis, we have Re Rel num, and 
vice versa. We prove (ж300:44) that if о is an inductive cardinal not zero, 


and P is a series, then Р, is a numerical relation, and so is Р„. If P is an 
endless well-ordered series, finid*P (ie. the class of relations Р.) is what 


(in Section B) we shall call a vector-family: Р, is the vector which carries 
a term c steps along the series, 


In order to be able to deal with zero, we have to consider the application 
of ratios, not only to such relations as are numerical in the above sense, 
but also to relations contained in identity, because a relation contained 
in identity may be regarded as a zero vector, so that (eg.) if P is a 
series, Z СР will have a zero ratio to P, if с is an inductive cardinal 
other than 0. 


We therefore introduce a class “Rel num id” consisting of numerical 
relations together with such as are contained in identity; these may be called 
numerical or identical relations. They may be defined as one-one relations 
whose powers, other than R,, are contained in diversity, because, if В С Г, 
there are no powers other than А. Thus we put 


*30003. Rel num id =(1 1) a Ё (Рона Е“ ВСЕМ) Df 
and we then prove 
x30033. F.Relnumid = RI v Rel num 
For the application of ratio, it is important to know ишийг what circum- 


stances there exists a numerical relation R such that R, is not null. We 
prove (x30045) that if с is an inductive cardinal, and Р is a series of 
2-1 terms, then (ВР) P,(B*P) Now we also prove (ж800:44) that if 
Р is a series, and R=P,, P,=R, and В is a numerical relation. Hence 
it follows, by ж262:211, that if с +0 and а is a class of с +,1 terms, there is 
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a numerical relation В whose field is of the same type as а and for which R, 
exists. Remembering #300714 (quoted above), this proposition is: 


x30046. Е:сс0197-190.3. 
(ЯР, В).Ре(с+,1),. R= P, . Re Rel num. CR = tfa . (BR) Re (BR) 
We have conversely (ж800:47) 
Р: Ве Ве! пот. Ч! В..2. ое МО ша. gi(o+,1)ntOR.catCRe Ay, 
where “МС ind" has the meaning defined in ж126, ùe. “се NC ind” means 
that с is a typically indefinite cardinal. 


The number ends by propositions proving (*300°52) that U, is a 
numerical relation, that (ж800:57) 
AU A (Uu. D. E Xove U. E Xav =n хар, 
and analogous theorems. 


#80001. U= (+. 1)po E (NC induct — tA) Df 
«80002. Rel пит =(1 > 1) a Â (Pot R C RIJ) Df 
#30003. Relnumid = (11) л А (Рома R- В, CRJ) Df 
*3001. Fi wy. =. (+1) н». ve МС 9166 A [(ж800°01)] 
#30011. Fi ш. =: 

pv e NC induct — ИА: (FA) А e NC induct — 0 p m v A: 
tp,veNCinduct — (Л : (qr) X 0. mv t 
ij veNCinduct — ИА : (9А) А еМО 0. uv А 

[ж300-1 . ж120-42-428-462-459 . ж110:41 

#30012. Р: “Оу. 


шує МО induct- A .v «py. 
«p, ve NC induct. и < p. 
«pe NC induct . v < u 


[430011 . #1173 . *120-49 . ж117:26.ж1106.ж11715. 12048] 
x30013. F. UCJ [x30012 . x11742] 
x30014& +.0*U=NC induct — tA. D‘U = NC induct — ‘A —4“0. 
GU = МС induct nf (y 1» 4,1) 2 2 (v +, 1e NC induct — КА). 


Bir-o 
[430012 #117-511. #120129. 101241 . 120429422] 


#30015. |.UeSer [*30013.x120:441] 


#80016. HF:aeClsinduct. Э. Neca e CU a tha. Nocfa e CU [ га) 
Dem. 


шош ОШ 


F.x12021 . D E : Нр.Э.М,себс NC induct а) 
Б.Ж10813..ЭР.МеачфА (2) 
F. x10311. ОР. Ма eta (3) 
Е. (1) . (2). (B) 30014 . 2 +. Prop 


288 QUANTITY [PART V1 


*30017. t:ueNCind.Ó.(qa).u n tae C*U «ве CU Ра) 
Dem. 
F.x1261. DF: Hp.2.(qa).aeClsinduct. и = Меса. Їр. 


[x103:34] 2. (qa) .a c Св induct. ше а= Мс‘ (1) 
Е. (1).330016.2 F : Hp. 2. (qa). pn fe 0. (2) 
[665-13] 2. (qe). peU. p Ct'a. 

[*63:5] 2. (Ча). peU. реа (3) 


Е. (2). (3). D F. Prop 
#80018. F:ueNCind.2. 
(go) . 2* e C(U Pa). (wt. 1) o tfc OU. и (ИТ еа) 
[4126:13:15 . 3001714] 
ж500181. bs we NC ind. ро tíase CU.2. 
2^ г а в CU (р. 1) o Pa e CU. и о tta eU 
[+12693 . #30014] 


3002. F:Infnax.2.U — N,, 
Here М has the meaning defined in «263702. 
Dem. 

F 3001 .x1251. DF: Hp. 2s Uv. 
pr 201.«91:574] 

[*96-13] 

[(#263:09.ж120-01)] 


+» p, v e NC induct. м (+e L)po v. 
(то 1&0 + (te 1)». 


e p [CHa 1) дік», 
-vN poH £- D F . Prop 


шош 


*30021. +:Infinax.>. Tew [*300:2 . x263:12] 


x30022. F:cInfiuax.2. 17 О induct 
Dem. 
E .x12516:24. Transp . D H : Hp. 2. C*U e Cls induct (1) 
Е. (1).ж300-15 . «26132. 2 F . Prop 


430023. Б. eM [4300-21-22] 


#300231. F: uU, о. =. veNCinduct iA. 7 vl. 
«we NCinduct 2A. vl. 
peNCinduct — A - МО. рер, 1. 
«ve NC induct —t'A.v=p-—,1 


(allo d 


Dem. 

F.x8001512.x201:63.2 

Fi uU, v. =: u veNCinduct— ИА. ур: (ЯА) и «A.X ис 

pv e NCinduct— VA.» < uiv l Ze pur 1: 
|ж117:25| =: p,»e NC induct — ИА. — vl (1) 
Е. (1).x120:422:424:423 . 2 F . Prop 
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*300232. Г: we NC induct. 2. 


U, = (te u) (МО induct МА). Un = (— н) (NC induct — мА) 
For the definition of U,, see x121:02. 


Dem. 
F.x121:302. «30015 .D F1: pU,c. 2.0 eC U.pa. 
(ж800:14.ж110%6) =. p,a e МО induct— A .p=o 4,0 (1) 


F . 2602228 , ¥121:332. D 

F: Сы = (to №) (МО induct А). 2. Она = (+e ш) E (NC induct — (А) U, 
[*300:231] = (+) E (NC induct — A) | (+, D) (NC induct А) 
Їн120-45-4521 = {+ (и +e D} L(NCinduct -14A) (2) 
F.(1). (9). Induct. D F . Prop 


> 

#30024, F: u eNC induct . 2. DU, = Uy'u = NC induct n $ (v zz p) 
[4300232 . ж117:81 . #120-45] 

x30025. F:ueNO induct. 2. 


о 
BU, 


є. 27 
= (Чин NC induct ^ $ (v < u) = U (0 — д) 


[«300:232:2412] 
#30026. Е:дсєС4/.2.н0,0.5.0107, (CU) [30023214 . 1106] 
Here the ш in “ U,” is of higher type than the д in * e C*U," because 
the interval U (0 ға u) is composed of members each of which is of the same 


type as m. 
x3003. F:HeRelnum.z.Rel—1.R,C€J.2.Rel—1.PoVR CRI 


[(4800-02)] 
x30031. Е: Ае Ве пит іа, =. Re1— 1. Рона — ИВ, C RIJ 
[(*300-03)] 
«300311. Р: REJ.=.R,=R.=.R=IPOR 
Dem. 
< E 
F.x2011318. DF: RGI.2:2eC R2. By mn Hy'z-im (1) 
F.(D.x12111.2F: GI. D.IPCRER,. 
[*121:3] 3.R,-I[CR. 
[x72:92] 2.R,- R-I[C'R (3) 
F.x1213. DE:R=R.D.REI (9) 
F.(2).(8).2F. Prop 


#300312. H: ЕС 7.2. Рома R=1R=1R, — [4300311 . 5072 . Induct] 
*300313. Е: Ве Ве! пат 14.2. Ry — В СУ [«30031 . #9155] 
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x30032. F: ReRelnumid. D. R, I| CR 
Dem. 


F.x9135.2 F. TF CR Potid* — Rl ex'J (1) 
F.(D.x30031.2 г. Prop 


x300321. H: ReRel num id. R4 А,.2.ВЕГ.Я! В [430081] 
x300322. H: ЁС/.Э.Б,АВ,-А 


Dem. 
F.x1203.2 Fig Ry y. D. (o Ry) (1) 
F. ж5024. ЭГ: Hp. D: ~ (Ка): (2) 
[x91:57] Э3:48,,т.2.4(В,/|В)є. 
[#121-103.(2)] D. Remap va. 
[x12111] 2. (28,2) (3) 


H.L). (3). 2 F. Prop 
*300-323. H: Re Relnumid.R+R,.d.R, CJ 


Dem. 
F.x300321332. DF: Hp. 2. А. А, = А. 
[x300:32] 5.R,^IDpCR-À:2F.Prop 
*300324. F:. Re Relnumid. O2: ВСГ.у. Re Rel num 
Dem. 
F. 300311323. D Hi Hp. 2: RE 2v FE 6 (1) 
F.«300:32. Dt: ReRelnumid . Ro CJ. 2 . Рона: Pot В (2) 
Е. (2). x30031. ӘР: Re Rel пам 14 . В, GJ. 2. Pot R СВЕ (3) 


Е. (1). (3) .*3003.2Н.Ргор 


x300325. Р: ERG 2.2. Ee Rel num id 
Dem. 
F.3300312, D F: Hp. 2. Potid R — E, = А (1) 


F.(1). «30031, DF. Prop 
*300326. H : Re Rel num. 2. Re Rel num id 


Dem. 
F.x121:8.43009. 2FH:Hp.2.R,eePot*R а) 
F.x121302.x3003.2 F: Hp. 2. А, = IF CR (2) 
=. (1). (9). ж9135. ЭЕ: Нр.2. Рона — (№, = Pot‘ R (3) 


F.(3).x300331. 2+. Prop 
«30033. F.Relnumid = КІ v Rel пот [x300:324:325:326] 
x30034. +. Ae Rel num [*300-3 . ж72-1] 
«3004.  -.Relnum = Сау “Бе! num [*300:3 . 91:522] 
x30041. F.Relpumid = Cnv'*Relnum id — [30031 . ж91:5211 
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«30042. Р: А єБКеі пот. 2. Ро C Rel num 
Dem. 
F.x916.«92102. 2 
Е: Ве Ве! num. Pe Pot*H.2. Pe1 51. PotPCRIJ. 


[#3008] Э.РеБепшиа: D+. Prop 
#80043. Е: Re Relnumid, 2. Potid* C Rel num id 
Dem. 
|. ж300-325'318. OF: REI.5. Рой В C Rel num id (1) 
F. 300325. ОН. EP С*В в Rel num id (2) 


К. (2) - #30042326. D H: ReRelnum.>. Potid*R C Rel num id. (3) 
F. (1) (3). 830033 . DF. Prop 
430044. F: PeSer.ceNCind.2: 
P,, P «Ке ват 9 :040.2.Р, =(P). Po, P, e Rel num 


Dem. 
Е. 121-302 . ж800:325. 2 F: Hp.o=0. 2. P,, PeeRelnumid (1) 
H. #26028 . эн: Нр.сф0.2.Р,=(Р,), (2) 
F.*300°3.*260°22. Dt: Hp.3:/f,¢Reloum: 
Г%19155.ж900-49) 2:040,2. (P), e Rel num. 
[(2).ж300-4] 2. P,, P, Ва num (3) 


Е. (1). (2). (8). 2 F . Prop 


x30045. FiceNCind. P e(c +1). 2 (BP) P, (ВР) 
For the definition of (с +, 1),, see ж262:08. 


Dem. 
Е. 426212. ЭР: Hp.2. PeR. CP eo 1., 


| »202:181,526124|  2.(B«P) P, (BYP): 2 F . Prop 


#80046. F:ce(q*U-v0.2. 
(ЯР, R). P e(o 4, D, R= P,. Re Rel num ОЕ с. (В В) В, (BH) 
Dem. 
F.x30014.2F: Hp. 2. (Ча). «є С induct . tfa = с.дєо +l. 
[*262-21 1] 2.(gP). Pe(a +, 1), СР — to. 
[430045] 2. (4P). P e(o +, D, OP = tfo . (BP) P. (GP). 
[430044.«260192] — 2.(gP, R). Ре (2+,1),. R=P,. ReRelnum. 
HOR = tfo . (BR) R, (BR): D F . Prop 


к & W. IH. 
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#30047, +: ReRelnum.q!R#,.>. 
ceNOind.g!(o 4, Ро РСЕ. сп КОВ 10. 


Дет. 
Б.ж12111, ЭН: Нр.Э.(яг,у), R(zey) eo 1. 
[#12146] Dot leNCind.gi(ot,l)ntCR. 


[k120:422.430014] Э.сеМСшй.д (о-4,1) o CR. 
c n CIRe AU: a+. Prop 


x30048. Е: RGI.v4$0.2. R,-À 


Dem. 
L.x300312311.39155.2 E: RG T2 Ry=I CR а) 
F.(1).x1211083. 2F: RC 7.2. В (2-чу) = C Romo ty (2) 
F.(2).«x12111. DF: RGI.2:cR,y.2.C' аста ув +1. 
[«117:222] 2.,,1 s Nes. 
[117-5421 20124] Divt 1-1, 
[1106414120311] 2.,=0 (3) 


|. (8). Transp. D |. Prop 
+300481. Е: ReRel num 14. v 40.2 (R) = А. (Е, ER, 
Dem. 


F.x300:3248. DF: Hp. D. (Ro) = А а) 
F . #3004332 , DH: Hp. 2. (E) = Ip OR,. 
(ж191:322.ж300:32) D. (RAER, (2) 


F. (1). (2). DF. Prop 
x30049. |: ReRelnum. А e ePot/R. 2. 0  R ~e Clsinduct 


Dem. 
F.x1215.2F : Hp. O:veNCinduct.O . 1! R,. 
[x12111] 2.94! t п ССВ: ЭН. Prop 
#300491. +: (ЯА). Re Rel num. Ave Pot‘R.D.Infinax [x30049] 
x3005. Fr.U,eRel num [9001544] 
x30051. +. U,¢ Rel num id [*300:15:44] 
4300511. F. U, = (10), [*300:21:22 , ж268:4911 
«30052. Р: реМСта-– “0.2. О, є Ве пот | [3001544] 
8300:53. Б.(х,1)| CU e Rel num id |»300:395 . ж113:621| 


ж30054. F:Infinax. де D*U —(1.2.(x,u) E D'UeRel num 
Dem. 


F.*12051. 2: Нр.Э.(хуюу рЧ7є1-э1 (1) 
|. ж126-51 . ж113-621.21[:. Нр.2:р х.) ED'UJo.2.p2o: 
[117-47-49] Э: (ху) EDU, CJ (2) 


H. (1). (2) 3003 . D +. Prop 
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430055. iG! RAK, D.qi(ptolntCR.p=o (419111 12031] 
300551, Fig! R,ARe.=.q!R,.pao [*800°55] 
#300552. +: Re Rel num . 2. (Rẹ), € Ве, 


F.«12136. ЭН: Hp. E»eNCind - 60.2. (R9, = Вы, (1) 
F.x300481.2 F: Hp. £-0.»40.2. (R) =Å (2) 
F.330032311.x113:602.2 F: Hp.£20.»-0.2.(R),— Rixe (3) 
F.x300481.4113:602. ЭЕ:Нр.ЁФО.ь-0.Э.(ВО,СЕн,, (4) 
F.x30047 . Эн: Hp. ~(EveNCind).3.(R),=A (5) 
+. (1). (2). (3) . (4). (5). DF. Prop 

#80056. F:ReRelnum. qp! (ВВ, A(R),.2. 

Ехуу-т хш. (E хә) ОЕ Сй 


Dem. 
H. #300552. D F: Hp. 2. д! Rees À Rayon а) 
Н.(1)4300:55. 2 F . Prop 
*80057. Бія!(Г),А(0,,.2.Е6х2еС0.Ех,р-т хұн 
Dem. 


F.x8005:51156552.2 F: Hp. D. £x,v 9 xou. 1 Ох,» (1) 
Һ.(1).ж80026.>Р. Prop 

By «300556, we have, with the above hypothesis, (Ё x, v) n t*C*U « “И. 

But here the U in 040 is of higher type than the U in (£ x,v) n t*C'U or in 


the hypothesis. In the type of the U in the hypothesis, we have Ё x,veC*U, 
not necessarily £ x, ив (170. 


ж300:571. FE: E ge DOU. D c Ó(Up, А (Ura =. E хоре OU EX Va Хон 
Dem. 

F.«30026.2 E: Ex,peCU.Ex,v =n xap. 2. (Ё Xav) (Ut, ^ Usu.) 0 (1) 

F.x12136,2 F: Hp. Hp(1). 40.» 40.2. Us, (Ut, Ох. = (Оз) (2) 

F.«30032.2F: Hp. Hp(1).» 20. 2.(Ug, Ip C Ui. 


[*300-26] Э.01((09,)90 (8) 
Similarly F: Hp. Hp(1).5—50.2.0((0,,]0 (4) 
F.*113602. DF: Hp. Hp(1).v=0.D.p=0 (5) 
К. (1). (2). (8). (4. (5). D F: Нр. Нр(1). 2.1000), А (0), (6) 


Б. (6) . x30057 . D F . Prop 


300572. F: Ёс DU. D2 Gt (Upy =.: Exue OU LI я 


4801. NUMERICALLY DEFINED POWERS OF RELATIONS. 


Summary of ж301. 

In this number, we have to exhibit the powers of a relation R, 1.6. the 
various members of Potid‘R, as of the form Rr, where с is an inductive 
cardinal. We have already had R?=R|R and R*— R?|R. What we need 
is а definition which shall give 

Res Ве | Е, 

Now R” is а function of R and a; thus we have to exhibit R” in the form 
Ас, where S will be a function of В. That is, we have to define the relation 
S as a relation of R” to с, and S must be such that, if it holds between 
R” and c, № holds between E7**! and o+,1. Thus we may take S as а sum 
of couples, such that if one couple is R” | c, the next із (R"| В) | (c 1), 
ae. such that, if one couple із Q | c, the next is (Q| R) | (с+,1). Now 

(918) 4 (7 1) = (ВТК { е). 
Hence, since we want to have В = 7 | СВ, our class of couples is 
MUM R) С ИТС) | OF]. 
Calling this class num (E), we may therefore put. 
Бе = {mum (Ё)) Df 
If we put (| В) | (^, 1) = Rp, the above definitions аге 
— 
num (В) = (Rw (I OR) | 0} Df, 
Ве = (snum (В)} ‘с Df. 
But the above definition of Rp requires some modification before it can be 
considered quite correct. With the above definition, we have 
R (Q | в) - (Q| В) | (e +61) а). 
Now since num (В) is defined by means of (Rp), and since the definition 


of Ry contains the hypothesis Rep Ср, it follows that, if num (Е) is to be 
significant, the relation —,1 which appears in the definition of R, must 
be homogeneous, so that, in (1), с and с+,1 must be of the same type. 
Hence о, though typically ambiguous, cannot be typically indefinite ; 
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therefore, if the axiom of infinity is not true, we shall sooner or later arrive 
at о = А as we travel up the inductive cardinals. In that case, we shall have 


Re-l | (e 2, 1)enum(R).(Ro7*! | В) | A enum (R), 
(А-1 R| В) | A enum (А), ete. 
Now if (for example) R is a cyclic relation, such as that of an angle of 
a polygon to the next angle to the left, we shall not have 
Heim В | R ог Rü—À| R-GRePRQE. 

Hence “аша (В) will fail to be one-many, and R” will fail to exist. Hence 
it becomes desirable to restrict с to cardinals which exist in some assigned 
type, 1.6. to replace — 1 by (—, 1) (NC induct — КА), те. by Uy. 


Thus we now put R,- (| R)| ПА Dft. 


But even this definition is not quite complete, because the type of U is 
not assigned. It makes some difference how the type of U is assigned, for 
if we take as the type of C*U a type lower than that of Мс" В, we may 
find that our numbers become A before we have ceased to obtain fresh 
powers of В, 


For example, suppose the total number of individuals were four, and that 
these were а,ғ,у,2. Let us write æ | (a,y,...) forz аша [ yw... Then 
consider the relation В=х {| (а, у) ча {учу | (2,2). Then 

Raal(@yaval@aey| (ay) 

Raa] (а,у,л,зуша (уучу V (m y 2» 

R'=v {| (у, 02,0) wa { (у,2,2) чу | (a, y, %2), 

R*=g | (а, 2,5,2) ша { (а, в, у, г) оу | (а„а, 9,2). 
After this, R°= R*| В = В*| В*= ее. But up to R, each power of R is 
different from all its predecessors, If we take ЁСЧ/7-08М СВ, C'T 
consists only of the numbers 0, 1, 2, 3, 4, and is thus inadequate to deal wien 
В" Hence the type in which we take U must be a sufficiently high type, 
which must increase with the type of R. Hence we take C*U in the type of 
ИМ В, ie. in the type of 848, This is secured by writing О Е in 
place of U in the definition of Rp. Hence the final definitions for К° are: 


#30101, Еу-(8)| (0. eR) Dft (83011 
Ж301:02. num (В) = (Буу (I CR) | On eR} Dfe [4301] 
Ж301:03. Re = (mum (А) Df 


The two temporary definitions ж801:01:09 are only to extend to the 
present number. 
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With the above definitions we have 
#30116. Р: реб лё. =. Е! Re 
*8012 Һ.Ю-ІГСЕ.Е-Е 
ж80121. Five UnR.D.R t= А*| В 
x30123. FiptveCUnt*R.D. Rete = Re| R= R| Re 
ж301'26. +: P ePotid‘R. =. (g0). P =R" 

I.e. the powers of R are the various relations Л”. This proposition might 
have been not universally true if we had taken U in a lower type. 
x3013. Р:ЕСІ.ве«С Аа Е.2.В8ғ4-В8-Ю-і1рС 

It is largely for the sake of this proposition that we require powers 
of relations in dealing with ratio, rather than finid‘R. For we have 
ВЕІ.с+0.2.Е,= А, so that R, does not give what is wanted if 
ЕСІ. On the other hand (830141), if Re Rel num, we have В” — Б, 
ifoeC'Unt*R. Thus as applied to numerical relations, В, may always 
replace Rv. 

We have, whatever R may be, 
#301004. Fi pve Un MOR. 0450.02. (Rey = Rexo 


The importance of this number will appear in connection with ratios 


ж30101. Л, = (В), eR) Dft (ж8011 
4801-02. пи (В) = (ЕС (IP OR) | (06 £*R)) Df [x301] 
#30103, Rr = (пи (А) о р 


*8011. FieeQUpi* R).2. R/(QULo)-(QUR) | (o 4,1) л“ В} 
[#5561 . (4801-01)] 
«301101. Ес сс (Ир iR). =. сеа t*R.S.oe(l*U.c CHR 
[63-5] 
x301102. F:c eC (UL еВ). 
(ЯА) .XeCls induct. g ! - А. Ret à. o = № 
[*300:14 . 103-11] 
ж301:103, Р:се (07 0 R).-. 
(GA). А е Сів induct. Y 1—A. Вел. o= Nec 
[*3011102 . «73:7172] 
x301104. Г: ос (“Ор &R).=.(o +,.1) о Ве NC induct — ИА 
|ж801:101 . 300-14] 
x301105. Е: oe (0 F R). =. (FA) -à e Cls induct. Вел. 4,12 Nic 
[x301:104] 
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#801106. Ессє( (Up 8 R). (qa). Xe Clsinduct. Века. o +1 = Мо, 
[+301104] 


*301107. F:c eI (UL еВ). c.c e МС а. Res(o +1) 
|ж301:106 . ж126:11 


x30111. Н:ое (0 PR). -.Е1В(0 | o) (30111 


x30112. +: Menum(R).>.(qP,c).Pe Potid*R.e e Un “R.M =P} o 
[x95 22] 


430113. H:P | 0enum(R).D.P=I OR 


Dem. 
|. #90°31 . (*301:02) . D 


Е: P | penum (В) — (ТГ ОВ) 40].2. 

CP 41) КВ | By} (IP CR) 1 0). 
[43033.43011]2 . (P | ОЫАЕ 1). 
[#95-99] 2.41. 
[4300-24] 2.440 (1) 
F.(1). Transp. D F . Prop 


#80114. Р:Р |р, 0 {репа (В).2.Р=9 

Dem, 
Һ.ж190194.ж9031.2 
к: {8} (65.1) (Ву, (LP O'R) 10)-Э. 

(S 4 (e+ D] [Rp] (Rodel СТ CR) 4 0} 0) 
Е. (1). 68301-02) . #30112 . #30014. D 
К:8 4 (ut 1) епот (R).2.8 | (o1) e Вам (А). gl etl. 
(830111 

Э.(яР,»).Р | venum (В). S L (y, 1) -(P| B) | (0461) -g! o 1- 

(ж55:209.ж120:811) 


Э.(ЯР)-Р | wenum(R).8 { (84.1) = (РВ) | (83.1) (2) 
F.(2),.Dtz Pl mQ} иепат( В). 2р0. Р= 0:2: 
Sis, сад enn) De p 3=T (3) 


F.(31.30112:13. Induct. ЭР. Prop 


x301141, H. (IG num (В) = CU n Р 
Dem. 
F.x3011.2 
К: ое ЧП а ВВ. ое Ч‘ (А). 2. (о +, 1) ed num (В) (1) 
Е. (1). #30014. Induct . D |. Prop 
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ж80115. Р. num (А) є1 — Сіз 
Dem. 
F.«30114.2F: М, Хепи (А). я С Мо Q*N.2.M-N (5 
F.(1).x7232 .2 F . Prop 


30116. Е: шеб Гл. =. Е! В» [x30L141:15 . (k301:03)] 


#3012, Б. = ТРОЕ. Б = Е [430113161 . (301:03)] 
ж301201. Five ‘Ол В.Э. (RY } у) enum (Е) 
Dem. 


F.x30116 . (4301-08). Db: Hp. >. R” [snum (R)} v. 
[4111] 2. (4M). M enum (R). ВМ. 

[x30112] 2. (qM, P, с). M enum (В). M =P { o. Му. 
[*55°18] 2. (R | v)enum (В): DF. Prop 


4301-21. Five Un R.D. Ret = В |Н 


Dem. 
F.«8011201.2 F: Hp. 2. Ret? (9-1), (R | В) { (v +.1) enum (В). 
[#30114] 2. Reels ВВ: Db. Prop 


#30122. Р:Е! Л. 2. Re Potid‘R [x301:201:1216] 


«30123. FiptoveCUnt*R.D. Rete = Ви | Ру = Р | Re 
[430121 . Induct] 


«801-24. Е:. ое МС т: р Зе. р. Da p Ho Rd. 


Рди). ьо. P= Вес! 
Рет. 


Б.ж120:442 ,Э F: Нр. ш«о.у «о. В = В'.2.р=иь (1) 
Е. (1) . #7314. 30115 .2 


Е: Нр.2. МеВ (qa) ао. P= БК) = Моф(а< с) | (3) 
Е. (2). ж12057. D F . Prop 


ж301:241, Е: Hp «30124. 2. c n Re IUE OR). Ret Ве | В 
[43012410421] 


ж801242. bic cC Un t* Ru Sow <p. Ви = R.D. В| В = Кено 
Dem. 
H. 120412416. DH: Hp. D. o= (0 — p) +в. 
[x30123] 2. R= Вос | Re. 
[Hp.x301:21] Э.В В = Re | Ret 
[*301:23] = Ro-cwtertel sb, Prop 
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4301-25. F:(qo).P=R.D.(qr). P| R=R [4301162412421 


ж30126. +: PePotid‘'R.=.(qo).P=R* 
Dem. 
Е. ж801:25:9 . Induct. D+: P e Potid‘R . D . (qo). P = В” (1) 
F. (1). #80122. DF. Prop 


88013. F:RGI.ceCUntR.D.R7=R=R,=ITOR 
[*300:312 . «301:16:26] 


*30131. F:RGI.c40.2.R,—À (30048) 


The above proposition is ihe «ame as ж800:48, but is repeated here to 
show the relations of В, and R”. 


#80132. Fi RGI.q!R.D:q!R,.2.o0-—0 [4300311.430131] 
«8014 Р: ReRelnum.eceCUnt*R.2.R, = Б” 


Dem. 
+. ж801'9 ,ж121:302.ЭЕ: Hp. D. В, = А (1) 
F.x30121.«121:332.2 
Ес. Hp. ce MU nt R.D: R= R°. D. Regza = Ron (2) 


|. (1). (2). Induct. D F. Prop 


#80141. F:E,ScRelnum. qi Re^ Hr.2.u —v.g!(u ы 1)o СВ 
[4301416 . 300755] 
88015.  F:ux,veC'Un А. n0.» 40.2. (Eo) = Reve 
Dem. 
F.x«1176232. Dt:Hp.d.pveCUneR а) 
Е. (1). 301162. D F: Нр.Э.(Ееу- Rexel (2) 
F.x30123. DkrvtleOUntR.D. (Rete) = (Rey | В” (3) 
F.(3).«301:23.2 
К: (иже) topeCUntR. (Rey = Re.D. (Виу+ = Ro xenten (4) 
F.(4).x113:671.2 
Ба (Rey = Beer Di их. (ot 1)e Un В.Э. (Reytt Roxette (5) 
F.x117:57132.2 Fi p x(r441)eC Un В.О. xve Untk (6) 
Е. (5) - (6). ЭН: р Xove CU п 8.2. (RY = Revd: 
B Жо (и +, 1) Сл В. 2. (Вен Бечен (T) 

Е. (1). (9). (7). Induct. D F . Prop 

Ж801:501. Р: и = 0.veC Пав R.D. (Rey = Rexe [x30123] 

*301502. F: лье С Га СВ. 2. рх.ье 00а Е. (ш хоу) п Ве OU 


Dem. 
F-30014 1205 DF: Hp. gl ихээ) e В.Э. (ихо) иЕе (1) 
F.x30014. Dt: Нр.2. (qa, 8).aeu.Bev.a, Bet CR. 
[x113:251] D. (qa, B).ax Beg x,v.a, Bet CR. 
[01131796461] о. (да, B). ax Ве (ш xar) ^ В (2) 


F.(1).(2). «65:13. D +. Prop 
17 


250 QUANTITY [PART У! 


#801503. F :veNC іа. уе СеО (OR). D. оо Re C(UL ЕВ) 
Dem, 
F.x30014.2 F: Hp.2. (ga) .aev n СЕ. 


[41062] О.(яг,0). а aaev o В (1) 
F.(1).«30014.2 К. Prop 


*301504. Fi и, eC Un PCR. v0.2 . (RY = Rex 
[4801:5:501:502:503] 
#301505. -:.£eD'U.D ig !(( DEC). m. E xve CU 
Dem. 
Е. #120459. Db ABT CU]. 
[«300:232] 
Е. (1). «30052 . 4301-4. 
Е:. Нр.2:Я СОСО. =. Я (Ор. ес. 
[*300-572] «Е x,veCU:. DF. Prop 
#80151, Fs. E т «П.Я (+ БЕ OUP a КН СО). =. 
E xene U. Ex, v= хор 


HUG СОР. Fe 0. 
a! (Ug) -Ee CU (1) 


mn wu 


Dem. 
F .801:505 .300:232 . 4801-4. 2 
bie Hp. Dim Eg E CU} ^(QG mp Ur. =. Я ОВ, A (Ua 


[«300:571] =. Ё xve U.E x, v =n Xeni ӘР. Prop 
ж80152. F:veD Un tR. D. (хер) = х, (и) 

Dem. 
F ж301-2 . 113204  ж116:204:391, 2 F. (x, B)! = x, (u) a) 
F.x301:21 DH: ve Un tR. 2 (xa ay o (x, шу (хн) (9) 
F-(2)-2 Five Un tR. (хору = Xo (p). D+ (Xo p)? = x (и) | (хо н) 
[x116:52:321] —-x(u) (8) 


F.(1). (3). Induct. D+. Prop 


*302. ON RELATIVE PRIMES. 


Summary of «302. 


The present number is merely preparatory for the definition and discussion 
of ratios. We want, of course, to give a definition of ratio which shall ensure 
that ш/о = (и х.т) хот). Hence in defining a/v in any given type, we 
cannot exact that ш and у themselves should exist in that type, but only 
that, if р/с is the same ratio in its lowest terms, p and с should exist in that 
type. Hence, if we are not to assume the axiom of infinity, it is necessary to 
deal with relative primes before defining ratios. 


The theory of relative primes is concerned with typically indefinite in- 
ductive cardinals (NC ind). It will be observed that we have three different 
sorts of inductive cardinals, namely NC ind, NC induct, and 050, NC ind 
consists of typically indefinite cardinals, NC induct consists of all cardinals 
of some one type, and C‘U consists of all existent cardinals of some 
one type. If the axiom of infinity holds, we have C*U = NC induct, and 
NC ind = sm“NCinduct. But neither of these is true if the axiom of 
infinity does not hold. It will be found that, where we require typically 
definite cardinals, it is СО or ОГ or D*U that we require, not NC induct ; 
that is to say, we almost always want to exclude A, and sometimes we want 
to exclude the greatest existent cardinal of the type in question, or to 
exclude 0. Thus “NC induct” will seldom occur in what follows. The 
cases in which C*U ог D‘U ог (10 occurs are of two sorts: (1) where we 
are proving typically definite existent-theorems, (2) where we are concerned 
with series, ав 6.0. in «300, where we considered the series of existent 
cardinals, or in x304 below, where we shall consider the series of ratios. 
Wherever series are concerned, we must have typical definiteness, because 
the definition of “ P eSer" involves СЕР, and therefore only a homogeneous 
relation can be serial, This is a particular instance of the fact that when we 
require numbers as apparent variables (as e.g. in the theory of real numbers), 
typical definiteness becomes essential, Many propositions containing the 
hypothesis “ие NC ind" (where д is а real variable) do not allow of ш 
being turned into an apparent variable, because this requires that » should 
be fixed in one type, and our original proposition may demand that the 
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type in which д is fixed should be a function of д. For example, «30017 
states 
Е: де МСша.2. (да). ре С(О ta). 

If we fix the type of р, we thereby also fix the type of a, and the proposition 
becomes false unless the axiom of infinity is true. In fact, the proposition 
demands that, the greater м becomes, the higher must the type of а become. 
“NC ind” is not a strictly correct idea, and the primitive proposition 49:13 
does not apply without reserve to propositions in which it occurs. We have 
introduced it because it immensely simplifies the expression of many proposi- 
tions, авд because it is easy to avoid the errors to which it might give rise if 
used without remembering that it is a concession to convenience. 

It will be found that, when we are not concerned with existence-theorems, 
or with numbers as apparent variables, * NC ind " is almost always the notion 
required. This applies to all cases where we are only concerned with addition, 
multiplication, subtraction and division; it applies to ratios except when 
ratios are considered as forming a series, or when we are investigating their 
existence. As regards the use of an “NCind” as an apparent variable, 
there is a distinction between “all values" and “some value" If we have 
“peNCind,” “(яр)” will often be legitimate when “(р)” is not. The 
reason of this is that, if we are to fix upon one typically indefinite cardinal, 
it will be possible to assign one definite type in which it exists; e.g. there are 
at least two classes four classes of classes, sixteen classes of classes of classes, 
and soon. But if we are making a statement about all typically indefinite 
inductive cardinals, it will not be true unless there is а type such that our 
statement holds of all inductive cardinals in this type. 

Tn virtue of 430017, if we have “pe NC ind,” we may replace it by “ре0“И” 
if we may take U in as high a type as we please, or if, on account of the rest 
of our proposition, p cannot be greater than some assigned inductive cardinal 
so long as the hypothesis of our proposition is true. 

The above remarks will enable the reader to test the uses of typically 
indefinite inductive cardinals as apparent variables, and the passage from 
propositions concerning NC ind to propositions concerning 040. 

We define р аз prime to o when both are typically indefinite cardinals and 
1 is their only common factor, i.e. we put 
#30201. Рт = 20 {poe NCind:p= EX, T. C=NXaT . Dte T=1} Df 

In this definition, £, y, т may be taken to be typically indefinite cardinals; 
because, when p= E Хот. ет ==) хот, we must have Ё pen So. тр. то, 
so that £, з, т cannot grow indefinitely (with a given p and c) while the 
hypothesis remains true. 

We define “ (p, с) Prm, (м, v) " as meaning that p is prime to c, that т is 
not zero, and w= p Хот. = т X, T, 4€. р/с is ш/г in its lowest terms, and т is 
the highest common factor of р and и. The definition is: 
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#30202. (р, с) Prm, (4, р). =. 
pPrmo.teNCind-t0.p=px,t.v=ax,7 Df 

We then put further 
*802:08. (р, с) Prm (p, у). =. (Ят). (р, в) Prm, (u,v) Df 

Here again there is no objection to т as an apparent variable, because т 
mnst be not greater than и and v. “(р, с) Prm (p, v)” secures that р/с is ply 
in its lowest terms. 

We also define, in this number, the lowest common multiple and the 
highest common factor. 

Our definition of “Prm” is so framed that every inductive cardinal is prime 
to 1 (*302'12), that 1 is the only number which is prime to itself (ж309:13), 
and the only number which is prime to 0 (ж309:14). 

After a number of preliminary propositions, we arrive at the result that 
if p and v are not both zero, and Ё and s are not both zero, the existence of 
a couple р, c which is prime both to д, р and to £f, т is equivalent to 
А Харх, Ё, ie 
*30234 Fr: р, у, Ё, рс Са. (и=р= 0). о (= а= 0). 2: 

№ Xm vx Ё. =. (фр, т). (р, c) Prm (и, и). (р, a) Prm (é, n) 

We have also 
«30236. Е: ье МО ind. ~ (u = v = 0). =. (Яр, с). (р, c) Prm(u, v) 
x30238. Р: (р, с) Prm (p, и). (E, т) Prm(uv).2.p—£.o—» 

Т.е. there is only one way of reducing а fraction to its lowest terms. 

We prove also (ж302:15) that if и, v are typically indefinite cardinals, which 
both exist in the type of A (t.e. мл, va € 00), then 

(p, а) Prm (p, и). =. (р, о) Prm (pa, va). 
This enables us, when we wish, to substitute typically definite cardinals for 
the typically indefinite ш and v. 


«30201. Prm-$ó(pceNCind:pefx,r.0— 9g X,T.Dts-7—1] Df 
*30202. (p,c)Prm,(u р). =. 
pPrma.reNC ша — О. р=ржт.и=ох.т Df 
Неге р, are to be typically indefinite іп the same way as px, T and с x, r. 
Thus if, in some one type, px, 7 and c x,7 are both null, that does not justify 
us in writing (р, т) Prm, (A, A), because there are other types in which p Х,т 
and т хот are not null. On this subject, cf. #126. 
«30203. (p,c)Prm (и, и). =. (Ят). (р, с) Prm, (м, v) Df 
я30204. hef (u,v) = (17) (Яр, с) . (р, а) Prm, (и, v)] Df 
#30205. lem (р, v) = (78) (TP, о, т). (р, т) Prm, (р, v) -E—- px,o хт) Df 
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«8021. Р:.рРгто. =: р, ое МС ша: р=Ёх. т.о = жет. тт. 771 
[(*302-01)] 


«80211. b:ipPrmc.=.o¢Prmp ([%802'1] 
ж30212. F:pPrml.z.peNCind (ж3021 ,ж117:681:61| 
430213. bipPrmp.=.p=1 


Dem. 
+ .*80212. Db: p=1.3.0Prmp (1) 
F.«3021. DF: pPrmp.d:p=1x,p.I.p=1: 
|ж118:621| Э:р-1 (2) 


F.(1).(2).2 К. Prop 
#30214. F:0Prmu.z.u-l 


Dem. 
F.«x30219.2F:4, 21.2.0 Prmy (1) 
F.x3021. ОР 0Prmu.2:020x,u.p —1x,u.2.p—]: 
[ж118:601:621] 2:р=1 (2) 
F.(1).(2.2F.Prop 


x30215. bi. u,veNCind.pa,neCU.>: 


(р, c) Prin (p, х). = - (p, c) Риш (ша, va) 
Dem. 


Е. ж126-101 .ж300-14.2 

Ес. Нр.2:рРиюс.те МОС ша — м0. ре=рхт. у= ос хут. в. 
pPrme.reNCind—i0.u,—-px,T.m-ax,T (1) 

|. (1). (302-02-08). 2 F. Prop 


*3022. Б: р, ое (0. (и == 0). к= (р, o) - pm pX,T-v—o0X,7]-2. 
Е! шах (0) шах (Туке D'U 


Dem. 
F.x113621.2 F: Hp. 2. 1ex а) 
Е. #117-62 . 113-602 . Transp . 2 
К:.Нр.тек.Э:т& ш.у.т< > (2) 


Е. (1). (2) 3002122 . #261-26 . #80026 . +. Prop 


In the above proposition we write “max (U)‘x” rather than “ min (U)‘x,” 
because, since U arranges the natural numbers in descending order, “min (U Xx” 
is the greatest number which is a member of к, and therefore it is less con- 


fusing to speak of this number as “ max (Uy? 
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430221, +: Hp 3022.7 =тах(ук.ш=рх„т.›=ех„т.Э. 


(р, с) Prm, 
Дет. ) ®”) 


F.x1312.2 F: Hp.pp'x,T'.o—o X T.D. 
в-р х.т хот. у= с хот хот. 
[%118:602.Тгапѕр.Нр] 2.7 х,т+0.т X TST. 
[12051141762]  2.7-1 (1) 
F.(1).43021.2 F: Hp. 2. p Prm o (8) 
К. (2). #3022 . (ж302°02). ОР. Prop 
*30222. F: u, veNCind.c(u-»—0).2:(9p,0, т). (р, с) Prm, (и, v): 


(Яр, с). (р, ©) Prm (p, v) 
(%302:2:21. «30017 . («302:03)] 


x80223. Ё::д,»сЧ7.Э (яр, в): р че ГП. их. с =u хр: 
EneD U. т =>» х, Е, dp, Е p nee 


Фет. 

F.x30023 ,ж118:27.2 

Е: Hp. “Пар ((qo)- uxo — v x,p] d. Et min (П) (1) 

F (1). #30012 . > 

F: Hp.2:(8590):poeD'U. д хт =v Xap: 
EncD'U.u x» =r XE. Din Ep (2) 

Е. x12051. 

F:Hp.g,ceD'U.ux,o —vx,p-uX,m—ovx, £.2.px,u- o XE (3) 

Б.ж117:511. ЭЕ: Hp(3). £i ge D'U. Ё22р.Э.Ёх,о2эрх,с (4) 

Һ.ж19651. DE: Нр(4). с> з. 2.рх,с> рх, з (5) 

Е. (4). (5). 2F:.Hp(4).2:0 2 .-2.Ёх,с2эрхХ, эг: 

[Transp] Э:Ёх,о-рх, .Э-э2 т (6) 


F.(2).(3).(6).2 F . Prop 


#80224. ki; ру,ррое МС ша -(0.их,о--их,р: 
иХуүээх,Ё.Ётер U. Din Epen: Э.рРгас 
Dem. 
F.«3021.2 
Н: ррое D'U. ~ (р Ргм с). D. (Чл, т).т+1.р=ЁЖт. с =з хт 
[*113°203-602.4120°511.4117°62] 
5.(gE m D. En Te DEU Ld. E p.mo.pmEx,T.o—9X,7 (1) 
Е. #12051. 2: р сер. шхо —»X,p.pemEx,T-0 =X T.D. 
п Хет = их, Ё (2) 
F.(1).(2)..2F:p, р. се “И. pxo —vx,p.co(pPrmoa). 2. 
(я). хаз mrs Ё. тер. E p.c (3) 
F.(3). Transp . «30017 . > F . Prop 
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x3022b. F:p, ëe D‘U.D. (qa, В). aeC*U. B E.p - (ax, &) +, B 
Dem. 

F.x117:62 120428. DH: Нр.Э.р« (p +61) xa Ë (1) 
F.(1).30023 . 2  : Hp. 2. E! min (U)& {ae ŒU. p < (а+, 1) х, . 
|%120:414-4161 2.(ga).aeCU.p c (ac, 1)x, Е.р>>ах,Е. 
[3117:31.4120452] 2. (qa, В). а, Be CU. p < (a, 1) x, £- om (ax, E) B. 
[#118671] 2. (На, В). „В CU. p «(ах В+. E. p (ах, E) B. 
(%120:442.ж117:561. Transp] 

2. (Ча, В). ae CU. B < E. р= (ax, E) +, В: ЭН. Prop 


«30226. +: Hpsx30224.2 . (p, с) Prm цы, v) 
Dem. 

F.«30225.2 
к: Hp. D. (qa, B,y,9). и = (ax, p) B-v— (ужо) +,5.В « p.B« o (1) 
F.«11343.2 
К:ш = (а хр) + B.» = (ух,с)+,8.8 <р. < a.u Xx,o —vX,p.2. 

(0 X, p Хув) +o (B Xoo) = (y Xo P Хо) +a (8X, p) В «р.б «а. (2) 
[*117-31.«120452 113:671] 

2.ах,рх,с (yt 1) XspXoo y хр Xar < (@ +, 1) хар хас. 


[*126:51] Diacytl.y<atl. 

Ї»120-429:442,ж117:25| 2.a— y (3) 
F.(2).(3).12041.2 F: Hp(2).2.8x,0 = 8x, p. «р.б «с. 

[Hp] 2.820.820 (4) 
Һ.(8).(4).ЭР:Нр(2).Э.ш-ахр.у-ах,о (5) 


Е. (1). (5). #80224. D4. Prop 
#30227. Н:и, и, р, о, & ne МС Ша4-40.их,ожихс,р.ИиХүү-рх, E.D. 


EXT =n хор 
Dem. ° 
Е. *11327.DH:Hp.D. EXV XT =N X, jit хт 
[Hp] =N Хи хыр. 
[x126:41] D.Ex,c— хур: ЭР. Prop 


«30228. F:Hpx30224.E, ne NC ind - (0.45 xen =v x E.D. 
(р, с) Ртт (Ё, т) [«3022627 .«X30017] 
ж302'29. |: Нрж302'28. Е Ргту. 2. ё=р.т= с 
Рет. 
F.«302281.2 
FHp.D:(qag.£—-ax,p.m—ax,o:É—ax,p.m—ax,0.2,.a—1: 
[#14122] D:€=1x,p.7=1x,0:. DF. Prop 
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#3023. :д,ЁлєМСїШшд-И0.их,т-их,Ё.Э. 


(ap, е). (p, с) Prm (д, v) . (p, т) Prm (Ё, n) 
Dem. 


Е. ж302.28:24.5 
ts. Hp.3:(qp,c): p Prmo.p,ce МС ш4 — 10. хо —vX,p: 

а, Ве DU. px, 8 =их, а. Э, в. а2р.В о: 
[*302-26:28] 2: (gp, е). (р, с) Prm (р, у). (p, с) Prm (£ т) :. ЭК. Prop 


#30231. |: (р, с) Prm (u,v). рРгти.Э. р=р.и=о 
Dem. 
Ь.ж30871 . («302:02:03) . D 
F Hp. 3: (ит). p=pXxot V=OXoTi рер хот. рес хот. D, T= 1? 
[414122] D.p 5 px,l.v— o x,1:. OF. Prop 
«30232. F:fPrmw.íPrmv.Ex,v—25 ухо. D. Ё= p.m—v 
Dem. 
t 302381. D 
Р: Нр.2. (яр, с). рРгтс. = р. рер. = с. у= от: ЭР.Ргор 


ж302:33. F: р, и, £, ne NC іта 10.0: 
p Xon =v Xa E. =. (яр, с) . (р, с) Prm (д, v) (р, с) Prm (E, n) 
Рет. 


Е. Id . (3020203) . ЭЕ: (р, o) Prm (и, v) . (р, с) Prm (E, т). 2. 
(qr, T). тер. ш=рхот.р= сохт. Ё=р Х.т. = с XT. 
[%113:27] 2. (ят, т). Xo = р Ход Хот Хот =Y X, Ë (1) 
Е. (1) -#3023 . D H. Prop 1 
#30234. F: pv, £ ес МСШшд.с-(и-и-0)-2-(Ёсгт-0).-2: 
ш Xan = v Xo E. = (ур, с) (р, a) Prm (д, >). (p, с) Prm (Ё v) 
Dem. 
F.x113:602.2 F: Hp. 5 0.»40.2.£20.59 40 (1) 
Е. ж113:609:621.2 
Би -0.-240.Ё-0.940.Э.и-0хси.р-1х,и.Ё-0х,7-7-21 хот» 
[*302-14] 5. (0, 1) Prm (р, v) . (0, 1) Prm (Ё, т) (2) 
Е. (1). (2). Эн: Нр.р=0.,+0.2. 
(яр, о). (р, е) Prm (и, >). (р, с) Prm (E ч) (9) 
Similarly Р: Нр.у=0.0+0.2. 
(яр, о) (p, 9) Prm (p, v). (p, e) Prm (ёл) (4) 
Б. (3). (4). #30233. D F . Prop 
*3023b. Е:. шие МС ша. > (и=и= 0) .рРгто.2: 
и хе =v Xop+=+(p,o)Prm(y,v) (ж802:34:14:311 


в. & W. III. 
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30236. Г:д,»е NCind.~(u=v=0).=.(qp, е). (р, с) Prm (р, v) 

Dem. 
F x30214. DF : (р, е) Prm (р, v) 2: 

poeNCind.~(p=o=0):(qr).teNCind—t0.p=px,t. v=o хот: 
(ж120:5.к118:602| Dip, ve NC ind. сә (и — » = 0) (1) 
Е. (1). #30222. D F. Prop 
x30237. |: (р, а) Prm (р, у). =. 

№, ие МС шд.» (р=0.у=0). р Рипа. их, в =их.р [*3023536] 


ж9802:38, |: (р, с) Prm (м, и) (E, n) Prm (р, и). 2.р=ё. с=т 

Дет. 
F.«30237.2 F:Hp.D.pPrmo.£Prmg.ux,o =VX, PLX N =VX Ё. 

~(u=0.v=0) (1) 

Е. (1), #30214. 113602, DH: Нр.и-0.Э.р-0.Ё--0.с-1.7-1 (2) 
Е. (1). #80214. *113:602. DF: Hp.v=0.9.p=1.&=1.0=0.7=0 (3) 
Б.ж802:27,ЭЕ:Нр.и-0-.940.Э.рх,э-эсх,Ё. 
[(1). *302:82] Э.р= Ё.с= т (4) 
+. (2). (3). (4). D+. Prop 
x30239. +: (р, а) Рг (р, у). D.p 22р. v > 

Dem. 
Е. ж302:23:36.ЭН:. ve DIU. 2: 

(Яр, с) : (р, с) Prm (м, у): & ne DOU. ux, -vXx Ё. Din- Ёр. оо: 
[4113:27] D: (qp, с). (p, с) Pria (m, v). p> p-vzo: 


[430238] D : (р, а) Prm (pm, у). 2. p> p.v >o (1) 
Е. #3023714. DF: р= 0. (р, с) Prm (м, у). 2. ,+0.р=0.а=1 (2) 
Similarly Бзр = 0. (р, а) Рго (р, и). D.+0.pH=l.c=0 (3) 


Е. (2).(3).2 Fi (р, в) Ргт (р, и): р 0.У.р-01:Э.иЗэр-и2в (4) 
F.(1).(4).302:36 . «30017.20 F. Prop 
x3024. Fip,veNCind.~(w=y=0).3.E! ће (ы, v) 

Dem. 
F.x30222.2 F : Hp Pn (qe, с, т). (p, с) Prm, (и, v) (1) 
F #302'38 . («302:02:03) . D 
Ft(p,c) Prm (uv) . (Eq) Prmg (д, и). Э.р= Ё. с=т. рер хут. = EX m. 
[*126:41] 2.т== (2) 
Е. (1). (2). (ж302:04). D F . Prop 
430241. Fip,veNCind.~(u=v=0).9.E! lem (р, и) 

[Proof as in *302°4] 
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«30242. F: p, уе МО ша. ~ (и = v = 0) . D . hef (р, v) x, lem (м, v) = p xov 
Dem. 
F 30274041 . (ж302`04"05). D F: Hp. 2. 
(Яр, в, T). p =pPXo Tv = ос Хот. hof (р, v) = т. lem (u,v) = рхо х„т. 
(Ж11327.ж116341 D (яр, о, T) -p XoY =P X,0 X, T. 
hef (и, v) x,lem (u,v) = р Хо X, 1:2 F . Prop 
x80243. +: (р, а) Prm(u;v) .D.p x, hef (u, v) = n. o X, hef (p, v) = и 
[x302:4 . (ж302:02:04)] 
«30244. F:(pc)Prm(u,v).D.p хор = lem (р, v) =o Xop 
[302-41 . (ж802:02:05)| 
«30246. |: (р, с) Рип (и, и). & yeNCind. --(Е=1=0). рх.п=ьх,Ё.2. 
lem (Ё, y) = р х,Ё=сх,т 


Е. x30237 . DF: Hp. D. (р, c) Prm(£ n) (1) 
Е. (1). ж802'44.2 +. Prop 


Рет. 


X303. RATIOS. 


Summary of «303. 

In this number, we give the definition and elementary properties of the 
ratio a/v. Most of the important applications of ratios are to numerical or 
identical relations, 4.6. to relations which may, in a certain sense, be called 
vectors. Neglecting identical relations for the moment, let us consider 
numerical relations, and to fix our ideas, let us take distances on a line. 
A distance on а line is a one-one relation whose converse domain (and its 
domain too) is the whole line. If we call two such distances Ё and S, we 
may say that they have the ratio р/у if, starting from some point 2, 
v repetitions of R take us to the same point y as we reach by д repetitions 
of S, ie. if cR’y.aSy. Thus E and S will have the ratio p/v if qi Ry ^S». 
In order, however, to insure that р/у = р/с if (р, с) Prm (p, v), it is necessary, 
in general to substitute 1! СААР for qp! "АЛ, (In the above case 
of distances on a line, the two are equivalent.) Thus we shall say that R has 
the ratio д/» to S if (Яр, a) (р, в) Prm (и, у). p 1 Re ^ S. 

If we apply the above definition to identical relations, we find that, 
if RCI.SCI, E has the ratio w/v to S provided ү! RAS, те. provided 
q1C*E CS. This application is required for dealing with zero quantities 
and zero ratios. 


Thus we are led to the following definition of ratios: 


830301. ъ= RS (np, с). (р, с) Риш (p, v) НЕВА} Df 

This definition, as it stands, requires justification in two respects: (1) we 
commonly think of ratios as applying to magnitudes other than relations, 
(2) we should not commonly include as examples of ratio certain cases included 
in the above definition. These two points must now be considered. 


(1) In applying our theory to (say) the ratio of two masses, we note that 
the idea of quantity (say, of mass) in any usage depends upon a comparison 
of different quantities. The “vector quantity" R, which relates a quantity m, 
with a quantity ту, is the relation arising from the existence of some definite 
physical process of addition by which a body of mas m, will be transformed 
into another body of mass m, Thus c such steps, symbolized by В”, 
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represents the addition of the mass c (m, —m,). Similarly if S is the relation 
between M, and M, which arises from the process of addition turning а body 
of mass M, into another body of mass M,, then S? symbolizes the addition of 
the mass р (М, — М,). Now ў! Б” А S? means that there are a pair of masses 
m and m', such that mR7m' and тт. In other words, if we take a body А 
of mass m and transform it so as to turn it into another of mass m + с (m, — m), 
we obtain а body of the same mass т as if we proceeded to transform A into 
a body of mass %--р(М,- М). Hence о (m,— ти) = p(M,— М); that is 
(m, —m)/(M,— М,) = р/с. But in our symbolism the addition of m, — m, is 
represented by the vector quantity R, and that of M,— M, by the vector 
quantity 8; so in our symbolism R has to S the ratio of p to a. 


Thus to say that an entity possesses р units of quantity means that, taking 
U to represent the unit vector quantity, U^ relates the zero of quantity— 
whatever that may mean in reference to that kind of quantity—with the 
quantity possessed by that entity. 


It can be claimed for this method of symbolizing the ideas of qnantity 
(а) that it is always a possible method of procedure whatever view be taken 
of it as а representation of first principles, and (8) that 16 directly represents 
the prineiple “Хо quantity of any kind without a comparison of different 
quantities of that kind." 


Furthermore analogously to our treatment of cardinal and ordinal numbers, 
we can define any definite quantity of some kind, say any definite quantity of 
mass, as being merely the class of all *bodies of equal mass" with some given 
body. The zero mass will be the class of all bodies of zero mass; aud if there 
are no bodies with the properties that а body of zero mass should have, this 
class reduces to A in the appropriate type. 


Thus the application of our symbolism to concrete cases demands the 
existence of a determinate test of “ equality of quantity " of different entities, 
and a determinate process of “addition of quantity.” The formal properties 
which the process of addition must possess are discussed in the numbers 
Concerned with vector tamilies. 


(2) Having now shown that cases apparently excluded by our definition 
of ratio can be included, we have to show that no harm is done by our inclusion 
of cases which would naturally be excluded. In order that ratio may agree 
with our expectations it is necessary that the two relations R and S, whose 
ratio we are considering, should have the same converse domain. Otherwise 
we get such cases as the following: Let P, Q be two series, and suppose* 
ВР = BQ, 5ь-6с, 11р-90, 13р = 250, but that Р and Q have no other 
terms in common. Then we shall have, if R=P,.S=Q,, 

(BSP) R*5p. (BYP) 8*5», 


* For notation, cf. «121. 
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whence it follows that R has to S the ratio 5/4, ie we have R(5/4)S. But 
we shall also have В (8/10) 8 and В (24/12) 8, че. Е(4/5)8 and R(2/1) S. 
Thus our definition does not make different ratios incompatible, In practical 
applications, however, when R and 8 are confined to one vector-family, 
different ratios do become incompatible, as will be proved at the beginning 
of Section C. And so long as we are not concerned with the applications 
Which constitute measurement, the important thing about our definition of 
ratio is that it should yield the usual arithmetical properties, in particular the 
fundamental property 


ply = pla . & хе = v Хар, 
which is proved, with our definition, in 303:39. Thus any further restriction 
in the definition would constitute an unnecessary complication. 


Tn virtue of our definition of р/у, p/v = А if д and v are not both inductive 
cardinals, or if p =» = 0 (x30311-14). We have (*303°13) Р. м/и = Onv'(v[u), 
1.6. the converse of a ratio is its reciprocal. If 4, — 0, and E (u/v) S, В must 
have a part in common with identity (which we may express by saying that 
Е is a zero vector), and S may be any numerical or identical relation whose 
field has a member which has the relation R to itself (303-15). Thus if v, с 
are inductive cardinals other than 0, 0/v — 0/c. The common value of ratios 
whose numerator is 0 is the zero ratio, which we call 0, (where “4” is intended 
to suggest “quantity”). The definition of 0, is 


x303:02. 0, = 80/“NC induct Df 

In like manner, if и and р are inductive cardinals other than 0, we have 
2/0 =p/0. The common value of such ratios we call oo ,, putting 
*303:08. оо ,+8/0“NCinduct Df 


The properties of ratios require various existence-theorems, and in estab- 
lishing existence-theorems without assuming the axiom of infinity, the question 
of types requires considerable care. We have 


*303-211. |: (р, с) Prm (p, у). 2. w/v = р/в 

so that the existence of д/у does not depend upon д and и, but upon р 
and c, where р/с is р/у in its lowest terms. We may, therefore, іп consider- 
ing existence-theorems, confine ourselves, in the first instance, to prime 
ratios. 

To prove the existence of (р/с) “Е, when р Prm c, we take two relations 
Е and 5 hoth contained in identity. These have the ratio р/с provided their 
fields have а member in common and E! Rv. E! S», By «301116, this requires 
рав (“ИТ ЕЕ). Thus we have 
ж303:25. F:.pPrmo.2: 

Я! (о/о) Е. =. р, o e (U? Е). =. p (R), o (R)e OU 
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But this existence-theorem, which is obtained by supposing R and S 
contained in identity, is not much use in practice: what we require is the 
existence of a.ratio between numerical relations. For this purpose, assuming 
р 2 с and c +0, let X be а class of such a type that Neta >p+,1. (Such 
a class can always be found in some type, by ж900:18,) Then we have 
pae ‘U, and we can construct a series Q such that CQ is of the same type 
as X and №0 =p+,1. (This is proved in #262211.) We can then choose 
out of Q a series P having the same beginning and end, and consisting of 
c +1 terms. We then have 


(В) (0,7 (840) . (9*9) (P. (BQ). 


Hence P, and Q, have the ratio р/с. A similar argument applies if cz» p 
and p40. Thus we arrive at the proposition : 


«303322. H: p Prm o. pa, oae DUn 147.0. "p t(p[o) (Ве! num a А) 


Le. if p is prime to с and neither is 0, and p+,1, є +, 1 both exist in the 
type of A, then there are numerical relations having the ratio p/o and having 
their fields of the same type as X. 


The case when either p ог a is 0 requires separate treatment. If R has 
to S the ratio 0/с, В must be partly contained in identity (ж308:15), hence 
we have to find a hypothesis for q!(0/c)f Rel num, since ў ! (0/с)[ Rel num 
is impossible. Since 0/о = 0/1, we only require the existence of 2 in the 
appropriate type, 1.6. we have 


%303:63. F:312,.2. 10, (Ве! num a tA) 

It will be remembered that q!2, is demonstrable except in the lowest 
type. 

In the above propositions, р and v and p and с have been typically in- 


definite. Ratios of typically definite inductive cardinals are dealt with by 
means of «302-15, which gives at once 


x30327. Б: р, veNCind.ja, vae CU. Э. му = ра[и 

Le. а ratio may, without changing its value, have its numerator and 
denominator specified as belonging to any type in which both exist. This 
enables us to take p and c as typically definite cardinals in «303:322, thus 
obtaining the proposition 
«303332. H :. p Prm o. D tip! (р/с) (Rel num ot p). =. p, c e “То Q*U 

The above existence-theorems are useful in proving 

af/B = ү/8.=.ах„ё = B хау. 

We proceed as follows: We first show (ж308:34) that, if p, с are inductive 


cardinals other than 0, and p+,1, сє +1 exist in the type of А, we can find 
numerical relations R and 8 such that cp! Re aS, but 9 20.2. cop 1E. 
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This is done by taking two series P and Q having the same beginning 
and end, and having C‘Peo+,1.C‘Qep+,1. Then if В=Р, and S=Q, 
we have 
(B*P) Re (ВР). (BEP) 8° (В‹Р): т> 0.2. ВЕ" = Л, 

whence the result. From this proposition it follows immediately that if 
pPrmo.£Prmq.7 >> о, and if рь, c, АС, we can find an R and 
an S such that R(p/c)S.~({R(E/n) S]. А similar argument applies if < о 
or E>por€<p. Hence we find, by transposition, 


x303:341. |: рл, ох e D'Un ‘U. p Prm c.£ Prmn. (р/с) Ets a= (Eg) Ets №... 
р=ё.в=1 
From this point on, the argument offers no difficulty. For И we have 
а/8 = 9/8 - (р, о) Prm (а, В) . (E, т) Prim (у, 8), 
we have, by «303341211, p — £. с=т. Hence, by ж302'32, we have 
&x,8— 8 х,у. What is approximately the converse, i.e. 


«30323. Е: р, р, £ пе МС ind. 
=” (рр = 0).->(Е=1=0). ш xen =v Xx E.D. p/v = En 
follows at once from ж308:211 and ж302'3. Hence, after dealing with 
special cases, we find 
x30338. Е:.а, В, у, 6e NC ind: 
ох, BeA U. v ya, бл в IU: сә (а = 8 = 0). (y 820):2: 
(a/B)E bah = QJ8)E и. = ах. = В Хе Y 

It will be observed that a/8 is typically indefinite, like №. But in 
order to insure that a/8 = у/8 however the type may be determined, it is only 
necessary to insure that this equation holds in a type in which (0/8)| Rel num 
exists. When we write simply *«/8.— y/8,” we shall mean that this equation 
holds however the type may be determined; in other words, that it holds in 
a type in which (a/8)[ Rel num exists. (There always is such a type, if 
a, Ве NC ind — (0, in virtue of ж308:322 and «30018) Thus we have 
x303391. F :. a, 8 e NC ind . a, 8, с GU. ~ (а= 8 = 0). 2: 

(0/8)| too A = (9/8) E taa её .а/В=9/9.=.а Xo =B ху 
and, in virtue of ж908:38, we have 
*30339. Р:.а,0,у,5е NC ind. ~(a=8=0).~(y=86=0).)3: 
alB = y[8.2.ax,8— 8 х,у 

This proposition is, of course, essential to the justification of our definition 
of ratios. 

The remaining propositions of *303 consist (1) of applications of the 
theory of ratio to powers of a given numerical relation, (2) of properties 
of Og and сс, (3) of a few properties of the class of ratios. This last set 
of propositions depends upon two new definitions, which must be briefly 
explained. 
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We have already explained that ш/о is typically indefinite. Thus if we call 
p/v “ratio,” ratios are, like “NC ind,” not strictly a class, because every 
class must be confined within some one type. Nevertheless it is convenient, 
just as in the case of NC ind, to treat ratios as if they formed a class; and, 
with similar precautions, we can avoid the errors into which we might be led 
by treating them as a proper class. We therefore put 


303404. Rat = 2 ((qu,v).p,veNCind.v+0.X=p/r] Df 


(The condition v + 0 is only introduced because it is usually convenient 
to exclude о ,.) It will be observed that p/v is still typically indefinite if д 
and v are typically definite. This results from *303:27. But we often want 
typically definite ratios. We want these defined in types in which there are 
numerical relations having the ratios in question. Hence we put 


#30305. Rat def= Ê (qu, v). p ve DUn Q*U. X = (и) н} Df 


Here “def” stands for “definite,” and д, v are typically definite inductive 
cardinals. The desired properties of “Ratdef” result from #303322. It 
should be observed that, besides consisting of typically definite ratios, 
“Rat def” differs from “Rat” by the exclusion of 0, This is merely for 
reasons of convenience. 


The properties of “ Rat" and “ Rat def” follow immediately from previous 
propositions, We have 


ж808721. к: X eRat —¢°0,.3. (qu). X p ш e Rat def 
*308'73. Е: XeRatdef.>.q! Xf Relnum 
Ву #803'322; and by «303:391, 
*303-76. HF: X,YeRat. Хр фр е Rat def. 2: Хр tu p= VD їыр.=.Х=Ү 
If the axiom of infinity holds, every member of “Rat” except 0, becomes 
a member of “ Rat def” as soon as it is made typically definite. Hence 
30378. +: Infinax.>. Rat def= Rat —1‘0, 


The uses of “ Rat" and “ Rat def” differ just as the uses of “NCind” and 
“NC induct” differ. The distinction is only important so long as the axiom 
of infinity is not assumed. 


#30301. n/v = RS (ар, о). (р, c) Prm (u,v)! Re AS} Df 
In the above definition, р, 9, и, v are typically ambiguous, but р, т must 
(by 301116) exist in the type of t*R, while р, v need not do во; д, v cannot 
however, be null in ай types, by *300°17. 
*30302. 0,—30/*NCinduet Df 
*30303. :0,—3/0'NCinduet Df 
18 
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#30804. Rat=2 {(qu,v). m ve NCind.v+0.X = ш/о) bf 

#30305. Rat def=X (qm v). pve DU aU. X = (u)E ын) Df 

«3081. f+ R(y/v)S.=.(ap,0)-(p,0) Prm (gs v) FIR ABe [(%303-01)] 

«30311. bi~(y,veNCind).D.p/v=A [303-1 . #30236] 

830813. | w/v = Cnv(v/p) [*303-1. #30211] 

«30314 +.0/0=A [4303-1 . ж309:36) 

830315. +: Ё (0/0) 8. =. ое МОіпа v0. d! RAI[ OS. 
z.veNCind — V0. s 1 CS л 2 (22) 


F.«3021438 «3031.2 

Е: R(0/) S. S.veNCind — (0.91 АА. 

[3019] =.veNCind—e0.q!1 RAIS С: 2E. Prop 
#803151. [:. R,SeRelnumid.3:R(0/r)8.s. 


ve NC ind—10. Ве RMI. Se Rel numid . y! CR п CS 
[4803-15 . ж300-324-3 ] 


30316. F:R(oJ0)S. s.p e NCind - 0.4 18^ 2| CR. 


=.peNCind—tO.q!C'Ra@(aSa) — [3091513] 
«303161. | :. R, SeRelnum id. 2:2 (0/0) 5. =. 


peNCind — (0. Re Rel numid. Se RET. 1 CR o 049 
[430315113] 


830311. H: p, ve NCind— 10. В, Sc Rel numid . R (afv) S.D: 


R,SeRIZ.v.R, 5 є Ве! num 
Фет. 


Е .*303'1 . ж113:602.2 
bi: Нр.2:. А, Se Rel num id: (фр, с). р, с e МС 14 — v0. ЯВА Ses. 
[*300:33.301:3] 
2:. Se Rel num id :. Re RIT : (qp). pe NCind —40. qt RA бр: у: 
Re Ве! num : (Яр, с). р, ое NCind — 10.9! Re A So: 
[*300°3] 2:. Se Rel num id :. Ве RIZ. sp! ZA S, м. Ве Ве! пот. я! JAS,, :. 
[*300:3:33] 2 :. R, Se RIT .v . R, Se Rel num :: D+. Prop 
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430818. H: рос ОВ. R, Se REI .2: 


Raf) S.S. ROS. =. RWS. =- 1C Вас 
[4303:1:151:16 . ж301:3) 


ж303-181. F:nt(u/v) - =. (ур, с). (p, с) Prm (p, v) 

Dem. 
Б. ж8081.26: 9! (р/у). 2. (Яр, в) - (p, o) Prm (р, v) (1) 
Е.ж301-8.4300:39517 .2 F :(p, е) Prm (и, >). D. (На). (а { 2) (uv) (o | =) (2) 
F.(1).(2). DF. Prop 

In the above proposition, if д/> is typically indefinite, so that “f ! р/у” 
only asserts existence in a sufficiently high type, p, с may also be typically 
indefinite. Butif р/у is to be taken in a definite type, p and o must be taken 


in the corresponding type, and must not be null in that type. This ie proved 
later. 


#803182. F:.0/0 = д/у. = : <> (p, v e NC ind). v. р=у=0 
Here the equation 0/0 = u/v is assumed to hold in a sufficiently high type. 
Dem. 
F. #30314. DF: 0/0 = р/у. Ds рју = À : 
[4303:181.4302:36] D : ~ (р, ve NC ind—10).v.p=v=0 (1) 
F.(1).43031114.2 F . Prop 


830319. F:R(uj)S..R(u]y)) S. [43091 . #12126] 


«3082. t: (р, с) Ргт (u,v). D: R(p/v) S. =. 4 1 Re ^ Se 
Dem. 


F.«3031. Dt: Нр. я! 8А 8.2. R(u]v) S (1) 
F.430238 . 4303-1. D H: Hp. ЕЁ(и/>)8.Э.д!В° AS 2) 
F. (1). (2). DF. Prop 

*30321. F:.oPrmo.3:R(p/o)S.=.q1 R 2А 8° (430231. 3031] 

4308211. Е: (р, с) Prm (p, v). 2. p/v = р/с [*303-2°21] 

ж303:22. F:pPrme.p,»e МС ша . о (p v0). p Xa c=v%X,p+ D. p/v=p/o 
[4302.37 . ж303:2111 


#303-23. Е: Ё те МО Ш „> (go »-0).—(£29-0). p Xen =v х. E.2- 
ш»= п [#30233 . 303211] 
830324. Fin veNCind.c(u—»-0).2.(qp,c). p Prm o . рју = plo 
[4303211 . «302:22] 


The following propositions give typically definite existence-theorems for 
ratios. 
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*30325. F:.pPrmo.D:q'(p/o) В. m.p, се ООВ). =. p(B), o(R)eCU 

Le. if p Prm c, there are relations of the same type as Ё and having the 
ratio р/с when, and only when, the number of relations of the same type as В 
is at least as great as p and at least as great as о. 


Dem. 
F 430321. DF: Hp. 2 tip (pfo) E KR. D. (g9, T). E18. EL 7.8, Tet R. 
(ж801:16) D.p, oe CUL ER 0) 
F. ж301168.0+:. Hp. 2: 
pocC UD P R.zetíCR.DO.(viapm(otoy-olo (2) 
H. (2). 30321. D 
bi Hp.2:5eeC UD R. кеВ. Э. (ж | x)(p/o) (ж Lo) (3) 


К.П).(3).ж6318.2К.Ргор 


*303`251. Ес: pve СО PR. (и=у=0).2.Я 1 (ш/о) 
Dem. 
F.x3023639.2 F: Hp. 2. (Tp, o) -(p,c) Prm (gv) pe p.v с. 
[x117:32] 2. (Яр, с). (р, с) Prm (р, v). pc eC UE eR. 
[*308:211:25] D. (ий) 0 ЕВ: Db. Prop 
ж303:252, F:p,veNCindn 7 HOR. о (реу = 0). 2. 1 (a/v) t*R 
Dem. 
Б. #645155. Db: p= Nofa.aet*C RH ве СӨ .О. ұа“аена R (1) 
F.(1).330014.2 F: Hp. 2p,» e CUL “Е (2) 
Е.(2).4808:251. 2 F. Prop 
In the above proof, д, v are assumed to be typically indefinite. If they 
are typically definite, вш апа втеу must be substituted for ш and v on the 
right-hand side of (1) and (2). The hypothesis “ x, v e NC ind п CUT СЕ” 
is a convenient abbreviation for 
*"p,veNCind.uotfC RE, уа С Ве Up HOR.” 
By x65:13, 
ро СВ е Ср РСВ. =. р СЕСЕ. pe CUY COR. = pe ООС. 
But “е СТІ OR” requires that р should be typically definite, whereas 
“weNCind” requires that р should be typically indefinite. Hence the 
hypothesis of ж808:252 is only defensible as an abbreviation, meaning 


“p,veNCind, and if д, v are given the suitable typical definition, they 
become members of 0407)“ С R^ 


*303:253. F: p, veNCind n СО 9.-(и-р-0)-Э. ql (w/v) 0 ts 
[*303:252] 


«303254. Н: р, ис МС 14 . pa, v e CU. о (р=ь=0).2.Я ҚАУ te 
[303.253 . (465:01] 
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«30326. F:,,veNCind. о (иу = 0). D. (ЯА). Я! (у) АА 
[4303:254 . 4300-17] 

ж30327. Е:руеМС14 ра, v, eC U.2.ulv- pulv, (30915. x3031] 

#3033.  F:pPrmo.g 1 Р”, 2. Pe (рс) Рт 


Dem. 
F.«30116 . 14:21, ЭЕ: Нр.Э.рх,ссССОРВЕ а) 
Е.(1).ж3015.2Ғ:Нр.р%0.ә40.2.(Руе-Рее-(Рғу, 
[*303:21] D. P* (plo) Pe (3) 
+.ж3012. 2F:Hp.p-0.2. P- IPCP- Pe. 1 СОР (3) 
F.«30214.2 t: Hp.p-0.2.0-—1. 
[4301-2] 2.Р-Р (4) 
F.(3).(4). 2F: Hp.p — 0.2. ġ (Pey А (Ру. 
[#30321] D. Pe (р/с) Ре (5) 
Similarly к: Нр.с=0.2.Р? (р/с) Р" (6) 


Е. (2) (5) (6). DF. Prop 
#30331. F:pPrme.p40.c40.(px,c)e ле 0.2. 


(ЯР). P e Rel num оё. P? (р/с) Ре 
Dem. 


|. #300-46 43014. D F: Hp. 2. (AP). Pe Rel num . (BYP) Pexe (В) (1) 
F.(1).43033. D. Prop 
*303311. H: р», ох e(l*U— 0. pz o.2.(gP,Q- Pe(pt1,.Qe(o +„1),. 
P,Qetyr.QCP.BP=BQ. ВР = BQ 
Dem. 
F.x26221.2 F: Hp. 2. Я! (pte Dro s А (1) 
F.x11722.2 F: Hp. P e(p + 1),.9-(qa).aCOP.acot 1 (2) 
Һ.ж96196.ж905732.2 
Е: Нр. Ре(р-+. 1), . «С СР .аво+, 1. 
В = (a—‘minp‘a — итахьа) v BSP о “ВР. 2.Вес+,1. 
[4250:141.202:55] 2.РЕВе(о+,1), (3) 
Е. (1). (2). (8) -#20555 . D F . Prop 
*30832. Р:рРтас.р>>с.040.р, “07.2. 
Я! (oo) E (Rel num aA А) A RS C Spo) 
Dem. 
F.x303311.2 H: Hp. 2. (AP, Q) . Pe(p+,1) -Qele 4, 1s. Р, Фе. 
QGP.BRP-BQ.BP-BQ а) 
F .300:44-45 . «3014 .2 
к:Нр.Ре(р+,1),.8= P,.2.SeRel num. (BP) S (BP) (2) 
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Similarly 

F:Hp.Qe(o +, 1). Е = Q,. 2. Re Rel num. (BQ) RH» (BQ) (3) 
Һ.(1).(2).(8). «26135212. 2 

F:Hp.2.(q£, S). R, S e Rel num n tA. В» S, - H 1 Rr A SP (4) 


F.(4).430321.2 H. Prop 
x303:321. bsp Рига о .p 40.0 40. р, or € AU. 2. sp Қо/ө)| (Rel numatu) 


[5303-32-18] 

«303322. Еэ р Prme. ра, cae DU o U.D. i! (о/о) (Rel num мА) 
[303-321] 

ж308:323. Е: u, v e МС ша — 10.2. (qr). 7! (p/») (Rel num п) 
[x303:322] 

«303324. H: p,veNCind. рл, € DU. ~ (p Prmy).2. 


я ! (2/2) (Rel num a fy‘) 
Dem. 


F.«30222.2 F: Hp.2. 
(Яр, о, т). p Pme. p 0.00.7 EO. T1. шер хтио Хот, Ч! pa - Al vas 
[#30391] 
2. (Яр, о). р Рттс.р 0.00. к/о = р/о. Ч! (р, х. (с +1). 

[4303321]2 . 9! (2/2) Rel num : D+. Prop 

In order to the existence of (y/v)[ Relnum in any given type, it is 
by no means necessary to have u,ve DU in the corresponding type. If 
pPrmo.p,oeD‘Un AU, (р x,7)/(o хот) will exist, however great т may 
be, because (p x, 7)/(o хот) = р/ч. 
«30333. F:spt(g/r)E (Rel num а tw). =. 


(ур, т). (p, с) Рита (u,v). pa, ca e DU о QU 
Dem. 


F.x303:322311.2 
Е: (р, c)Prm(p,v). p, вле D Und U. 2. я! (шу) (Rel num сы) (1) 
Е. 3031811516211. 
Был ҚАУ) (Rel num a 44A) .2:(9p,o0). (р, с) Prm (р, у). p+0.c+40. 
Я ! (p/o) E (Ве num еъ, А) : 
[*303:21]2 : (яр, е). (р, c) Prm (р, и). p 0.040: 
(ЧА, S). В, 8 є Ве! пот лі А.Я! Re A So: 
(8301-4113 : (Яр, е). (р, o) Prm (и, у). p 0.040. . 
я! (041) пъ. Я 10(с+, абд (2) 
+. (1). (09). D F. Prop 
*303:331. F:. p Prm e. 2: ў 1 (р/с) [ (Rel num ©). =. pa, ore D'U n Ч 
[4303:33 . ж302:311 
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#303-332. F :. p Prmo . D : 5! (р/с) | (Rel num п р). =. р, сер n а 
1303331] 
In this proposition, p, о are typically definite cardinals, whereas in 
#303331 they are typically indefinite. 


x30834. Р:р, се МС Ша. parore D'Un U.qn>0.D. 
(и E, S). В, S e Rel nun a A. 41 Rr ААР.» (opt ВА St] 
Note that ~ (3p! RA 8} does not imply Е! R” or Е! 95, 
Dem. 
F.4303:311,2 H: Hp. 2. (qP, Q, R, S). Ре(р+,1),. Qe(o 4, Ds. 
Р,демӨ.ВР-ВО.ВР-8В0.8-Р,8-0, (1) 
Аз іп «303:32 Dem, 
F.().2 F: Hp.2. (gP,Q, R, S). Pe(p- 1, -Qe(o-&1,. 82 P,. R- Q,. 


R, Sc Rel num. (B‘P) (Re A $) (BP), 
[4121:48.:202:181 3301:4.«300:44] 


23.(gqR, S). Е, Se Rel num n tu^. {1 Ёс А Se. (sp! В"): Db. Prop 
x303341. |: pa, o, e 0 То (*U.pPrmo. £ Prm a. (р/с) = (Elm) А. 2. . 


petí.e-- 
Dem. 


Е. ж303-3421 . DE: р. с e ОО а QU. pPrmo.£Prmq.m2 0.2. 
(ola) 9% + (E/n) «Эс (1) 
(2) 


Е. (1). Transp #3021.3+:Hp.d.n<o 
F.(2).430313. ОЕ: Нр.2.Е«р (3) 
Е. (2). (3). #11739.  2F:Hp.2.&, e eU (4) 
F.«303322. 2k: Hp.2.qt(£/y E Rel num. 

[43031-1516] 2.E20.540 (5) 
К. (2) - (4). (5). 5F:Hp.2. £m e DU QU. 

[o.o А 2.e«2.p«t (6) 


Е. (2). (8). (6) -2 F. Prop 

830335. F:lieQ*U. £Prm л. (0/1) tah = (Em £2. £20.51 
Dem. 

F.«30014.2 F: Hp.2 .(qo y) ed y ay et - 


[30815] 2.(go, y) 20у. (2 | ш)(0/1)(ж | у). } а,в} уе М. 
[Нр] Э.(я,у).®+& у. (ж уа) (Emi y). 

|»808:16:17.Ттааар| 2.£-0. а) 
[x30214] Э.т=1 (2) 


F.(1).(2).2 F. Prop 
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«30336. F: рл, оле ‘И .м. E, т е0: U:pPrmo.£Prmg:2: 

(в/о) 9%. = (тур Б. = 
Dem. 

F.330014 «80214.02 

Fg. сле ЧО „р Рг о. ~ (рх, вле 0“). 2:р=0.с=1.ж.р=1.о 

[#303:35-13] D : £ Prm з. (р/с) = (Ё) А. 2.р=Ё. с=т (1) 

E. (1).ж#8303341.2 Р. Prop 

«380387. F:.a8eNCinda QUE EA). ~ (а= 8—0).v. 

y, 8eNCindad( Ut РА). ~ (у= 8—0):2: 

(2/8) (y/9) Ets 2. x,8— 8 х,у 


І 
© 


Dem. 
F.3302:36 .X303211.2 F:a, 8e ХС шд. ох, 8,сО907.с-(а-8-0).-Э. 
(яр, <) . (р, о) Ргп› (а, 8). р/в -а/8 (1) 
F.(1).«3038254181.2 F: Hp(1) . (а/8) tw = (0/8)| «ХЭ. 
(ЯВ т). (En) Prm (у, ё) (2) 
Е. (1). (9). #3022122 . ж909211.2 
+: Hp(2).2 (жур, ©, & т) . (р, ©) Prm (а, 8). (E, n) Prm (5,8). p, e 7. 
plo =a B= [8 = Ет. 
[*303:36] D . (Tp, с). (p, c) Prm (a, В) (р, с) Prm (y, ё). 
[430234] 2.ax,85— 8»x,y (3) 
Similarly 
bey, de NCind . ya, 8, e AU. сә (у= 8 = 0). (a[B) E tu X = (y[6) E ХЭ. 
ах,8= х,у (4) 
F.(8).(4). DF . Prop 
«303371. Е: а, В, y, e NCind. a, Вх, ул, бу € CCU. ~ (a Prm B. y Prm 6). 
бХ — € we 
[Proof as in «303:37] E 
x*30838. Һ:.а,В,у,бе ХСіпб: а, 8, е П.у. ул, буе QU: 
о (а= 8-20). (y -820):2: 
(0/8)| to = (у/8) А. =.ах, = 8 ху  [x303:37:23] 
ж308:381, F :. a, 8, y, e NC ind . ал, Вл, ya, бе C U . <> (aPrm В. у Prm8),2: 
(418) х Бы, = а х„ё = 8 х,у [430337123] 
«30839. F:«8,y,89eNCind.— (a= 8 = 0). о (y28-0).2: 
ajB-y[8.2.ax,6— В х,у  [*303:38 30018] 
x303391. Е:. а, 8e NCind. о, 8, 60:0. о (а=В=0).2: 
(6/8)| tot (9/8) бид. =. а/8 = уд. = вх. 8-0 хуу 
| к303:38:254:11:141 
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Thus when a/B is used as a typically indefinite symbol, we obtain the 
same results as if we supposed it defined as of a type t ‘A, where а+,1 and 
B+,1 both exist in the type of X, ве. Ме, >а. Nest > В. 
x303:392. E :. a, BeCI*U . ~ (а= 8—0). 2 :(a/B)E виа = (7/8) а. =. 

(В-у/8.-.ах,8-8х,у [30939137] 

This proposition differs from «303:391 by the fact that а, В have become 
iypically definite. It will be observed that even when a and 8 are typically 
definite, a/8, like ах, 8, remains typically indefinite. 
ж3034. F:pPrmo.ReReluum.2: R, (р/с) Ве =e М1 Roxee 

[x303:3:21 . ж301:41 
890341. bizp,veNCind.~(u=0.v=0).9:. 
ReRel num. £= lem (р, v) . 2 : E, (w/v) Ry. =. Y 


Dem. 
F.x303:2 «30044. D 
Ес. Нр.р+0.у+0. Re Rel пип. (р, о) Prm, (и, у). 2: 
Ry (w/v) R, = 6 ВоВ, 
[#302-37] =. EG (1) 


F.(1).«30244. D F :. Hp (1). £ = lem (р, v). 2: В» (w/v) R, - p В (2) 

F.(2).4302:22.2 

br Нр. ~t0.v+0. Re Rel пот. Ё = lem (p, v). 2: Ry w/v) R= Gt Re (3) 

Һ.ж30244.2 

Fs. Нр.р=0. Re Relnum. = Іст (р, у). 2: = 0: 

[430315] D: Е, (ujv) B, 

Similarly 

Fi Hp.»—0. ReRelnum.£ = lem (р, и). 2: E, (u]v) E,. 

Е. (3). (4).(5).2Е. Prop 

ж30348. + :. Hp #30341. £— lem (mv). D: О, (u[v) U, . = «10m (uv) e OU 
[4303741 . x30026] 

x30343. |:. Infinax. D : p, ve NCind . œ~ (p =v = 0). 2, - О, (u[v) U, 
[*303:42 . ж300:14) 

ж30344. Ь.: Hp #80342. PeSer. 2: P, (ujv) Р,.=.Я! Pe 
[430341 . 30044] 

ж30345. Е: PeQinün.u,veNCind. о (и —0.»20).2. Р, (ијә) P, 
[0300-44 . 303-44] 


*303-46. +:. (р, с) Prm (и, и). E ne NC ind. Re Rel num.2: 
Е, (шр) By =. Ехо = т Xop -È Boxe 


ip! Re (4) 


Ш 


AR 0) 


Рет. 
F.x303:211.2 
F: Hp.2: Re (ujv) Ry. =. Re (plo) R,. 
[x303:21] =.ң! В A Rixen» 
[x300:55] =. E Xeo =n хар. E Rexa! DE. Prop 


R&W. Ш. 
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«303461. Н:. p, v», E n e NC ind. о (и=у=0). ~ (Ё=п=0).Ве Rel num.2: 
(иу BSE хүл хорь! Ваше» 


Dem. 
F.«30245.2 
Р: Нр. (р, с) Prm (ё, т). D. Ёх,с = lem (Ё, т) (1) 
F.x30235.2 
F: Hp.(p,c) Prm(g, v). Exar =n Xap. D. (p, o) Prm(E m. (2) 
[*302:34] D. Exa =n X, p (3) 


|. 3023537. D 
E: Hp. (р, с) Ргш(и,г)-Ёх, иг Xau. DEXa =n Хор (4) 
Е. (1) . (2). (3) . (4). #803-42. D F . Prop 
x30347. F:. Hp«303461 . Å ~ e Pot . D : В, (fv) В, =. E Xav =n хош 
[4303461] 
ж803471. H: ру, E neNCind. (uy -v-0). (£290). Pe OD infin.Ot 
Риш») Pye S. E xav =n Xap 
[430347 ,ж300:441 
ж308:48. bs. р, о, Ё теМС 4. (иу = 0). --(=1=0).2: 
Ut (p/v) U, =. Ехо хор lem (Ẹ, n) e CU 
[4303:461 . ж300'26] 
ж303:49, b: шйпах. D: и, Ё, пе NCind. e (uy2»—0).2: 


U: (ujv) U, =. Exv- n Хон 
Dem. 
F.«30315.2 Fi uv, ус МСшд.иг-0.»-40.2: 
U; (а) U,. =. (уе RIT. О, e Rel num id. 


[#1 20°42] ш.Е-0. 
[x113:602] =. Жь=тх. p (1) 
Similarly 


ks. yyy, E neNCind. yF 0. v=0.D: Up (w/v) О,.-2.Ёх,и-е Xp (2) 
+. (1). (2) 30348 . D F . Prop 


x3035. Р:р,сєеМСіа- 0.9! (р+, о). 2. 
(P,Q). P elpt 1): (е 4D. Р, е. 
Bp-EQ.BP-BQ.CPaUQ-UBP oir 
Dem. 


Е. ж110-202 . ¥120°417 . D 
Е:Нр.Э.(яа,8)-0, Ве. аер+,1. Вес —1.an B— А (1) 
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+. 2622.2 
Е: Нр.а Bet /A.aepgt,l.8eo—,1.an B A.o42.2. 

(AP, 8). Р,8е0 o t4. CP a. C9 B.an BA. 
[4251131141] >. (ЯР, 8, Q). P, S, Qe п. CP - a. C8 - B. 

Q=B PH SH ВВ. Роб ЕВ Ро ив (2) 
F.«2622.2F:Hp.a Sel X.a6ep-t,1.8—t'2.20ea.0 —2.2. 

P,Q). P, Qeta. Pen. C P-a.Q-(B'P) pap Р (3) 

К. (1). (2). (3). DF. Prop ` 


Ж303:51, Һ:.рРгттс.р{#0.о+#0.{!(р-+„е)л.Ә: 


(AF, S) : R, Se Rel num n ty. В (р/т)8: Efnt p/o. Dine R(E/n)S 
Dem. 


H. 2300-44-45 .#301-4.2 
Е: Нр.Ре(р+, 1),. 0 «(с +,1),.8= Р,.Е= 0. 

BP = ВЧ). BP = ВЧ). CP о С) = «ВРО ВВ... В° АФ? (1) 
F.x30141.2 E: Hp(1). о (= р.р = 0). 2. А-А (2) 
F. (1) . (2) . x30321. D 
Es. Hp (1). D: В (р/с) : EPro т. ~ (ё=р.тп= о). Di, ЕЕ т) 8: 
[4303-36] 2:R(p/c)S:EPrm q. 4 plo . Din. ~ R (Em) 8: 
[*302:22.«303:211] 

2:R(p[o) S5 E, qe CU (E 0 0). Eq plo 2... ~ (Ет) 8: 
[4303182] 2 : В (р/с) S: + plo -Din -~ В (Em) 8 (3) 
Е. (8) «300-44 . 303:5 . D +. Prop 
X30352. Ь:. veNCind — МО. !(p Hv -2: 
(AR, 8): RB, Set. R(u]v) Sz Eln uv De, R(EmS 


Dem. 
F.«303:24.x30239.2 
H: Нр.Э.(яр,о). р Prmo.p/v—plo-pt0.o О.Д 1рэсс. (1) 
Е. (1). 308:51. D F. Prop 


83036.  FiveNCind —10.2.0/v — 0, [430915] 
830361. Е:ьеМС ша (9.2. v/0—, [430316] 
*303-62. Н.О,-Спубоү(-28( 1! RATS OS) [*3036611315] 


*303:621. Ь.0,| Rel num id = Cuv(Rel num id 1 o ;) 
-RS(RGI.ScRelnumid.g!C*Ro CS) [80366113151] 
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ж30363. k:g12,. D. 10, (Rel num a 1,2) 

Dem. 

Е. %308156.2Е:е4у.2. 10, (1 у): ЭРК. Prop 

#803631. F:g12,. 2. t (Rel num п А) 1 =, [«303:63:62] 
x30365. F:g12,.2.0, to AFO gh „л 

Dem. 

F.430362.2 E :z y.2. 10. (2 |у). ~ {Гео (а | у)}: ЭР. Prop 
8803:66. F:.412,-.2: (uf) А = 0. 5.4 —0.veNCind ~ v0 

Dem. 
F.x3036.2 EF :520.veNCjind 10.2. рју = 0, 0) 
Һ.ж808615.2 
кар =0,. 2. шу 8 (Ве ВЕТ. бе Ве] виш 4.1 “В с 08) — (2) 
F . x30033 . Dt: Нр. D. (42,7). æ+ y. æ] ув Ве! иш a tu'à. 


[*10:24] 2.5 1 (Rel num id — RII) a toà (3) 
Е. (2) . (3). #3031117. D 

Би Нр.2:. (иј) = 0,2 Di уе МС іта: и=0.у.ь=0 (4) 
+. (2). (3). *30316.2 

Ес. Hp. D: (ир) 90,2. (a0. 0) (5) 


F.(4).(8B).2 :. Hp. D: (о) 0.0. 5 20.veNCind—i0 (6) 
Е. (1). (6). DE. Prop 


*303-67. bF:412,.9 (прыг 9,2.» 50. ре МС ша — 0 


[»303:86:62] 

83037. Р: Хе Баб. =. (о) р, veNCind . v0. X= ujv 
[(x303:04)] 

*303-71. К: Х е Ваё 4еЁ. =. (s, v). u, ve D'U n AU. X = (uj) ёр 
[(#303-05)] 


«30372. :XeRat.d.(qu).qi XP tutu 130326] 


#303721, H: X e Rat —40,.Э.(дш). XE t/j c Rat def 
[30018 . 3037-71] 


830873. +:XeRatdef.d.qiX[Relnum [%303'329-324] 


x303731. E :. p Ргтоо.2:(0/9) Ѓ tufpe Rat def . =. p,a e D'Un а 
[*303-71.ж*302-89] 
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«30874. Fs. pPrmo.X=(p/o) р inp. 3: 1Х | Rel пот. = „р, ое DUn dU 
[303-332] 

830375. Е: X «Rat. 41X (а Rel num). D . Хш e Rat def 
[4303 74/71] 

«80376. FL: X,YeRat. Xf fpe Ratdef.O: Хрыр= Урыр.=.Х=У 
[4303:891] 

x30377. F:.Infinax.2D:4,veNC ind — 10. 2 . рју e Rat def 
[430014 . #30371] 

«30378. |: Infinax.>. Каз def = Rat — (О,  [w303 7771 


The above two propositions assume that д/> in the first, aud “Rat” in 
the second, have been made typically definite, but ‘they hold however the 
type may be defined. 


x304. THE SERIES OF RATIOS. 


Summary of «304. 

In this number we consider the relation of greater and less among ratios, 
and the series generated by this relation. We need two different notations, 
one for greater and less between typically indefinite ratios, the other for 
greater and less between ratios of the same type. The former is more 
useful where we are dealing merely with inequalities between specified ratios, 
but the latter is necessary when we wish to consider the series of ratios in 
order of magnitude, since а series must be composed of terms which are all 
of the same type. We put 


#30401. Х<,У.=. (Яр, v, po). pv, pocNCind.o 0. p хес <r Xp. 
Х-шу.Үтр/с Df 
This definition is so framed as to include 0, but exclude o»,. For the 
relation “less than” among rationals of given type (excluding 04), we use 
the letter Н, to suggest ņ (defined in #273), because, if the axiom of infinity 
holds, the series of rationals of a given type із ап 7. The definition is 


#30402. H=XP(X, Ус Ratdef.X<,¥} Df 


When we wish to include 0, in the series, we use the notation H’; thus 


#30403, H'=ÊP{X,YeRatdef u10. X <, Y} Df 


(It will be observed that here 10; acquires typical definiteness through 
the fact that it must be of the same type as “Ratdef” in order to make 
“Rat def v 60,” significant.) 


If the axiom of infinity does not hold, Н and H' will be finite series: 
if v+, 1 is the greatest integer іп a given type (и > 1), the first term of H 
is 1/v and the last is //1 (#804281). In a higher type, we shall get a larger 
series for H, but at no stage shall we get an infinite series. ff, on the other 
hand, the axiom of infinity does hold, H is a compact series («3043) without 
beginning or end (*30431) and having № terms in its field (ж304:82), 
те. Н is an у (30433) In this case, C*H = D‘H = Rat — 10, (ж80484), 
т.е. any rational other than 0,, as soon as it is made typically definite, belongs 
to C*H. 
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Under all circumstances, Н is a series (*30423), and H exists in the 
type fo if 3 exists in the type ИХ (#30427), In the same case, 
СЕН = Rat def («304:28). Similar propositions hold for А”. 


C*H' consists of typically definite ratios, and if X is any ratio, there are 
types in which X belongs to C*H' (ж804-52). If the axiom of infinity holds, 
every ratio is a member of C‘H "n every type (ж804:49), 


x30401. X<,V.=.(qu,v,p,0)-4,y,p,c7eNCind.c+0.px,o<yxyp. 
X=plv.Y=plo Df 
#80402, H= P(X, Y eRatdef. X <, Y] Df 
«30403. H'-XT(X YceRatdefut0,.X <,¥} Df 
43041. Е: Х<,УТ.=. (Чи, рр, 9) + мир, че МС 4. х,о «их.р. 
X-ulv.Y pla [(*30401)] 
#80411, bi ply <rp/o.=.o/p<yu/p [*3041] 


480412. H: X<, Y.z.Y «X [430411 480313) 
#30413, F:iX <, Y.2.X,YeRat. Y4 0, 
Dem. 


|. ж117-5.ЭЁ: иже c vXx,p.D.vx, pO. 
[1113:602] 2./40.р4:0 (1) 
F.(1).*8041 .*303-'7. D t. Prop 

880414, +: XHY.=.X,YeRatdef.X <, У [(*304-02)] 

#30415. К: ХНУ. =. (яи, ра). шь, рс є) о QU. 


X = (ши) ы. Y = (plo) ыб. p Хет < v Xap 
[0304141 . #30371] 


#304161. H: ХНҮ.=.(ЯМ, N, p). M <, М. Мр, Хр Rat def. 
х= Мыр. Y=NE tup [#80415] 


#304152. Ес. p Риму, p Prmo. D: ((u]v) E t'a] Н ((oo) E Би) = 
ply «pla шъ р, ве D'U n Q*U (ж304151. 303731] 


*30416. Fi(ujv) H (ojo) =. (olp) Н(у/ш) [x30415] 


4304161, E: ХНҮ.=. YHX [430412151] 
*3042. H.HCJ 
Dem. 
F.«30837 .2 
Fiu v, poe D UnU. (8/9) | tafe = (p/a) Би. D UXT =r хыр. 
[#30415] 2. -> (ы) H (ple) (1) 


Е. (2). Transp. ЭР. Prop 
#304201. H. ~ (X <,Х) [Proof as in x3042] 
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#30421, Р.Н trans 
Dem. 
F.x30415.2 FE: XHY.YHZ.2. 
(Am v, р, о, Em). широте ОИ п Ч. рхо «и Хер. 
р Xan <La Xe E. X = ul) “ир. Y = (plo) E ша. Z-(Em)Et'» а) 
F.x117:571.«12051.2 
К: р, в, р, а, Ё, "е АС Ли х,о Сих,рьрХ,у < ах, E.D. 
№ XQ9 хт <> Хур Хот «их. ох, Ё. 
[*196:51]2.и Xen <v X, Ë (2) 
|. (1). (2). D t. Prop 
#804211. H: X <, Y.Y <,2.2.Х <,2 [Proof as in 430421) 
#30422. Е.Н есоппех 
Dem. 
F.312633.2 F: р, 9, pce DIU A dU .2: 
р Ха LUX oP Vip X8 =VX PN ш Хо > охор (1) 
F.(1). «30415, 2 F . Prop 
x304221. F:. X, YcRat.2:X <, Y.v.X — V.v. Y «c, X [Proof as in 30422] 
«30423. F.HeSer (ж3042:21:221 
#30424. Р: а, ье n 07.01.0. (шу) Н (uf(v —, 1)] 
Dem. 
|. ж120414:415416.2 +: Нр.2.,-—,1е 00 л Q*U (1) 
Е. (1). «30415 .2 F. Prop 
x304241. Е: we DIU. р +, 1 є 007. D. (u/1) Н (ш-,1)/1) 
Dem. 
Е. #80014. Dt: Нр.2.р, 190 а) 
|. ж300-14 . 120124. DF: Нр,Э.и-,16с DU (2) 
F. (1). (2). #30415. 2 F. Prop 
#30425. Fin veD'Un GU. (p+, 1 = BIU.v—1).2.4]veD'H .v|n eQ*H 
[430424241116] 
x304261. F:n4,1-2 B'U.D.p[le-e DE 


Dem. 
F.«30014.2 


F:Hp.p,ceD'UAGQ*U.D2.psu.lso. 
[x117:571] 2.рх,1<шх,е 0) 
F. (1). x30£15. DF. Prop 
x30426. bi. Prmy.d:y/veD'H.= .v|p ed*H. 
=. уе “О п ОС. о (ua,l-B'U.v-—3) 
[*302:39 ,ж304:25:251:15:161 
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#804261. H. DH = Ê ((qu,v).pveD Un Q*U (p 1 BU. y 1). 
X-(uv)Etwp] [43092525115] 
«304262. H. QH = Я (py). ve D'Un Q*U. (p, 1 B'U. v 1). 


Х-(/01 ы) [430426116] 
«30427. Ь:41Н.-. 13 


Dem. 

Һ.ж30014.2 

Е: 18.Э:2-41.,”-2.2.д,»срЧ7 со 7.-(и-,1-807.-1). 
[30425] Э.4!Н (1) 
F.«304261.2 


КӘ.ЛІН.О: (Яр, v): р уе ОО п ЧО: р +, 1eGQU.v.v&ls 
(ж30014| Э: (яи). ol. gqlut.2-v.(qv)-v>1.qive l: 
[#11732] 2:913 (2) 
F.(1).(2).2F. Prop 


*30428. F:q13.2. CH = ® (yov) pve D'U n OU. X (цуур toj] 


= Rat def 
Dem. 


Е. 230014. DF: Hp.DÀ:u 4, 1- B'U.2. p 1 а) 
F.(1).2 F:Hp.2. (др, v) p 1 BU. vlov 1-5 П.ш-1 (2) 
Е. (2). 804261262 «30871 . 2 К. Prop 

304281. E: 13.2 :p[v- BH s p m1. y 1e ВӘ. m vu ВАЙ 

[4804-28-261-262] 


#304282. Е.О,--сС“Н («3042728 . x30366] 


x30429. b:(u/v) Н (plo) из р, v +. сє (07.02. 
(89) Н (а +» piv е). (а + р)/(> + о) H (Io) 


Dem. 
F.«x3041,2F: Нр, O.ux,o0 «ихьр. 
[12655] 2. p Xo (и tee) € v X (м +в р) - 
(и + p) Xo © < (2+, 0) Хор = (1) 
Б.(1) «8041.34. Prop 
*3043, +: Infinax.>.H e Sere comp [x304:29:23] 


#30431, К: пбпах. 2. > Е! ВН. Е! ВН [3304281 . 30014) 


#30432. F:Infinax. 2. СН є, 
Дет. 
Е. ж304-15 . ж3038:211.ж20292.2 
F.NSCHS 1224 (яр, c) . p Рип в’. p,a e D'U a dU . X = ple] 
[«303:36] < МоЙ (яр, о). p Prme .p, ое 00 г А0. M— plv] 
[33161] «СМе 4 /х,Мс 47 0) 
19 
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К. (1). ж123-59 . 30021. D F : Hp. D. NCH <N, (2) 
Е. ж304.28.2 
F:Hp.2.Ne'CH >> Ме (ду) ve DU а QU. X = v[1] 

[«303:36] z Ne(D'U a AU) 
[*300-21] >%, (8) 
F.(2).(8).#117:23. D F . Prop 

*304:33. F:lnfinax.2.H em [4304:8:31:32 .ж273-1] 

ж30434. F:Infinax.2.C*H = D'H = Rat — (0, — [«303 78 . #30428] 

*3044.  F:XH'Y.z.X,YeRatdefuvo,. X—,Y. 

=. (Яру, р, с). p, v, pa eT U. +0. 9+0. UXT LYX p 
Х= (ир). У= (plo)E tafe — [303771 . (ж304:08)) 
ж304:401. H :. Infinax.3:X<,Y.=.XH’Y (ж304-4. 30878] 


x30441. F.D'H'- X (qu 9) jov “И. v0. (p, 1— BU ь=1). 
T X= (ul) p t'a] 

[Proof as in x304:261] 

480442, Р.а Ê (uv) uve TU a 0. v0. X= (и) 

430443. F:giH'.s.q!2 [430442] 

#30444. F:g12.2.C'H'— Х (иь) еа. v 0. X = (ио) и) 
[43044142] 

490445. b:g!12.2.B H'—0, | [x304:41:42 3026] 

*30446. k:g13.2.H'-0,«- H [¥304-45-427-1] 

430447. H:lnfnax.2. H'eib s [43044633] 


*30448. Һ.Н”ебег 
Dem. 
F.x3054.2 Fig 12.9 413.2. H' =0 | (1/1) (1) 
К. (1) 304434623 . 2 К. Prop 


x80449. k:lnfinax.2. C*H'— рН’ = Rat. (83088446 
48046. Е: XeCH.D.q! X[ Rel num [«303-73 . x30414] 
#80451, Е: Хе ОН’. D. ХТ Rel num 


Dem. 
F.x303:63 «30443, D Hp. 3.9 10; [ Rel num (1) 
|. (1). 430873 . 4304/4 . К. Prop 
ж30452. +: X є Бак. 2. (ди). XP ty e OH’ [x30444 . 300018] 


*304:53. F:XeRat-i0,.2.(uu). X [tpe CKH.— [809/28 30018] 


#305. MULTIPLICATION OF SIMPLE RATIOS. 


Summary of «305. 


The ratios hitherto considered are called “simple” ratios in opposition 
to “ generalized” ratios (introduced in #807), which include negative ratios, 
We deal with multiplication and addition first for simple ratios, and then 
for generalized ratios. In this number we are only concerned with the 
multiplication of simple ratios. 


In defining multiplication of ratios, we naturally frame our definition so 
as to secure that the product of ш/у and р/с shall be (и x, p)/(v ха). This 
is effected by the following definition (where “s” stands for " simple"): 


«30501. Хх, У= В [qmr po) - шир, ое NCind.v40.a0. 


Хару. Y = pla . R(px,p)vx,o)) S] DE 
which gives us 


x306142. Ес шр NCind.» $0. 040.2 .u]v xiplo = (р xs p)Iv Xoo) 
and 
%305144. Е:41(ш/у х, plo) 2. ulv «plo = (p Хор) (у хе е) 


The reason for the hypotheses in these propositions is that, if p is & 
cardinal which is not inductive, while р=0 and v, с are inductive and 
not 0, Шу-А and ply x,p/o=A, but (p x,p)(v хос) = 04. 


For the applications of the multiplieation of ratios, it is essential that we 
should have, if R, S, Т belong to а suitable vector family, 


R (uf) 8. (po) Т.Э. R (ulv xs plo) T, 


eg. we want two-thirds of five-sevenths of T to be (2/3 x,5/7) of Т, It will 
be shown in Section C that our definition satisfies this requirement. 


We prove in this number 
83053. +:X,YeRat.=.X x, Ye Rat 
0522 b:.Xx,F=0,.=:X, Pe Rat: X =0,.v.Y=0, 
ie. a product only vanishes when one of its factors vanishes ; 
«305301. Е: X, Y c Rat —10,.=.X x, Y e Rat — (0, 
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«30025. Е: u,v, p, oe D'U n@U. Э. (uly x, р/с) «ис CH 


Thus a product of two ratios which both exist in a given type exists in 
the next type, 1.6. 


830526. F:X,YeRat. Хро, F | tnp e Rat def. 2 (X x, PE ipe CH 


The formal laws offer no difficulty. We prove the commutative law 
(«305-11) and the associative law (ж90541); we prove that X x,1/1—X 


(830551) and that X x, X —1/1 (30552). Division resulta from 
x30061. F:.AecRat —0,. A'e Rat. D: Ax, Х= А. =. Х = А" х,4 
and the axiom of Archimedes is given by 


«3057, +: X,YeRat—00,.3.(qa).aeNCind. Y<, (а/1 x, X) 


#30501. Хх, = RS[(qu,v,p,0)-u,v,p,0eNCind.v+0.040. 
Хару. Y= р/с. Е (к х„р)/(> х. сэ) S] DE 


#3051. +: R(X x, Y)S.=. (пи, р, с). u,v, poeNCind.v$0.co 0. 
X - uv. Y=plo-Bi(uxep)l(v х9) S (30501) 


830511. Е.Хх,Ү-Үх,Х [43051] 
x30512. F:X,Y-evO uito, Cnv(X x, Y) Xx, Y [w3051.430313] 


880513, Ё:рирее МО ша - 0. p/y = ши. pla =p]... 
(р Хор) x, a) = (W Xa PY хов?) 


Dem. 

F «#30339. DF: Hp. D. ux =v Xap’ PXT = р’ Хү» 

[4120751] D.p Xp XV Xoo = p Хор Xov Хас. 

[x303:39] D. (p Xa p)y(v хос) = (u хүрд (уха: ЭР, Prop 


ж305:131, E: ир, сс NCind – /0.0]v = w/v . plo — pa -2. 


(0 x, p)/(v Xo a) = (и Xo pl хо? 
Dem. 


F.«30366. ЭЕ: Нр. 2. = 0. eNCind – 10 0) 
F.(1).«308:6 .D F : Hp. 2. (0 x, p)/(v x9) = 0, (и хр) хас): ЭР. Prop 
«305132. F: ри, p, ce NCind .» 40. oO. uv - uf - ola = p']o' -2. 


(и х.) Xo à) = (и Хор’) хоо?) 
[4805-1131] 
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#30514. b:u+0.p+0.v40.0+40.9.p/v Xe pla = (м Хор) (и хас) 
Dem. 
F.«305:17132.2 
FuHp.2:. R(ulv xoplo) 5 8: 
(gu, v p' с"). ш, о, р’, o' e МО ша . u[v = ши. pla — р|о'. +0. 4-80: 


В((шхар/(» хав) 8 (1) 
Е.ж308:181 .4302:86. ж120512.2 


Е: Hp. А (к х„р)/(> xeo} 9.2. ji, v, p, o e NCind (2) 
Е.(1)-(2) ЭН. Prop 

The condition u +0. р 0 is required in the above proposition because if, 
eg. ш= 0. pe NC infin, we shall have (if v, e e NCind— 10) u[v — 0, . pfe =À, 
whence p/v x, р/ =A, but (u x, p)/(v х,а) =0,. If we assume p, p e NC ind, 
it is not necessary to assume и+0.р-=0. This is stated in «305142. 


«305141. Fi.» 0.v.0— 0:2. ujv x, р/с = А 
Dem. 
F.«303:6711.2 b. :» 0. ш, ие МС Ша .u]v- ши. Э. =0 (1) 
|. (1). 3051. DF. Prop 
x305142. F: u,peNCind.v#0.040.D. p/v x, pla = (и х„р)/(> х,о) 
[Proof as in ж305:141 
ж305'143. bs! (р/у x. р/с). D.p, v,p,ce NCind.»+0.0+0 
Dem. 
b.88051. ЭН! (м/у x, plo). D. (фи, v) . w, v eNCind. v $0-p/ysp'/r’. 


[*303:182:67] 2.u,veNCind.» 40 (1) 
Similarly — F:spt(p/vx, plo) .D.p,ceNCind.c +0 (2) 
Б. (1). (8). DF. Prop 


#305144. К: 1 (мух, р/с). 2. ujv Xs ріс =(и х. р)/(> хе) |ж305:148:1421 
#30515. |:. (uv pseNCind).v.»20.v.o-0:2.yulv x pla=A 
[*305:143 . Transp] 
480516. |:. миро ХОС: иг 0.У.ргг0:и40-.40:3. 
шу хур/т--0, (ж305:142 .ж308-6] 
830517. Р.Хх,,-А |ж205141.ж30867) 
48052. Рія!Хх,Р.2.Х,УҮ Ж Rat 
Dem. 
F.x3051.2 


H: Нр.2. (gmr, p, 0) -u v, p,re NCind.» 40.040. X 2 шј. Ү=р[т. 
[43037] D. X, Y e Rat :2 F. Prop 
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430521. |: Хх, Уе Ва — 0.2. X, Y e kat — 40, 


Дет. 
F.x30872.43052.2F : Hp. 2. X, Y e Rat (1) 
F 80516. Transp. DF: Hp. 2. X 0, Y 0, (2) 
F. (1). (2). D+. Prop 


ж30522. F: Xx, ¥=0,.2:X, Ув Вай: X =0,.v. Y —0, 
Dem. 
Һ.ж805:1:2:142. ж308:66. 2 
Fi Хх, У=0.=:(рь и, р, с). X = pjv . Y - pla. v, p,ceNCind. 
№ Хер =0.ьх.а+0: 


[*303:66] =: (Ур, в, р, с): X = uv. У = plo . p, v, p,a eNCind. 
0. +0: p/v = 0, V. pfo =0а: 
[*303-7 ] =:Х, Уе Вы: Х=0.у.У=0,:.2Е.Рюр ` 


#305222. H: Хх, ¥eRat.>.X,YeRat [4305-21-22] 


The following propositions are lemmas designed to show that if X, Ү are 
ratios which exist in a given type, X x, Y exists in the next type. 


#30523. Е:дєМСш4.2.(2х,и)4,1«2 889) — [x117:652 .30 20:429] 
x305231. F. (p +a 1) = iH (2 Жи) +1 [411634 .113:43:66] 


3805232. Е: ие МС ша. 2. ли 

Дет. 
|. ж116-811'321. 21. 0: < 254 (1) 
|. 305231. Dh: Hp ep? < Wt Dut, 1) < 2224. (8х. и) +. 1 (2) 
+. (2). #30523. ЭН: реМО ind. p < 9+. 0. (р, 19 « 9^+ 4, 222, 
[№113-66.ж116:52] 2. (wt, 1p < 225 (3) 
Е. (1). (3). Induct. 2 F . Prop 


#30524. Е: д, һр, сео О.Э. 
(и X, p) ^ (ота ае ай 


Рет. 
F.X11672. Э-:Нр.2.(2 ы) еС47. 
[*305:232] D.p ntfue CU (1) 
F.«11635. ӘР: Hp.d.piatweDU (2) 
Similarly к: Нр.2. ratu, pint, со бие Un QU (3) 


К.ж117°571.Э2 


Е:. Нр. 2: ихор KHV р хор < рис. У. их с о? (4) 
К. (1). (2). (8) (4) D F . Prop 
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#30525. Е: p, v,p,o e D'U о 97.2. (uly х, р/в) top e CH 
Dem. 
F.«30514. 2 F : Hp. 2 . p/v x, p]o = (p X, p)/(v X, o) Q) 
Е. (1).ж304:28 «30524 . D F . Prop 


ж30526. +: X,YeRat. Хи, Ү tne Ratdef. 2.(X x, Y)E f eC H 
[#30525 . ж304-28) 


x30027. F:X,YeRat—150,.2 (р). (Хх, Y) tup e CH 
[*305:26 . 4303721] 

ж30528. Р: Х, УєВаь. 2. (ҳи). (Хх, Y)E ts un eC*H' [ж#805°21°99] 

ж3053. +:X,YeRat.=.X x, Ye Rat 


|. #305142 . #3037 . D H: X, Y eRat.O. X x, Ye Rat (1) 
F.(1).«305222.2 F . Prop 

x300301. Е: X, Y eRat — 101. =. X x, Y e Rat — (0, 
[4305142 . «3037 .«30521] 

«30631. К: (qu). Хь Y Etpe CH. =. (qr). (X x, Y) ры в CH 
[%305-301 . 304/53] 

x30532. К: (яи). Ха, Y pp e C*H' m (a) (X x, Y) in've CCH’ 
(8053. 304-52] 

898054. — F:X5ceNCind.u4$0.040.7540.2. 

Qupxsv]p)xa(o[7) = (№ xov хе в) (м xp хот) = Mp х (ир х,с|т) [305142] 

#30541, F.(Xx,Y)x,Z- Хх,(Ух,2) [430542] 

3055. ":,40.2.0/р)х,(1/1)-Хв [33051414215] 

#30551. F:XeRat.2.Xx,(/1])-X — [x3055] 


#30552, F:iXeRat-00,.2. X x, X =1/1 
Dem. 
F. ж805:14.ж808:18.2 
БіНр.О.(ян,»).мәеХСіші-:0.Хх,Х-(ишха»)(» хам). 
[*803:23]>.X x, X 2 1/1 :2 F. Prop 


83056. F: AeRat- t0. XeRat.2: Ax, Х= A'. 5. X A'x, A 
Dem. 
|. ж804°1:4 . 30532222. D 
F: Нр. D. (qu, ур, о, Ёп) < m v,a e NCind – 10. р, &,7 ¢ NC ind. 
А-ы)».Х-ріс.А”-Е т, (1) 
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F.3805142. 2 Fi v, ce МО ша 2&0. p, E, ge NCind.2: 
elv xs pla = Еп. =. (м Xs p)(v Хо в) = En. 
[*303:38] “ш Xo P Хо m v хс X, Ё. 
[«303:38] © pla = (> X. /(ш xan) 
[«305:142.«30313] = Ely x, Спери) (2) 
F.(1).(2). DF. Prop 


ини 


#30661. F: де Вай — 0. A' e Rat.D: Ах, X 4’. =. X Ах, 
[4305:6:222:32] 


#3057. F:X,YeRat—4(0,.2.(qu).aeNCind. Y <,(a/l x, X) 
Dem. 
F.x117571.120:511.«117:62.2 
Fip»np,ceNCind—-/0.£2».2. 
в Хор № Жа > хор. 
[33041] 2. (p/a) <, (H Xa P x, В. 
[430514] 2 . (р/с) <, {uly x, (p x, ӘЛ) а) 
F. (1) . #3041 . #1205 . D H. Prop 


«80671.  F:.ZeRat —010,.2:X <, Y.S.X x,Z <, Ух, 8 
Dem. 
F.«305142.2 FE: Hp. X c, Y.2. 
(He, р, т, E n). v р, о, & geNCind.» 0.0 40.£50.540. 
Х-ш».Ү-ріс.2- El-p xT <v xp. 
Xo, Z S (px Bf xan). Ух, Z= (р Xo EE х.т). 


[x3041.412651]2. X x Z <, Y x, Z (1) 
F.(1).2F: Hp. X x,Z, Y x,Z.2.X x, Zx,Z«,Y x,Zx,Z. 
[x305:51:52] 2.Х<,Ү (2) 


Е. (1). (2)- 5+. Prop 


X306. ADDITION OF SIMPLE RATIOS. 


Summary of «306. 

The addition of simple ratios is treated in а way analogous to that in 
which their multiplication is treated. We wish to secure that the sum of 
М» and п/у shall be (A+,)/v, and that the sum of p/v and р/с shall be 
Ко Xa т) +, (и хор) (р хос)... This is secured by the definition 


x30601. X +, ¥=RS[(qu,v,p)-u,»,peNCind.v+0. 


Xzyuv.Y-plv.R((p-, pv] S] Df 
whence we obtain 
ж306:13. Р:>+0.Э.и/»+„р/> = (и +, p)]v 
480614. F:»0.030.2. шу t plo = (p хь o) (v x, p))/(v Хос) 

Our definition is so framed that оо 7+,0,:=A. This is on the whole 
convenient, though we could, of course, frame our definition so as to have 
90 9, 00 = 00 4. 

In applications, if В, S, Т are members of a suitable vector-family, we 
want to have 

Rufo) Т.В(р/с) T. 2 (RIS) (uv + plo) Т, 
eg. if a vector R is 2/3 of T, and a vector S is 5/7 of Т, we want the vector 
which consists of first travelling a distance В and then travelling a distance 
8 to be (2/3 +, 5/7) of T. We shall show in Section C that our definition of 
addition fulfils this requirement. 

Аз in the case of products, the sum of two ratios is а ratio (ж206:22), and 
the sum of two ratios which exist in a given type exists in the next type 
(306-64). А ratio is unchanged by the addition of 0, (430624), and a sum 
of two ratios is only 0, if both the summands are 0, (ж3062) No difficulty 
is offered by the formal laws: we prove the commutative law (#80611), the 
associative law (ж306:81), and the distributive law (#306-41). 

An important proposition is 
#30652. к:.Х<,У.=:Х eRat:(qZ).Ze Rat - v0, X, Z5 Y 

When the axiom of infinity is assumed, this proposition becomes 


XH'Y.ziXcCH'i(qZ).ZeCH.X +,#=Ү. 
В. & W, 111. 
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We prove also the proposition upon which subtraction depends, namely 
#80654. ғ:.Х,УеВа.2:Х-,У-Х-,2.:.Ү-2 


#30601. X4,Y— RS (ции, р) мире МО ша. v40. 
X - ujv. Y=p/v. В Кр t, p)v] S] DE 
#3061. FP: R(X &,Y)S.z .(gusv,p). p, v. peNCiud.v40. 
Х= шь. Y 2 pv Е (а + p)v] 8 [(&8306:01)] 
x30611. -.Х-,Ү-Ү-,Х [43061 . 3110751] 
*30612. Е:Я!(Х-+,У).2.Х, Ye Rat [«3061 . 3027] 
#806121. F : р/у = ши. plv — ри. D «(p tapo = (ш + p/n 
Dem. 
E. 30339. D +: Hp. 15v, p, n, v, p'eNCind.» 0.У 40.2. 
ш XS ты Хор. p Xov ер Xov. 
[111343]. D. (utp) хаи =(и' top’) хар. 
[30339] 2. (ute p)/v = (a t plv 0) 
|. ж303-181 . ж3 02-36 . D 
К: Нр. (uv p, u' v, p eNCind). 2 (м +, р) А. (ш +. р) = А (2) 
Е. (1). (2) -30367 . 2 К. Prop 
x30613. F:»40.2.pu]v +, plv = (ut. p)lv 
Dem. 

F. 3061. DF: Hp. D . (р +,р)/и © u]v ts p]v (1) 

F.x306121.2 

ЕГЕТІН Y-2.X (nep 09) 

F.(2).*3061.2 К. м/у +, p/v © (ич) (3) 

Р. (1). (3). +. Prop 


ж30614.  F:v0.o 0.2. ши, р/с = (их, т) (v хор) (и X, e) 
Dem. 


F.x30339.2 
Р: Нр. рь, poeNCind.2.pufv (p xvo)/(v хос). plo == (и хор) (их, а) . 
[30613] 2. ши, р/а = (и хос) +alv хор)! (р xc a) а) 


F.x30612.x30311.2 
Е: (ри p,a e NCOind).2.pu]v44plo - А. (ихо) +, (vxep)/(yXso)- À (2) 
F.(D). (2). DF. Prop 


x306141. Fi.» —0. v.a 0:2. ujv4.p[o 2 А [430612 . Transp . 30377] 
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#80615. F:ujv4, ple 0, =. n 2p-0.v,ceNCind— 10 
Dem. 


F.x306014.303:66,.2F :5,— p 0.r,ce МС ша — (0.D.p/vt+sp/o=0, (1) 


F.x30612. ЭР: м/и, plo = 0.2. м, v,p,c e NC ind (3) 
Һ.я30611. ЭН: ч, plo -0,.2.v $0.0 40 (3) 
Е. (8). #30614. ЭР: Hp(3). 2 . (их, 0) +a (> Хор) x, 0) = 0,. 
[x303:66] Э.(их,о) +. (» х,р) = 0.0х,о 40. 
[ж110°62,ж113:602] Э.изр-0.940.040 (4) 


F.(1)-(2).(4). ЭР. Prop 


*30616. Б.Х +, У= BS (qu v, p о). i v pee NCind.v40.o40. 
X - uj». Y - plo . ТІКТІ ТЕСТІҢ 
[4306-1412] 
480617. F:uz0.»p,ceNCind.v40.o40. D. ply +, plo = plo 
Dem. 
F.«3036.2 F: Hp.2. ши= 0/с. 
|ж806:181 2. м/у *, ple = (0 +ер)/т: D+. Prop 
ж8062. ҤК:Х+,Ү=0,.=.Х=0,. Г =0„ [*3061512] 
*30622. +:X+4,¥eRat.=.X, Ye Rat 
Dem. 
Fa 30616. 3037. DFH: X +, Fe Rat. =. 
(Gu, v, p, <) - p, v, p,a e NOind. X = u/v. Y 2 plo .vx,o 30. 
[x113:602]5 . (qu, v, p, 0) иь v, p,c e NC ind. X = uv. Y 2 plo.v40.o 40. 
[x3037] . Х, Ye Rat: D+. Prop 
*306:23 : X +4, Ye Rat—10,.2-X, Ye Rat. ~(X = Y 409) 
[*306:22 . 3037 . 3062] 


*30624 F:XcRat.2.X 40,2 Х [3061711] 


#30625. +:X+,VeRat.=.q!(X +, У). =. X, Ye Rat 
|»306:12:22 . ж303:26. ж306:141 
Here X +, Y must be taken in a sufficiently high type, otherwise X+,¥ 
may be null when X, Үе Rat. 


43063. Е. Ош, о/р) +, тут = Mp +, lp +, с/т) 
Dem. 
К.ж30614.2Р:д+{#0.р#0.т+40.Э.(/н +, v]p) +, вт 
= [QO Хор) +e (м хер) (м Хор) +s cj 
[30614] = (л x p хот) +, (в Xov хет) (ий Хор Же в) (ш Хор Хот) 
[1 13743] = ЦА x. (р хат) + Л Хе (v хат) +. (р х.) а х, (p х.т) 
[%306-14] = Ми +, (9 жет) +. (р Xo <) (р Хот) 
[%306-14] = л/а +, (и/р +, вт) (1) 
+. (1). #30612. 2 F. Prop 


ul 


T 
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#30631. +.(X¥+,Y)+,2=X +.(¥+,Z) 
Dem. 
F.«8063. ЭН: Х =. У = јр. 2 = ат. 2. 
(X +, У) +,2=Х +, (У, 2) (1) 
F.430625.2 F: ~ (ЯА, mv, р, 0,7)» X = Ми. Y -v]p.Z—o[v.2. 
(X +, У)+,2=А.Х+,(У+,2)=А (2) 
|. (1). (2). 2 F. Prop 


«3064. Б.ли х, (vlp +, чт) = (Ми хьь/р) +, М х,о/т) 

Der 
Е. ж306-14. DF: А, р, и, p, c, те NC ind. w+0.v+0.0+0.3. 

Alu Xa (vip ат) = Ми Xs (о хат) +е(р Xe 9) (р хат) 

[430514] =[ х, (9 хт) +, (р х, ву (а Xs p Xs т) 
[303-23] = [A x, H x, ((v Хот) te (р Xe в) Км Хур Хар Хот) 
[1113748] = {a Хой Хой Хе т) HA Хой Xo p Xe ЭС Xe p Xo H Xe т) 
[430614] = (A х, у) (их, p) +, (A x, в) (м Xa T) 


[305-14] = Оу хуар) ta бун х, сүт) 0) 
Е. ж305-2 . #30622. D +: 1Х/и x (и[р +, ат). D Afu v/p,o/re Rat. 
[*303°7] Э.Нр(1) (2) 


Е. ж806:12. «305143. 2 
Fist o xev/p) +, (Мы ха ст). 2 - Mp. ој, 0/7 e Rat. 


[x3087] 2.Нр(1) (3) 
+. (2). (8).2 
Е: Hp(1). 2 Mp x, (w/p +» ат) = А = (М vp) +» Ои x ст) (4) 


Е. (1). (4).2Е.Ргор 
x30641. Р.Х x,(Y +, 2) = (Хх, 7) +, (Х xZ) [x306425 . ж305:2) 
#30661 F.X +, (0/1 х, X) 2 (v 1)1 x, X 


Dem. 
F.«30612. IF: sp! (X +,(v/1 x, X)) . 0: X; vl x, X eRat: 
[x305:3.4302 7] 2: ve NC ind: (яр, о). р, се NCind . c0. X = plo (1) 
F.x3052.2 F ip! (0+, 1)/1 x,X] D : (v 0 ОЛ, X e Rat: 
[*303°7.4126°31] D : ve NC ind (Яр, т). p c eNC ind. c £0. X = рс (2) 
F.«3805142.2F sy, p,c e NCind. e #0. 2. v/1x, plo = (v x, p)o . 
(#30613] 2 . р/с +, (»/1 х, pla) = {p +. (v хо p))/o 
[ж113:671] =.{(vte 1) хар 
[305-14] = (v +, 1)/1 x, plo (3) 
Е. (1). (2). (3). D F. Prop 
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x30602. F: X<, Y. 
Dem. 
F.x306:13 . #11934. D 
Fry, v,p,.ceNCind.y$0.040.X=p/v. У = р/с. px <v хр. 
E= (о xap) =. ха). Z= (> х„а).Э. X +, # = (> х„ pr Xoo) 


1X e Rat : (JZ) - Z e Rat -10,.X+,2=Y 


[4303-23] = plo 

(Hp] -Ү 0) 
Е. (1) #804113. > 

H X<, Y.D: X e Rat: (qZ). Ze Rat—e0,.X+,Z2=Y (2) 
F.«30614.2 


"Esp, v.p, e NOind .»40. p 0.040. X = u]v. Веро. Ү-Х-,2.2. 
Y= (иж е) +. (ух py Xe т). [{(м хь т) +e (v хр) Xs v] > рх, (р ха). 
Ію804112.Х <, У (8) 
F.(8).43041.2F: XeRat.Ze Ба-:9,.Х-,2-«Ү.2.Х<,Ү (4) 
F.(2).(4).2F. Prop 

The above proposition requires that X and Y should be taken in a 
sufficiently high type, namely at least in a type in which, if X = u/v and 
Y=p/o, where р Рет and pPrma, (v x, p), 1 and (их, с)-4,1 are not 
null, Otherwise there may be no Z such that X +,Z = Y. 

8806:53. H: u,veNCind.v+0.c4+0.9+0.9: 
{> +, р/с = plv te Ет - = + plo = т 


Dem. 
F.«30612.2 + Hp. ujv te plo = шо +, ЕТ + о (р, o € NOind). >. 
pl? ts = А. pls — А. 3) 
[306-25] D. ~ {u/v, Ef e Rat] . 
[Hp.«303:7] 3.e(£neNCind). 
[#803-11.(1)] D. En = ple (2) 
F.«30625.2 E : Нр. ш/о +, р/с = u]v +, з. р, т eNCind.D. 
£neNCind 3) 


|. (3) .*806-14 . жЗ03-39 . D 
F: Hp (3). D . (их, o) +e (> Хор) охот = (р Xo) +. (9 ХӨ) хе Хов» 
[113-43] 

Э.(их,о Xo V aN) +. (и хор X7) = (H Xe Хой хо) SG Xo ё хе в). 
[41264] Э.х, (p Xe) = их. (E х,о). 


[x803:39] D . р/с = Ет (4) 
F.(2).(4). Энх, Hp. D: шу +әр/т = ply t El - Э. ріс = Elm (5) 
F.«3061. ЭР: ple = Eo -Dd . ply + plo = ш/о + ч (6) 


F.(3).(6). +. Prop 
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#30654. H:. X, YeRat.D: X+, Y=X +, Z.=.Y=Z 
Dem. 
|. 30625. DF :: Hp. D: X +, Y eRat : 
[«306:25] Э:Х-,Ү-Х- 4.2. єБВа (1) 
Е.(1).4806:53 . 3037 . D F. Prop 


830655. H: Y<, X.D. ~(4Z).-X+,Z=Y 


Dem. 
Е. ж117-291 48041, DH: Hp. 2. (X <, Y). 
[#30652] 2.—(qZ).ZeRat- (0, X 4,2 Y (1) 
Һ.ж30624.9041. 2F:Hp.2.-(X 4,0, Y) (2) 
|. #380625. Dt: Hp.X4,7=Y.3.Ze Rat (3) 


F.(1).(2).(3).2 H. Prop 
The following propositions are concerned with the existence of X +, Y in 
definite types. It will be shown that if X, Y exist in a given type, X +, У 
exists in the next type, we. if X [ tu‘ and У 4% exist, then (X +, У) си 
exists, where X, Y are rationals. 
#3066. Р: рер“ о А.Э, (и +, р) пёр ер: Оо 050 
Рет. 
+ 430523. 2 F: Hp. pcp. dept p< PH а) 
Similarly | Б:Нро«и.Э.инос9" (2) 
Е.(1)-(2) 411672. 2 F. Prop 
Ж30661. Fin рер а OU. D . (ufo + p/v) а е Rat def 
Dem. 
F.430613:6.2F:Hp.2.u/v--.p]v- (a р). (ғара иса е Гай“. 
|ж308:711 D. (шу +, plv) ^ ts p е Rat def: +. Prop 
*30662. Fin 5»peD'UAQU.2.(pulv- р/р) ^ ше Rat def 
Dem. 
Е.Ж303:39 .2 H: Hp. >. pfo + plo = ply +a v]v а) 
F.(1).306:61.2 F. Prop 


*306621. F:ceNCind. D. -,с+,1% 27 


Dem. 
F.x1163013H. 2F.0—041«2 (1) 
F.«116321331. DF. Pm lhl KY (2) 
Е.ж117:55.4126:5.Э E. 22,2 4,12: (3) 
F.x805231.2F: Нр. с> 1.e? 0 ,1«z27.2. 


(2-1) - (64.1) + 1 « 27 +, (2 х,а). 
[#117652.ж116:52]5 . (с +, 1)? —, (c +a 1) +a 1 26441 (4) 
F.(1).(2).(3) . (4). Induct. D F . Prop 
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ж306:622, Н: we NC ind - (0.2. (u — 1) = p? -, (2 хои) +e l 
Dem. 


+. 205-231 31, ОН: Нр.2. (ии, х (и-4113,1-18- (1) 
|. x11343 412016. ЭЕ: Нр.2. {2 х.(и— D] +.2 = 2 x, y (2) 
F.(.(. Dh: Hp. 2. (a —, D* 4, (2x 1) = jl (3) 
F.(3).119:32. 2 F. Prop 


ж306:623. F: u, v, peNOind.v <p. p Ku.. (H Xe n). (vx, p) < 2741 
Dem. 
Е. #120429. DH: Hp. 2 - (ux, à) + (> хор) <p ty (a 1. 
[4120:429.«306:0822] D. (px, 1) +a (v Xe p) < (2 Xa p”) — (2 x, Ht) ta 2 
[4306:621.4126:51] < 21: Ргор 
#306624. Н: u,v, р, ceNCind.» p.p р. с« p.2- 
(и хос) +. (и хор) < 24191 [ж306'623] 
*30663. Р: р.р, р,сєере а QU. D . (ши +, р/с) [и c Rat def 
Шет. 
Р. ж806:62.2 +: Hp.v =p. 2. (ији +, ріс) [ tu'u е Rat def (1) 
Ь.ж306:624 ,ж305:24 . #30371. D 
Е: Нр.и< р. р« р. си. 2. (ио +, plo) ік c Rat def (2) 


Similarly 

Е: Нр.’< р. рр. о р. . (ulv +, plo) [ р e Rat def (8) 
F.(2).(3).2 

H:Hp.v< p.o р. 2. (uly +, plo) | to'u e Rat def (4) 
Similarly 

F:Hp.p 2» v.o Sp. 2. (шу +, pla) [fs p e Rat def (5) 
Б.(1)-(4).(5)-ЭЕ:Нр.о«.Э. (шу t, plo) іше Rat def (6) 
Similarly F:Hp.u«o.2. (ulv +, plo) Ete eRatdef. (7) 


Е. (6) - (7). DF. Prop 
The following propositions are immediate consequences of ж306:63. 
X30664. Е; (му) tu'u, (plo) Бүр e Rat def. >. (ш/о +, р/с) | tap. e Rat def 
#80665. HF: X, Y e Ratdef . D .(X +, Y) [ (s C**C*X є Rat def 
%30666. F:X,YeCHI.2.(X +, Y)E СОХ eH 
*30607. F:X,YeC'H'.2.(X +, V) ы C0 X e CH’ 


4307. GENERALIZED RATIOS. 


Summary of ж807. 

In this number we introduce negative ratios. If X is a ratio, what would 
ordinarily be called — X is X | Спу, This may be seen as follows. Suppose we 
have RXS. We then have R(X|Cnv)S. Now И R and S are vectors which 
carry us in the same direction, R and S are vectors which carry us in 
opposite directions, i.e. their ratio is negative. Hence calling the class of 
negative ratios “Каф,” we may put 
ж80701. Rat,=|Cnv“Rat Df 

The sum of “Rat” and “Rat,” we will call “Rat,,” where “g” stands 
for “ generalized.” Thus we put 
#307011. Баі, = Rat v Rat, Df 

If рь<,р/а, we have (иј) | Саҹ} (| Cnv? <,) (р/с) | Соу}. Hence 
we put 
480702. <,=|Cavi<, Df 
#307021. >,- Сау“<, Df 

If X and Ү are generalized ratios, we consider X Jess than Y if either 
X, Y are both positive and X <, Y, or X, Y are both negative and X >, Y, 
or X is negative and Y is positive or zero, Hence we put 
«30703. <,=(>,) Y (<,) о (Rata - #0.) f Rat Df 

On the analogy of <n and <p, we put 
880704. H,=|Caovi Df 
#30705. H,- Н, ФН, Df 

We prove in this number that if X is a ratio, X | Cnv 2 Cnv| X, and 
СвуЧХ | Сау) = X | Cnv (x307:21:22). We prove also 
x30725. Һ.СНАСН,-А 

We prove that 0, and оо, are their own negatives, but are not the nega- 
tives of anything else (x307:26:27:31). We prove №“, = Nr'H («307:41) 
and Infin ax . D . Hj es (x307-46). None of the propositions of this number 
offer any difficulty. 
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#30701. Rat, =|Cnv“Rat pf 
#307011. Rat, = Rat v Rat, Df 
x30T02. <,=|Cnvi<, Df 
#307021. >, = Cav'<, Df 
«30703. <,=(>n) ш (<+) ч (Rat, — t04) T Rat Df 
4307031. >, =Cnv‘<, Df 
480704. H,=|CaviT Df 
830705. H,=H, tH’ Df 
43071. +: R(X|Cnv)S.=.RXS тілі 
880741. F:R(OnoX)S.z.RXS [#3071] 
x80712. Һ.Х|Сау|Сву- Х [+3071] 


#80713. +:X|Cnv=Y|Cov.=.X=Y [#30712] 
#80714. F:Y-X|COnv.z.X-Y|Cnv [x30712] 


#80715, F:diXpk.s.qdix1(X| Сағ) (Cave) [4307-1] 
#30716. F: к= Сук. о: !Х ко. Х|Спуу к [430715] 
3079. +. (ш/о) | Cnv = Соч | (uv) 193071. ж308:191 


*80721. F:XeRatvuifo,.2.X|Cnvz Cnv| Х [«3072 . 3037767] 
430722, FiX eRatvi'o,.2.Onv(X|Cnv) = X|Onv [#30721] 
ж807:23. F.COnv*CH, = CH, — [4804/28 30313 . ж307'22] 
«30724. F:inv»pec('U.uPrmy.pPrma.pzzo.od0.2. 

Я 1(o/o) - (в/о) Cov 


Пет, 
F. #30332. D F :. Hp. D : (QP, Q) - P,Q e Rel num . P,,€ Qro . P (p/a) Q: 
[4303:21] 2:(qP,Q). P, QeRel uum P, € Qu AIPA Qn: 
[3003] 2: P, Q. P,QeRelnum ipt PrAQ P А0-А: 
[430391] 2:(9Р,0).Р(р/) Q. ~ {P (afr) 9): D H. Prop 
*30725. +. СНА СН, = A 

Рет. 
Е. 307-94. 30813.20 
F: u, v, p, o еа. р Prm у. р Ргш с. D. p/v (р/а)! Cuv (1) 


+. ж302-22 .x303211.«3042728.2 c: Х,УсС“И.Э. 
(ap. v p, 0) - p, v, p, eU. д Prmp.pPrmo. X = иј. Y=pje (2) 
F.0).(2). 2 F: X, Y eC H.2. X & Y |Cnvi D+. Prop 
20 
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«30726. F.0,|Cnv = 0, = Cnv,0, 


Dem. 
F.«3072. 2F.0,|Cny = Саз |0; (1) 
F 303615 33071. ЭК: Е (0,] Cnv) S.S p ERAI TOS. 
[x33:22] эз. 1ВАТ| 9. 
[80815] =. 0,8 (2) 
К. (1). (8). 2F. Prop 
#30727. Е. о „| Су = о ,- Опу | о; [*307`26 . ж303-62] 


ж3073. Е: ХебН.2.ч1(Х |Сиу)| Relnum [#3045 . ж30716. 13004] 


30751. F:XeRat—00,.2. X |Cnv £04. Х| Суф, 
[4307-8 . ж304:53 . 303-62] 


X3074  F:XH,Y.z.(X|Onv) H(Y|Cnv). [4150-41 . (#307-04)] 
430741. F.NrH,- МеН [307-13 . (4307-04)] 
x30742 F:lnfinax.2. МН, = МН, = [4907-41 . #30438] 
830743. Е.ХєСЧ,.Э. !Х|Ве ший | [#3073] 


ж80744. F. 0,, осе СН, [ж807:81] 
ж807:45. +. Nr‘H, = 119:2585:127 [*307-25:41 . (ж307:05)| 
«30746. +: lnfinax.3.H,e7 |ж307:45 . ж804:381 


This proposition requires 7) 4-1 4-9) =n, which is easily proved. 


*308. ADDITION OF GENERALIZED RATIOS. 


Summary of X308. 


In this number we have to extend addition so as to include negative 
ratios as addenda, and for this purpose we have to define subtraction of 
simple ratios. This is defined as follows: 

«30801. X-,Y ВЕК): X, Y,ZeRat:Z-, = X  RZS.v. 


v 


Z+,X=Y.RZS} Df 

That is to say, if Y <, X, X —, Y isthe ratio which must be added to Y to 
give X, while if X <, Y, X —, Y is the negative of the ratio which must be 
added to X to give Y. Thus we have 
«308183. Е:.У<,Х.м. Уве Вы. У=Х:2.Х-,У=(12) (2+, Y - X) 
#30814 F: X<, Y.v.XeRat.Y - X:2. X, Y [QZZ 4, X = У) | Сау 

We have, of course, X —,0,— X (#308:29), 0, —, X = X | Cnv (ж808:23), 
and Х-,Х-0, (x30812) Existence-theorems for X ~, У are closely 
analogous to those for Х +, Y and X x,Y. Also we have 
ж8082. К: Х, ҮєБаб. =. X — Y e Rat, 

We define the suin of two generalized ratios by means of the sums and 
differences of simple ratios, as follows : 
#80802. Х+,У=(Х +, Ро (X —, У| Сву) а 

(У, X | Спу) © (Х | Сву +, У | Сау)! Cnv Df 

Of the four relations which occur in the above definition, all but one 
must be null if neither X nor Y is 0,. Thus if X and Y are positive, 
X -, Y |Cuv, Y -, X |Onv, and X|Cnv+, ¥|Cnv are null; if X is positive 
and Y negative, X +, Y, Y —, X |Cnv, and X | Спу+, Y | Сау are null; if X 
and Y are both negative, X +, У, X —, Y | Соу, and Y —, X | Сау are null. 

If X is 0, and Y is positive, 

X +, У=У-, X | Cnv . X -, Y | Cnv = (X | Cov +, Y | Cnv) | Cov =A. 
If both X and Y are Og, all four relations are Op. 
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Hence we find 


ж308:32. 


HiX, YeRat. D.X QY- X+, Y 


ж308:321. К: X e Rat. Ye Rat,.2. X 4, Y 2 X — Y | Cov 
«308322. Е: Ye Rat. X e Rat, D. X +, Y = Y —, X | Cnv 
ж308:323. +: X, Y e Ratan. D. X +, Y=(X | Cnv +, Y | Cnv) | Cnv 


The existence-theorems for X +y Y are closely analogous to those for 
X +, Y, and the formal laws offer no difficulty. We have 


ж308:52. 
ж9808:54. 
x308:56. 
«30872. 


x30801. 


x30802. 


x308 1. 
Dem. 


x308 11. 
Dem. 


ж808:12. 
*308:13. 


Dem. 


F 
Е 
Е 


ж308:14. 


x30815. 
ж30816. 


Dem. 


Б:.Х,ҮсБа,.Э:Х-,Ү-Х-,4.4.Ү-4 
t:X,VeRaty.>.(qZ)-ZeRaty.X+,Z=¥ 
bi X<Y. =: X e Rat: (AZ). Z e Rat—10,.X+,2=V 
Е: (Х +, 2) < (X +, 7). =. X e Raty. Z<, Z 


X —, Y = В (qZ): X, Y, Z e Rat! Z+, Y =X. RZS.v. 


2+,Х-У. 828] Df 
X+ ҮУ=(Х+,Ү)=(Х-,Ү|Спууш 
(Y —, X|Cnv) v(X|Cnv +, Y |Cnv)|Cnv. Df 


t:V<,X.3.X-,¥=RS ((qZ). Ze Rat. Z+, Y= X . RZS} 
=. «30655 . D H: Ер.Э.-(я2)-24,Х-Ү а) 
F.(1). («30801) . D F . Prop 

b:X<,¥.d.X—,¥=RS (QZ). ZeRat. Z+, X - Y. RZS] 
F.x30055.2 F: Hp. 2. (qZ). Zu, Y X 0) 
К. (1). (#308-01). D H. Prop 

Е:ХєВ4є.Х-Ү.Э.Х-,Ү-0, [306-5494] 

bi <, Х.У. FeRat. УЕХ:2.Х-, = (12)(2+, = X) 


. 4306:5224. DH: Hp. D. (92). Z+, Y= X Ве Rat a) 
x30654. ЭР:Нрй.44Ү-Х.Бч,Ү-Х.2.2-47 (2) 
- (1). (2). «308112 22 F. Prop 


FX, Y.v. X є Rat.X= Y:2.X ~, Y= (0Z)(Z +, X = У)} | Cov 
[Proof as in «308:13] 


Fie(X,YeRa).2.X-,Y—À (480801) 
Е: Х, Ус Ва. Y+, 0=Х.2.Х-,У=Е 


К. 306-55. #304221. D Fi. Hp.2:Y « X. v. Y eRat. Ү-Х (1) 
F.(1).3:30813.2 F . Prop : 
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#80817. F:X,YeRat.X4,Z-Y.2.X —Y «Z|Cnv [*306:55 30814] 


830818. Г:У<,Х.2.Х — Ve Rat— (0, 
Dem. 
F.«390652. D H: Hp.2.(gZ).ZeRat-(0,. У+,2=Х (1) 
F.(1).430813 . D F . Prop 
x30819. Е: X «c, Y.2.X —, Ve Rat, — (0, 
Dem. 
F.«306052.2F: Hp. D. (g2). ZeRat- t0. X-,Z-Y (1) 
Е. (1). 30814. 2 F. Prop 


x3082. F:X,YeRat.=. X —,YeRat, [30812181915] 


*30821. +: Х-, Y - (Y -, Х)| Соу = Оп (Y —, X) 
Dem. 

F.«3081314.2 

В.Х <, Y.v. Хе Ваб- (0, X  Y:2. X —, Y «(Y -, X)| Cnv (1) 

F.«308:1314.x30712.2 

bi Pc, X.v. YeRat—10,.¥=X:>.X-,¥=(¥—X)\Cuv — (2) 

F.(1).(2).4804221.2 F: X, YeRat.2.X 4 Y-(Y- X)|Onv (3) 


[307-21 .ж308-2] = (ву (Ұ-,Х) (4 
Е. (8). (4) 80813 . 2 F . Prop 
430822. H:XcRat.D.X —,0,- X [306-24 . 4308-13] 


#30823. F:XcRat.2.0,—,X - X|Cnv [43082122] 
30824. +: (о/р) <, Ou) -D -Mu =i vp = {O xe p) „(и хе») хар) 


F.x3041.2F: Hp.O.AX,p2 n хор (1) 
+. 303-23 . 80613. (1). D 
F:Hp.2.(( o p) (H х, 9) (и Хор) ++ ве = 

[{ хер) — (ш Xa VY} +a Qo Хог) хор) 
|ж308:23,4119:341-/и (9) 
Р. (1). (2). #80816. D H. Prop 


*808241. |: (м/а) <, (»/р).2 Mu — vlo = (хоу) (х Хор) Хе) Сау 
[4308-24-21] 


*308:25. F:N, и, »peD'UnQU.vlp-^,Xp-2 Мир) Г top € CH 
Dem. 
F.«305:24.2 
bi: Hp.d. (хор) — (a xv) nti (р хор) пиве 0: о А7 (1) 
+. (1). 80824 . #30428. 2 Р. Prop 


302 QUANTITY [PART VI 
x308251. F:X gv, pe DSU AU Alp <, рур. D. Ми ар) «ис C Ha 
[x305:24 . «308:241] 


x308252. F: A, u, v, pe D'U n а. 2. (A/p — vp) | to'p e CH, 
[«308 25:25]-12] 


4308-26, Fi Х, Уе Ва. X Ба, Y p tpe CH .2 (X —, Y) те CH, 
[308-252 . *80428] 


«808-261. Е: X, Ye CI. 2.(X —, Y) Et CC X СН, («30826] 


*3083. F:ig!(X-—, Y|Cnv).2.X eRat. Y є Rat, 
[430815 . 307-12] 


x808301. Бі31(Х Сп +, Y|Cnv). 2. X, Y eRat, [X30612 . #307-23-12] 
480831. ig 1(X +, Y).2.X,YeHat, [430612 .3308:3:301.(8808:02)] 
430832. F:X, YeRat. D.X + Y=X +Y 


Dem, 
.ж308:3-301 . 307-25 . (4308-02) . D 
:X,YeRat-00,.2. X4, Y-X Y (1) 
.ж306'24 .308:22:3:301 . D 
:ХєВаг-10,.Ү-0,.,Э.Хч,Ү-Х-Х-Ү (2) 


30624.33083301.2F: Y 20,. Y 20,.2. X + Y-0,— X +, У (8) 
.(2).(3).5 

nsXcRatQY-0, v.YeRat.X20,:2. X, Y- X 4, V (4) 
. (1). (4). 2 F . Prop 

«308321. +: X Ваё. YeRat,. D. X +, Y — X -, Y|Cnv 

[30612 . ж308:3:301 . ж307:25 . (ж808:02)| 


ж808:322, +: Үс Бас, XeRat,. 2. X +, Y= Y —, X |Cnv 
[#30612 . ж308:3:301 . 307-25 . (k308:02)] 
ж308:323. Е: Х,ҮеКа».2.Х-, = (Х | Cnv +, Y | Cav) |Cuv 
[30612 ,ж308:3:301 , ж307:25 . (ж308:02)) 
x30833. F:X-c,YeRat,.-.X,YeRat, 
[*306:22 . «308:2:32:31] 
x3084 Һ.Х-,Ү-Ү-,Х |ж80611.(ж308%02))| 
x30841. F.X +, Y=(X |Cnv +, У! Сву) | Спу 
Dem. 
Е. #30712 . #3426 . (4808-02). 2 
F.(X,Cnv +, Y | Cnv) | Спу-(Х | Cnv +, Ү Сау) Cnv w (X | Cav —, У) Сах 
u (Y | Cuv — X); Cnv o (X +, Y) 
[*308:21] = (Х |Опу v Y |Cnv)| Cav e(Y -, X | Cav) 
У(Х, У | Спу)ы(Х +, У) 
[(308:02)] -X4,Y.2b.Prop 


qe ay SRS Se a TE 
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4808-411. F.(X +, У) Сау = X|Cnva,F|Onv (#308-41 . #80712] 


x308412. H: Х | Спу +, У | Опу= 2 | Опу. =. Х += 2 
[x308411 . 307-13] 


ж308:42, Р: Х,У «Баі. 2.(X –, У) Y X 


Dem. 

F.x3081232.430624.2 Е:Нр,Х-Ү.Э.(Х-,Ү)-,Ү-Х (1) 
Е. 3081832. ЭН: Нр.У<,Х.2.(Х-,Г)+, У=(Х -, У) +, Y 
[*308-13] =X (2) 
Б.ж308:19822.ЁЭЕ:Нр.Х«,Ү.Э.(Х-,Ү)-,Ү-Ү-((Х-,Ү)Сиоү 
[x308:21] -FY-,(Y-,X) (3) 
F.x30813. Dt: Нр (3).2.Х+,(У -, Х)= У. 

|ж308:16:181 2.Х-Ү-,(У-,Х) (6 
F.(3).(4). ок: Нр. X —,Y.2.(X -,Y),Y-X (5) 


К. (1). (2). (5) «304/221 . D F . Prop 


#30843. F:X,YeRat.2.(X 4, Y), Y X 
Dem. 
F.430832.2 F:Hp.2.X 4, Y- XY. 
[x30816.k30622] | 2.(X +, Y), Y — X :2*. Prop 


«30844 Һ..Х,26Ва.2:Х-,2-Ү-,2.-.Х-Ү 


Dem. 
|. «808131415. 3+: X2 Y.O.X Ze Y-—-Z (1) 
F.«3082. ОЕ: Нр.Х-,2=У-,2.2. Ve Rat. 
|ж308:421 Э.(Ү-,2)-44-Ү. 
ЇНр| Э2.(Х-,2)-,4-Ү. 
[*308-42] 2.Х-Ү (9) 


F.(1).(2).2 F. Prop 


ж308:45. Fr: X,ZeRat.2:Z—,X-Z—Y.z.X-Y 
[308-4421 . 307713] 


30846. +: X,¥eRat. Y£0,.2. (X, Y) X 


Dem. 
F.x30819.2 E: X <, Y . 2. (X —, Y)e Rat, —(0,. X e Rat. 
[(#807-03)] Э.(Х-,Ү)«,Х 0) 
Б.ЖЗ08192,ЭР:Нр,Х-Ү.Э.Х-,Ү-0,. 
{ж304:46.(ж307-03)] 2.(Х-,У)<,Х (2) 
Е. ж3081318. 2F: Hp. Y 4, X .D.(X —, Y), Y 2 X. X — Y e Rat -t'0,. 
[x306:52] 2.(X—,Y)«,X. 
[(*807-03)] Э.(Х-,Үу«,Х (8) 


F.(1). (2). (8). D+. Prop 


304 QUANTITY [PART УГ 


«808-47. +: XeRat. Y, ZeRat— t0. D. X— YHX +Z 
Dem. 
F. #30652 . ж308:46. D H: Hp. D. (X — Y) <, (X  Z)- 


[*804201] Э.Х-,Ү#Х+,Й:ЭК.Ргор 

«30851. F:. ХєБа,.Э:Х-,Ү-Х.з.Ү-0, 

Dem. 
F.x308383. DF:.Hp.2:X Y - X.2.Y eRat, (1) 
F.4«30832. DF:X eRat. Y20,.2.X +4; Y-2X Y 
[306-24] -Х (2) 
F.«308322.2F: XeRat,. Y 20,.2. X +, Y= Y — X | Cov 
(ж308:23.ж307:121 =X (8) 
Е. (2).(3). DH: Нр.Э:Ү-0,.3.Х-,Ү-Х (4) 
Е. 430882. Ot: X,YeRat.X4,Y—- X.2.X Y-X. 
[4306-2454] 2.750, (5) 
Е. #308°321.3+:XeRat. Y eRatn. X +, Y=X.D.X—,Y|Cnv=X. 
[*308:22-45] Э.Ү|Сиу-0,. 
[*307:2] 2.Y=0, (6) 
F. 308322. ЭН: X e Ratn. Y e Rat. X +, Y=X.D.Y—,X|Cnv=X 
(ж308:28.ж307:12) -0,-,Х | Сау. 
[0308-44] 2.У=0, (7) 


F.x308:323 . #380714. D 

Е:Х, УеВа,.Х +, = X.2.X|Cnv +, У | Спу = X | Соу. 

[(5).*307°96] >.Ү-о, (8) 
+. (1). (5). (6). (7). (8). DH: Нр,Э:Х-,Ү-Х.Э.Ү-о, (9) 
F. (4). (9). DF. Prop 


ж308:53. b: X,Y eRat.D:X +4, Y=X+,Z.=.Y=Z 


Dem. 
|. 30832147. DF: X, YeRat. Ү40,.Х-,Ү-Х-,4.Э.42сєВас, (1) 
F.x80851. Db: XeRat,. ¥=0,.X+,¥=X+,Z.2.2=0, @) 
F.(1).(2).4380833.2 F: X, Y e Rat. X + Y 2 X 4, Z. 2.ZeRat (3) 
F.(3).«30832. DEX, VeRat.X+,V=X4,2.3.X+,V=X4,4. 
(8306:541 >.Ү-2 (4) 


F.(4).4308323 . x30713. DH: X, Ye Rat, X +4 Y X 442.2. Y - Z (5) 
F.«3083213241.2 

F:iXceRat.YeRat,. X + Y- X 4, Z.2.Z e e Rat - (0, (6) 
|. (2) ZE Transp. > 


Е: XeRat. VeRat,—00,.X +, =X 442.2. Z40, (7) 
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+. (6). (7) #30833. D 


Е: Xe Rat. Ve Rat, –:0,. X + Y— X 4 Z.2.ZeRat, (8) 
F.(8).4308321 ЭЕ: Нр(8)-Э.Х-,У|Спе-Х-,8Сиє. 
[430845.4307:13] >.Ү-2 (9) 
|. (9) . ж308:411 . ж807:13.2 

Е: X = Ва . YeRat. X + Y-X42.2.Y—-Z (10) 
+ .(4).(5).(9)-(10). Db: Hp. X, Y2 X 4, 2.2. Y -Z (11) 


Р. (11). (430802) . D F . Prop 
430853. `H: Х,У Баб. D.X 4,(Y 4, XjOnv) = Y 


Dem. 
F «308321 480719 .2 F : X, Y e Rat. 2. X а (Y 49 X|Cnv) = ХА, (У, 3) 
308-442] =F i, 
F . ж308:32.5 
Е: X eRatn. YeRat. 2. X +,(¥+,X | Спу) = Х+, (Y +: X | nv) 
(ж308-4:321.ж306:22) =(Y +, X | Сат), X |Onv 
[4808:43:32] =Y (2) 
|. ж308-323 ж907:12.2 
H: X eRat, YeRatn. D. X +, (Y 4 X |Cnv) = X +,(¥ | Cnv +, X) | Сау 
[4308:321.4306:22] =X (Y |Onv +, X) 
|ж308:17.ж307:12) =Y (3) 
H. (1). DF: X, Ve Ratz. 2. X |Cav +, (Y|Cnv + X jOnv|Cnv) = У | Соч. 
[#308-411] 5. X jOnv +, (¥+,X|Cnv)|Cav = Y| Cov. 
[308-412] 2.X (Y+ X|Onv) - Y (4) 


+. (1). (2). (3). (4). DF. Prop 
*30854. HF:X,YeRat,.2.(qZ).ZeRatj. X %,0-Ү [ж308`5333] 
#30855. HF: X,Y,ZeRat,.2:X +;Z=Y.=.X =Y +,Z|Cnv 
Dem. 
F.x30853:52:4.2 FE: Hp. X cj Z- Y .2.Y 4, Z| Cnv- X 0) 
+.4808534. DH:Hp. Y+,  Сау- X.2. X 4,Z- Y (2) 
F.(1).(2). 2 F. Prop 
Ж308:56. F.X«,Y.z:XceRat:(qZ).ZeRat—v0,. X c, Z— Y 
Dem. 
F 330652. 30832. D 


Б.Х <, Y.=:X Ва: (gZ). 2с Ба-10,.Х+,2= Y: (1) 

[306-59-95] D: Y e Rat:(qZ).ZeRat—10,.X+,Z=Y (8) 
У | Cnv, X | Сау 

Жэ» лан 

Fi X >n Y.D: X e Rat, : (42). Ze Rat — t0; . Ү|Спу +, 2 = X | Соч: 

[4308-55412] D : X e Rats : (92). Ze Rat —t'0. X 44 Z= Y 43) 


R.&W Il. 


306 QUANTITY ЇРАВТ VI 


F.«30832:53.«30023.2 F: X eRat,. Y e Rat.D. 

Y+ X|CoveRat— t0. X4,(Y 4, XjCnv)- Y (4) 
F. (1). (2). (3). (4). (307-03). 2 
F <, Y.D: Х Ба, : (42). ZeRat- 0. X+, Z=Y (5) 
F. 35-108 . (430703) . D F: X e Rat, #0. Ye Rat. D. X <, Y (6) 
F.«30855412.2 
F:X,YeRat,.ZeRat —450,. X +,Z=Y.3.X|Cov= ¥iCnv4,Z. 
[306-52] 2.Х>,Ү (T) 
F.(6.(7).2 FE: X e Rata : (42). Ze Rat — 10. X 4,Z-Y:2.X <, Y (8) 
Е. (1). (8). DFi. X e Raty : (82). Ze Rat -10 X eZ Y:2. X <, У (9) 
Е. (5). (9). DE. Prop 
ж308:561. E: X <, Y. =: Ye Rat,:(qZ).ZeRat—10,.X4,Z=Y 

[*308:56'33] 

ж308:57, F:X <, У. =. X eRatg. Y + X | Cnv e Rat — 0. 


=. Y e Ratg. Y 4, X | Cnv e Rat — 10, 
Dem. 


F.x30855:564.2 
knXcQY.miXeRat:i(gZ).ZeRat-10,.Z-— Y +, X.| Cov 0) 
F.x308:555614.2 
F: X <,¥.5: У є Ва, : (92). Ze Rat — 10. Z= Y +, X | Соу (2) 
|. (1). (2). DF. Prop 
«3086. F:X,Y,ZeBat.2.(X +, У) +,24= X (Y, Z) 
[*308°32 ,ж806:22:31| 
x308601. H: X, Y, ZcRat,. 2. (X +, Y) Z- X +,(¥ +Z) 
Dem. 
Е. 308323 , «30712 
F:Hp.2.(X +, Y) 2 = (X | Cnv +, Y | Соу) | Сау +, (Z | Спу) | Сопу 


[*308-411] = ((X | Cnv +, Y | Cnv) +, Z| Cnv} | Cnv 
[«308:6.«306-22] = {X | Cnv 4, (Y | Cnv +, Z | Сау) | Cav 
[x308411] =X +, (У Соу + Z| Соу) Соу 
[«308:323] =X (Y 44 Z):2F. Prop 


x308:602. Е: А, р, у, р, с, тєМ№Сіпі. р, prc» ei0.2. 


O/a + vip) ~a с/т = ум - |) ир 
Dem. 


F.x30824.2 F: Нр.о/т <,М/н.Э. 
Qn +, р) ват = [A Хер хот) +. (и Xe V Хот) —o (ы Хор хо) (и хор хат). 
(Аја —, т/т) +, вр = (V Хор Xo T) — (a Хор Xo T) +. (и Xsv хьт)|/(и хер хт) (1) 
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F.«308241.2 F : Нр.Х/и-уи/р <„е/т.Э. (Ми +, јр) -a|v 
[n Хер Xe в) — (^ Хер Хот) — (м Хү» Xa т) (м хр х.т) Сау 5 

(Ми, вт) +g vip = (в хот) —„ ( хос) Xe 7)] | Cav +g v/p 
|ж908:322:21| 

ын MC Хер Xo а) — (№ Хор X, T) — (м Xo v X, т) (м Xep X, 7)] | Cnv (2) 
F.x30824241. DF: Hp. Au <, ст. вт <. Аи +, {р.Э. 
(Mà trle) sers [A xe p хт), Qu > Xe т) =o (M хр ЕҚ э, т} 
Ора -s ofr) +pvip = [xs а) -, Qe Xe D Xe У Сау +, vfo 
[4308322 21] = (А. хер хат) +, (и хой жет) „(и Xa p Xe Қахрхт) (9) 
|. ж308-16-12.2 
:Нр. Aja =о/т. D. (Ми, v]p) —в ат = vip = (Ми —, вт) +, vlo (4) 
.x808125317.2 
: Hp. Ma + vjp = jr 2. (Мв + >р) — ат = 04 = (Мир, т) Xo vip (5) 
.(1).(2).(3). 4(4) . (5). DF. Prop 
x30861. F:X,Y,ZeRat.D.(X +, Y) ,Z-(X –,2) +, Y 

[x308:602:32] 
x30862. F:X,YeRat.ZeRat,.2.(X +, Y) 4, Z— X +,(V 4,2) 
Dem. 

F.«30833321.2 E: Hp. 2. (X +, Y) e, Z5 (X +, Y) -, Z| Сау 


ye. epo png 


[x308:4] =(Y +, X)— Z| Сау 
[*308-61] =(У-,2| Спу) +, X 
[%308°4] =X +, (У-, Z| Cnv) 
[308-391] =X eS (Y 4, Z): 2. Prop 


«308621. H: X, Ve Rat,.ZeRat.3.(X +, Y) Z- X 4, (Y +,2) 

Dem. 
F.x30862.2 
F:Hp.2.(X | Cnv +, Y |Cnv) +, Z|Cnv = X | Cnv +, (Y | Cnv +, Z| Сау). 
[308411] D. (X +, У) | Cnv +, Z| Cnv = X | Cnv +, (Y +, Z)| Cov 
[308411] = {Х +, (У+,2)} Сау. 
[#308-412]2.(Х 4, Y) Z9 X +,(¥+,2): D+. Prop 


x30863. + .(X +, ¥)4+,2=X4,(¥ +, Z) 
Dem. 
F.«308:6:601:62:621.2 
DX У, ZeRat,.2.(X 4, Y) 44 Zo X 4(Y +, Z) (1) 
.ж308:31:83.2 
D(X,Y,ZeRat).2.(X + Y) 2= À. X 4, (Y 44 )-4 (2) 
(1). (2). 3F. Prop 


апан Wm 
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«808-71. F:XeRat,.Z«,Z72.2.(X 4, Z) «,(X +2) 
Dem. 
F.«80857 . DF: Hp. 2. Z +; Z| Сопу e Rat — (40, . 
[«308:56] D. (X +Z) €, ((X +, Z) +, (Z +, Z| Cny)] . 
[«308:63:53] 2.(X 4, Z) «,(X +2): 0н. Prop 


«30872. Р:(Х-,2)<,(Х-,2).в.ХеБа,.2<,7 

Дет. 
F.«30833.2 H: (X +, Z) <,(Х+,2).2.Х, 2, Z e Rat, (1) 
Е. *308:57.Э 
Е:(Х +, 2) <,(Х+,2).2.((Х +, Z) +, (Х +, 2) | Onv] e Rat—10,. 
|ж808:411:68:581 D. (Z +, Z| Сау) e Rat - 10, (2) 
Б.(1)-(2).ж4808:57,Э:(Х-,2)«,(Х-,2).Э2.2«,2 (3) 
Е. (1). (8) #30871... Prop 


83088. H:X,YeRat. Xp to'm, YP tip e C H,.2 (X +, V) Быки e CH, 
[4308:32:321:322:893 . 306-64 .ж308:261 


«30881. F:X,YeC*H,.2.(X +, V) Ets C*C*X CH, [33088] 


*309. MULTIPLICATION OF GENERALIZED RATIOS. 


Summary of x309. 


The subject of this number is simpler than that of ж308, because it 
requires nothing analogous to the consideration of subtraction. The product 
of two generalized ratios is defined as follows: 


#30901. Хх, У=(Х x, У) (Х| Саух,У| Сау) 
w(X х, ¥|Cnv)|Cav v (X | Сау x, У) | Соу Df 


As in «308, three of the four products concerned in this definition will 
be null in any given case (unless X = 0, or Y=0,). Hence 


#30914. F:X,YeRat.D.X x, = Хх, У 

*309°141. Е: Хе Rat. YeRat,. 2. X x, Y=(X x, У | Cnv)| Cnv 
300142. H: Y c Rat. X e Rata. D. X x, Y= (X | Cnv x, У) | Cnv 
*309143. H : X, Y e Rata. D. X x, Y = | Cnv x; Y | Сау 


The propositions of this number are merely generalizations of those of 
*305. The proofs of the formal laws are straightforward, but the proof of the 
distributive law (*309°37) is long, because of the multiplicity of different 
cases. 


*309:01. X x, Y=(X x, Y)w(X | Cov x, У | Cov) 
v(Xx,Y|Onv)|Cnvo(X|Cnvx,Y)|Cnv. Df 
#3091. F.X x, Y=(X x, Y) u(X | Cnv x, У | Сох) 
v(Xx,Y|Cnv)|Cnvv(X|Onv x, У) | Сот ((ж809%01)) 


*309101. Е: XeRat —1*0..2.Х | Соух, У=А [43052 . x30725] 
%309102. Е: X eRat, — 0..2, X x, Y-À [x305:2 . 307-25] 
ж30911. F:iq!Xx,Y.2.X,Y cRat, [«305:2 . 309-1] 
490012. E. Xx,Y-Yx,X [x30511 . x309-1] 
*309121. H. X x, Y - X | Cnv x, У| Спу 


= (Хх, У | Соу) | Сопу = (Х | Соу x, У) | Соу | [«3091 . 30712] 


810 QUANTITY [PART v1 
3309122. F. Хх, У| Соу = X | Соух, Y 2 (X x, У) | Сау 

[*309-121 .ж307-12] 
#30913. F:X,FYeRat—(0,.2. Xx, Y- X x,Y [309110112] 
«309131. F:. X =0,. Y eRat (0, v. Y =0,. X eRat —450,:2. 


Xx, Y2X x, ¥=0, 
Den. 


F.x309101.2 
F:X-0,. YeRat t0. D.X x, Y 2(X x, Y) У(Х | Соух, Y)|Onv. 
[«307:26.«305:22] Э.Хх,Ү-Хх,Ү-0, а) 
F.(1).330912.2 FE: Ү-0,.ХєБаг-(0,.2.Хх,УҮ-Хх,Ү-0, (9) 
F.(1).(2).2 F. Prop 
8309 133. F: X -0,.Y 20,.2. Xx, Y =X x, Y «0, 

[30971 . «307-26 . «305:22] 
x30914. F:X,YeRat.D.Xx,Y-Xx,Y [30913131133] 


x309141. |: Xe Rat. YeRat,.2. X x, Y = (Хх, Y|Cnv)|Cnv 
(8309:121:141 


*809142. H: Үс Ван, ХєВи.Э.Хх,Ү-(Х|Саух,Ү|Спу 
[430914112] 
«309143. Е: X,YeRat,.D. Хх, У= Х | Спу х, У|Спу [«30914121] 
#30915. 1: X, YeRat,.=.X x, Ye Rat, 
Dem. 
|. ж305-3 . ж309:14:143.2 
F: X, Ye Rat.v.X, Ye Ва: 2. X x, Y e Rat (1) 
Е. ж805:8. ж809:141:142.2 
Fi. X e Rat. Y e Ratz.v.X eRat,. Ye Rat: 2. X x, Ye Rat, (2) 
F.(D.(3). ОН: Х, Ус Ва. D.X x, Ус Ва, (3) 
Е. X30372 . (ж307:01:011). DF: X х, VeRat,.d.qiXx,¥ (4 
|. (4) .ж309-11. ОЕ: Хх, Ve Rat,.d.X, Ve Rat, (5) 
F.(8).(5). D F. Prop 
«30916. F.(Xx,Y)x,Z- Xx,(Yx,Z) [x30541 .x3091] 
ж30917. К: Х,У, vito... X x, = Оз x, Y) 
Dem. 
F.x3091.2 F. X x, Y 2 (X x, V) u(X | Cav x, Y |Cnv) 
о(Х х, F| Соч) | Cav e (X | Cav х, У) Сия а) 
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F.«30512.2F: Hp. 2.Хх, Y -Cov«X x,Y) (2) 
F.«30722.2 F: X e Rat. 2. | Cnv =Спу‹(Х | Cnv) (3) 
Е. (3). ЭН: Ze Rat. X 2 Z|Cov .2. X |Onv - (Zi Cnv)| Cov 

[*30712] -Ї 

[807-14] = Cnv«X | Cnv) (4) 
+ .(3).(4). DF: Xe Rat,. 2. X | Cnv = Cnv(X | Cav) (5) 


F. (2). (5). D H: Hp. X, Ye Rat,. Ээ. 
Х| Cnv х, Ү| Cnv = Onv*(X |Cnv x, Y] Сау). 
X х, Ү| Сау = Cav (X x, Y | Сопу). 


У быт x, Y= Cav‘(X | Cnv x, Y) (6) 
F.(1). (2) - (6). 3091 . +: Hp. X, Y e Rat, . D. Xx, Y= Cov(X x, F) (7) 
+.ж308:137. Dh: X, VeRat,—0,.=.X,VeRaty—10, (8) 
F.(8).«30911.2 
bin(X, Y c Rat, v io ).2. X x, Ў= А. Cnv(X x, Y) À (9) 


F.(7).(9). DF. Prop 
«30921. H:. X, YeRat,: X¥=0,.v.Y¥=0,:=.X x, Y «0, 
Dem. 

F.«80914141 . «80522 «30726. D H: X e Raty. Y=0,. D. X x, Y «0, (1) 
F.«30915. DE: X x, ¥=0,.5.X, Ve Rat, (2) 
Ё.(8).4309:14:141:149:148 . x30726 . D 
Б..Хх,Ү-0,.Э:Хх,Ү-0,.у.Х|Сиух,Ү|Соу-0,. 

у. Хх, ¥|Cnv=0,.v.X |Cuv x, ¥=0,: 
|»305:22.ж807:26Э: X 20,. v. Y - 0, (3) 
F.(1).(2).(8). DF. Prop 
«309022. +:X, Ve Rat,—10,.=.X х, YeRat,—e0, [x30921 . Transp] 
*309:23. +: Хе Ва —10,.3.X x, Жы 1/1 


Пет. 
F.«30918. Dh: XeRat-00,.5. X x, X =X xX 
[x305:52] -1/ (1) 
F.3309121.x30722.2 F : Y e Rat — 10g. X = Y|Cnv. D.X x, X =Yx, Y 
га) -M1 (2) 


К.а). (2). D F. Prop 
#80924. +:XeRat,.d.X x,lfl9 X 


Dem. 
F.x30914.  DH:XeRat. D.X x, 1/1=X x, 1/1 
|ж305:511 -Х а) 
F. (1) - #309142. D H: X e Ratan. D. X x, 1/1 «(X | Cnv) | Cav 
(ж307:121 -Х (9) 


F.(1).(2). 2 F. Prop 
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ж30925. Р:.Х,4«Ба,.А40,.2:Хх,4-А.-.Х-4/х,2 
Фет. 


Ь.ж309282416.  ЭР:Нр.Э.Х-Хх,Ах,4 а) 
F.(1). ОН: Нр.Хх,А=А’.2.Х=А’х,А (9) 
F.(1) 44 48009018. Fi Hp.d.A’=A'x, 4 xA (3) 
F.(8). ОЕ: Нр.Х= 4х, А.2.Ххд=А’ (4) 


К. (2). (4). 2 F. Prop 


*309251. H:. X, A'e Rat. 4 40,2: X x, A A'. 
[43092515] 


.Х=А’х, А 


x309026. F:X,YeRat,.X 40,.2.(qZ).ZeRat,. X x, Z=V 
Dem. 
F.«309:35.2F: Hp. Z2 Y x, X.2.Zx, X=Y (1) 
Е. (1).«30911512. D H. Prop 


#80931 F:X,YeRat.ZeRat,.2.(X +, Y) x, Z- (X x, Z) +, (Y x, Z) 
Dem. 
Р. ж308'32 . ж309:14. 2 
F:Hp.ZeRat. 2.(X +, Y) х,2=(Х +, Y) xZ. 
Хх,2-«Хх,2.Үх,2-Үх,2. 


[*306:41] 2.(Х +, Y)x,Z-(X x, Z) +,(¥ x, Z) (1) 
F.«309122.2 

F:Hp. WeRat.Z- W|Cnv.2.(X +, Y) x, 2 = ((X +, Y) x, W|]!COnv 
га) = (Хх, W) +, (Y x, Р) Са 
[4308:411.4309:122] =(X 2) +, (Yx,Z) (2) 


F.(1).(2). DF. Prop 
x309311. Е: X, Y e Rat,. Ze Rat. D. (X +, У) x, Z=(X x, Z) (Y x, Z) 
Dem. 
К. *308:41 . ж209192.2 
Е: Нр.2.(Х +, Y) x, Z- (X | Спу +, Y | Сау) x, Z} | Сау 
[«309:31] = ((X | Cnv x, Z)+,(¥|Cnv x, Z)) | Cav 
Іж309:122.ж308:411 =(X x, Z)+,(¥ x, Z): D+. Prop 


ж309:32, Б: (v/p) <, (Аи). сјтє Rat. >. 


(Ми v[p) X е{т = {QA Хор) —o (м ха) х,о)/(и Хор Xo T) 
Dem. 


F.«30824.2 +: Hp. 2. Mp — ур = (X Хер) (p Хо) | хер (1) 
F. (1). #30914 . 305142. D F. Prop 
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«30938. Е:Х/р, ь/р, </те В.Э. 


(A/p —a vip) хо (ат) = (Мы х, в/т)-4(и/р хуст) 
Dem. 


F.«x380914.2 F: Hp. 2. Mu x,o/r=A/p x, сајт. vp хуст = |р x,o]v . 
[4305142] D. Au x, е}т = Q x сур хат) >р хат = (иж хат) (1) 
F.(1).«x30824.2 
Е: Hp.(v/p) <- Aje) -D .QUp Xy 0/7) - (vp X, вт) = 
(х,а) Xe (р Хот) —e (м Хот) Xo (v Хо) (в Xe p хат?) 
[«303:38] = (© Xa е хор) – (м хе» Xo с) Xe p Xe T) 
(ж309:32) = (Ma —,>[р) хұа/т @) 
F.(2).2F Нр. Jp) <,(/р).2. 
(гір Хојт) - Qd x ат) = Фр Ми) x, ol 
[«30821.«4309122] Э.Оих,о/т)-,(9/р x, вт) = (Ми —v]p) Хув/т (8) 
Һ.ж80812.ж30921.2 
F: Hp. A/p =v]p. D. (Au vip) хосјт= 0. 
(Мы xy ot) бр x, 0/7) =O, (4) 
F.(2).(8).(4).2 F. Prop 


«30934 HF: X,Y,ZeRat.2.(X , Y), Ze (X x,Z) (Y x, Z) 
(ж809:331 


ж30935. +: X,ZeRat. Ye Rat,.>.(X +, Y) x, Z=(X x, Z) +, (Y x, 4) 
Dem. 
F.«808321.2 F: Hp. 2. X +, Y2 X—, Y |Су. 
(X х,2)+,(Ух,4)= (Kx, Z) -,(Y|Onvx,Z) (1) 
F.(1).309:34 . D F . Prop 


*30936. F:X,ZeRat,. Ye Bat. 2. (Х +, У) x, Z=(X x, Z) +, (Yx, Z) 
Dem. 

F.«30841.x309121.2 

F:Hp.2. X +, Y - (X | Спу +, Y | Сву) | Cnv. X х,2- X | Cnv x, Z| Сву. 
Ух, 2 = YjCnv x, Z| Сау. 

[x309122]5 . (X +, Y) x, Zo (X |Cnv +, Y |Cnv) x, Z| Спу. 

(X x, Z) -,(Yx, Z)=(X | Cav x, Z| Сву) -,(Y|Cnv x, Z| Сау) (1) 
+. (1). ж309'35.2 +. Prop 


*309-361. Р: XeRat,. Y Ва . Ze Rat. D. 
(X +, ¥) х,2=(Х x, 2) +, Q xZ) [30931136] 
2) 
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ж309:362, Е: X, Ze Rat,. Y eRat, D. (X +, Y) x, Z=(X x,Z) e, (Y x, Z) 
Dem. 

Е. ж309-122 . ж308:41.2 

Е. (Х +, Y) x, Z = ((X +, Y) x, Zi Сич] | Сау. 


(X x, Z) eU x, Z) = (X x, Z| Cav) +,(¥ x, | Сох) | Cav а) 
F.x309361.2 
F:Hp.ZeRat,.2. (X +, Y) x, Z| Cav 
= (Хх, Z|Cnv)+,(¥ x, Z|Cnv) (2) 
F. (1). (2).DH: Hp. Ze Rat,.>.(X +, У) x, 2=(X x,Z)4+,(¥ x, 4) (8) 


Ь.(8).ж309:361.2 +. Prop 


ж309:363. H: X, Y, ZeRat,. D. (X +Y) xg Z= (X x, Z) (Y х,2) 
Dem. 


.ж9809:35:12 . «3084.2 

: Y, Z e Rat. X eRat,.2 .(X +, Y) xZ =(Х x, Z) e, (Ух, Z) (1) 
.ж30926.2 

:YeRat.X,Ze Ва,.2.(Х-, Y) xo = (X х,2)%,(Ұх,2) (2) 
.(1).(9).> 


: X Rat, . YeRat.ZeRat,.2.(X +4 Y)xoZ- (Xx, Z)44(Yx,Z) (9) 
.(8).309:31.2 

: X e Raty. Ye Rat. Ze Rat, D. (X 4, V) x Ze (X х,2)-,(Ұх,2) (9 
. (4). «309:362 . DF. Prop 


Upon Se об OUT TB oe 


ж30937. F.(X 4, V) x4 Z - (X x,Z) +y(¥ xo Z) 
[43093631115 .«30831:53] 


Ж30941, Fi AeRat-00,.2:(A xo X) & Т.=.Х <,(¥ x, A) 
Dem. 

F.x30856.2 n (Ax, Х)<,У.= 

A хое Ва 80). Ze Rat 04 (4 x X)wZ-Y (1) 
F.(1).30915.2 E: Hp.2 (Ax, X) &, Y 

X e Raty: (GZ). Ze Rat—('0,. (А x, Хун, = Y: 

[#309:25-37-23:24] D : X e Rat, : (42). Ze Rat — 04. X +, (0х,4)- Ухуд: 
(«305:31.«309:13] 2 : X e Rat, : (927). Z' eRat - v0,-X 4,Z o Y x, A: 
[«308:56] 2: X «(Y x, 4) (2) 
Similarly Ес. Hp.2: X &,(Yx,4).2.(Ax, X) &,Y (3) 
F.(23).(3).2 F. Prop 
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#30942. Fi A cRat, - 0,2: (Ax, X) <<, Y. s. (Y x, A) X 
Dem. 
+. #3074 309122 . 2 
Ес. Нр.2:(Ах,Х) <, У. 
[4309:41.307:22] 
[#309-121] 


n 


. (YF |Cnv) <, (4 | Сау x, X). 
.(Y|Onv x; A|Cnv) c, X. 
(Y xA) <,Х:. 21. Prop 


ІШ 


М 


#3095. F:X, Ye Ва. ХМ Y, tupe CH, 2 (X хо Y) ыи e OH, 
(8309:14:141:142:148 . 305-26] 


x30951. F:X,YeC H,.2.(X x, V) E C*CX «СН, [x90955] 


*310. THE SERIES OF REAL NUMBERS. 


Summary of ж310. 


Real numbers, as opposed to ratios, are required primarily in order to 
obtain a Dedekindian series, so as to secure limits to sets of rationals having 
no rational limit. If rationals and irrationals are to form one series, it is 
necessary to give some definition of “rationals” other than “ratios,” since 
the series of ratios (assuming the axiom of infinity) is not Dedekindian, and 
is not part of any arithmetically definable Dedekindian series. But in virtue 
of the propositions of *212, the series of segments of the series of ratios, 
te. the series $, is Dedekindian, and this series contains a series, namely 


2» 
HH, which is ordinally similar to H. Thus the properties which we desire 
real numbers to have will result if we identify them* with segments of H, 


2» 
and give the name “rational real numbers" to segments of the form НҮХ, 


т.е. to segments which have ratios as limits. Thus Hx is the rational real 
number corresponding to the ratio X, and a real number in general is of the 
form НА, where X is a class of ratios. НА will be irrational when X has 
no limit or maximum in H. 


Since real numbers involve classes of ratios, the ratios concerned must be 
of some one type, and cannot be typically indefinite. Thus, as might be 
expected, hardly any of the properties of real numbers can be proved without 
assuming the axiom of infinity. In the present number, however, we shall 
be mainly concerned with just those few simple properties which are inde- 
pendent of the axiom of infinity. 


The series ¢‘H, by which real numbers are to be defined, has both а 
beginning and an end, namely A and D‘H (which = C*H if the axiom of 
infinity holds) РН will be infinity among real numbers. It is not con- 
venient to include it in the series of real numbers as defined, just ав it was 
not convenient to include о, in the series H.or Н’. Again A is not 
naturally to be taken as the zero of real numbers, which should rather be 
taken as being 1'0,. Thus we are led to the two following definitions, in 
which Ө is the series of positive real numbers other than zero aud infinity, 


* On this definition of real numbers, cf. Principles of Mathematics, Chap. хххш. 
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while ©’ is the series of zero and the positive real numbers other than 
infinity: 
#31001, 0 —(s'H)E (- А-н) Df 
x310011. 6'— 1*0, 4 6 Df 

These notations are framed on the analogy of Н and H’, the letter Ө 
being chosen to suggest 0, the relation-number of the continuum. Although 
we do not have Nr‘®= 0, we have Nr's*H —6, and therefore (#310715) 
14 Х::041-6, and МӨ i= 0 (assuming the axiom of infinity). Thus 
the relation-number of Ө is simply that of a 0 with the ends cut off. 

We put further, on the analogy of Ha, H,, 
x31002. ©, =(s‘H,)[(~e'A-«c'D‘H,) Df 
x310021. Ө» = 1*0, + Ө, Df 
x31003. 9,- 0,19 Df 

Thus ©, із the series of negative real numbers, 9, the series of zero and 
the negative real numbers, Ө, the series of negative and positive real numbers 
including zero (infinity always excluded). The class of positive real numbers 
is СӨ, of negative real numbers С“Ө,, of all real numbers (excluding infinity) 
CO v 0,4 C*O,. If v is a positive real number, | Спу““и is the corre- 
sponding negative real number (*310°16). The properties of Ө, Ө,, Ө; in 
respect of limits, continuity, etc., result from the properties of 0 as proved in 
«275, and from the properties of series of segments as proved in ж212, 


Instead of taking the series of segments as constituting the real numbers, 
it is possible to take the series of their relational sums, те. 859. This 
depends on the fact that $20 smor Ө (ж310'33). The chief advantage of 
850 is that it is of the same type as the series of ratios. We shall show in 
ж314 how to construct the arithmetic of real numbers defined as the relational 
sums of segments; until then, we shall regard real numbers as segments of 
the series of ratios. 


x31001. Ө= ($) (л –- ТН) р 


4810011. € = (0, «- 6 Df 
831002. Ө, = (s'UL)D(-A—- vDHH,) Df 
ж310021. Ө „= (0, «+ 6, Df 
#31003. 6,- 8,46 Df 


*9101. Һ.6,6,0,, Ө,,9,ебег |(ж304:23 , ж307:41:25. ж204-5. ж212:311 
x31011. Б: рө». =. pve DHe- tA DH . 5 Cv.p 9». 

pve DA. glu. q!:DH—-y.qliv—p. 

е sSHads'H .uwCy.ptry 

[*x212:23:132 .#211°61 . (ж910:01)) 


Ци 
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«310111. К:дӨһ».=. p, v e D'(H,)e — “А Н, A Cv. pt v. 
=. р, уе ОН») яа. q!D'H,-—v.qly—p. 
њур Н, o ОН. p Cv.u v [(«310:02)] 


4310-112. Ес. pOr. Е: pO,v v Bv ev. 
шеб. vertu C „у. ин V0, veC 9 [(k31003)] 


x310118. Fi. рө». =: p= UO, e C8 гү uv [(#310-011)] 
4810114. Fi uS =: д =10,. ve COn „у. б,» {(#310°021)] 


881012, |. 0@ = рН o АН = DH, — iA DH. 
0*8, - рН, n ОН, = DH,)e—- tA Н, [#212132] 


x310121. К.С С.Сїех ОН. C*8,, C Cl ex‘D‘H, [*310°12] 
x310122. F:q!3.5.9!0.5.910'.5.910,.5.910,,.5.q!0, 
[x21214 . *161°13. #30427] 
4310123. F:3413.2. CO’ = 110, ч CO . CO’, = 10, у CO, 
CO, = 0*6, v t0, 0 СӘ (ж310122. ж161714] 
#310138. Р. 0:Ө a СӨ, = Л. 09 оС, = Л 


Dem. 
F.x31011111.2F:54609.»e09,. 2. , CD'H.» CD'H, .Яяи.Я!». 
[*307-25] 2.рфу. шор A:2F.Prop 


%310131. +. 10, ~e C8 v СӨ, [ж304282] 

x31014. Һ.Ө,втог Ө [*212'72 . ж307:411 

431015. HF:Infinax.D2.0'-p CH, 0, -» С“Н,,С“Н,Ө-Ө,ч» CH є@ 
[x30433 . 4310-14 . ж975:211 


4810-151. Е: Тайпах.Э. ®', ӨГ, е Бег a comp n semi Ded 
[431015 «2751 . «27118 . «2147 4] 


#81016. F:»veC*8.z.|Onv'tye CO, [431012 . (ж807:04)) 
ж31017. Б. |Спу | Опус = р [#30712] 

#81018. Н: р = | Свус., =. v = | Сау и [x31017] 

*31019. Е:д=у.=. | Спу“р = | Опус [x31017] 

481031. Е:дєС"ӨөСӨ,.Э.2 (8594) Ве ваш [#3045 . «310121] 


SECTION А] THE SERIES OF REAL NUMBERS 319 
x31032. Fi. р, ое0Ө,.2: р =. =. = 
Dem. 

F.x31031 . ж30362.2 

ЕгиеС“Өм СӨ, .v=10,.3. i (su) Кепш. esp! (5) Rel num. 
2. spt sv (1) 

F.x3101231 . x30725. DF : weO@.veC@, .d. spt sy (2) 

F.«31011.2F:;.40».2:glv—p: 

[4310121] 2: (яр, о): p/o ev: тєш. Эт. Ёт р/с: 

(830952 2: (Яр, о, В, 8): pla ev. В (р/с) Bt тєш. Dtr. (ЕКЕ!) S]: 


әзі) Э:ў!#> ёш (8) 
F.(3).33101.2 FE ry, ve CO. pty. 2. Sut sy (4) 
Similarly Hippe Onr pty. О. б ё (5) 
Е. (4) .(2). (4). (5). DE Нр. Э: ифи. 2 ip iy (6) 
Е. (6). Transp. D F. Prop 


ж310:33. Е.Ю smor Ө . 559, smor On. 556, smor @, [x31032] 


ж311. ADDITION OF CONCORDANT REAL NUMBERS. 


Summary of «311. 


We define a set of real numbers as concordant when all are positive 
or zero, or all are negative or zero, 1.6. when all belong to C‘@ or all belong 
to O*@’,. Given two concordant real numbers ш and v, we define the sum of 
p and v ав the class of sums, in the sense of «308, of a member of u and a 
member of >, 1.6, as 


Ж (ЯМ, А). Мей. Nev. W=M+,N}, 
т.е. as 8% 4, v, in virtue of 407. It is easy to prove that, assuming the 
5 


axiom of infinity, the sum so defined has the properties we require of a sum. 
We denote the sum so defined by “u +pv.” In order to insure that p -+pv 
shall be A unless p, v are concordant real numbers, we put 


ж811:02, wtpv= Ê {concord (у). Хєз“һ 99) Df 


Thus if и, v are concordant real numbers, и +p v = 8 да 31111); if 


not, w+pv=A (x31L1) A definition of addition which applies to real 
numbers of opposite sign will be given in «312. 


The commutative and associative laws for +, (ж911:12:121) follow at 
once from the corresponding laws for +,. Assuming the axiom of infinity, 
we prove without much difficulty that the sum of two positive real numbers 
is a positive real number (x31127), and the sum of two negative real 
numbers is a negative real number (*311°42). In these proofs, when propo- 
sitions of previous numbers involving “Rat” are used, “ Rat” is replaced by 
СН’ and * Rat — 10," by C*H. This is legitimate in virtue of ж304:49:84, 
In x311:511 we prove (assuming the axiom of infinity) that if £ is a positive 
real number, and Y is any positive ratio, however small, there are members 
X of E such that Y+,X is not a member of Ё i.e. given any positive real 
number, there are rationals differing from it by less than any assigned positive 
rational. This proposition is useful, and is used in proving that if Ё, » are 
positive real numbers, each is less than Ё +p) 7 («311:52). The converse of this 
proposition, 1.6. the proposition that, if ШӨ, there is a positive real number 
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X such that v = u +p А, is proved in ж811:621:64, after a considerable amount 
of work. Thus we have 
ж311:65. F:Infinax.2:. uy .2 ive CO: (ЧА). Xe CO. v— p X 

We have, of course, a corresponding proposition for Ө, (ж311:66). From 
ж311:65 we deduce without difficulty that if р is less than v (и, v being 


positive real numbers), then № +, ш is less than X +p» (A being a positive 
real number), 1.6. 


4311-73. bF:Infinax.XeC'6. 48» . 2. (5 1) 8 +p”) 
whence (with the corresponding proposition for @,) we deduce 
x31175. |:. Infinax . concord (№, р). Э:А-+рь=А ри. Е. шр 


which secures the uniqueness of subtraction. 


x31101. concord (u,v,...) .— тр, ... € 0“®’. УМ. v, ...e C^, Df 
X31102. ь+„»= Ў {concord (u,v). X ез” +9) Df 
#3111.  F:econcord(u,v).2.u tov А [(«311:02)] 
#31111. F:concord(uv).2. 
p tpv ври KAM, N).Mep.Nev.W=M+ М} 
[(®31102)] 
x31112. F.p+pv=v+ph [4311111 . 430841 
#811121. F. (A tpu) +» = Хү (tpv) (83111411 308/63] 
*31118. Е: concord (y, v) . =. concord (| Сау, | Соус) 
[431016 . (ж311-01)] 
x31114. Б: concord (р, | Сау”). =. сопсога (| Соуси, о) | ж811:18,4810117| 
Ж81115. F: concord (м, | Су“). 2 . сә concord (p, v) [x310:13'16] 
*3119. Hilnfnax.ECOH . X CH .2.X НЧЕ НХ +“ л HX 
Dem. 
F. x30872 . #30434401. DF: Hp. 2: Ye X. +“H“E.=. 
(a2, 2').Z' et. ZeCH.Y- X e, Z. (X 4,2) H(X +42). 
[x376] s.(qZ, Y).2eCH.Y-X +Z. Y eX E. YHY'. 
[0806-52] =. Y e HX 4E. X HY 1 DH. Prop 
*31121. К: бах. ЁСОН. ЯЕ. X eC H.2. Hy X CHEX + 
Dem. 

F.«306:52 «304401 . DF :: Hp. 2: Ye£.D. XH(X +Y): 

[40:51:61] 519:43:2 +E а) 

F.(1) .30423.2 F . Prop 

R&W. UL 
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481122. F:Infinax.£C CH qp 1E. X eC H 2. 


25 
Н“Х Hn Hy X v X + “HE 
Dem. 


F.430423,2 H. HEX A" Ec (HX tEn НХ) (НХ ta НХ) а) 
Е. (1). #311221. DF. Prop 
481123. Fiofnax.£eC 8 , X e CH .D.H*X 4,6 = Ha X o X HAE 
[«311:22 . «310:12] 
#81124. F:.Infinax. £e СӨ. Ye Н.О: 
(42)-2НҮ.Үе +46: Уе НҮ 


Dem. 
F.x30431.2 F: Hp.2.(qW). Weg. WAY. 
[«306:52] 2.(42, W). We£-ZHY.Y - Z4, W:2F.Prop 
x31126. F:Innuax.£, 9e€C0.2. EC E, 9.5 CE 
Dem. 
> 
F.«31012. ОЕ: Hp. Ven. >. HY Cn. 
[81124] э.Уен#+у“т а) 
Е.(1)-481111 2 :Нр.Э.)СЁзур @) 
FL(2).381112. 2 F: Hp. 2. EC £4, (3) 
Е. (2). (8). ЭК. Prop 
x31126. F:Infinax.£ 9 e0:9.2. H*(E-,9)— E4575 
Dem. 


$ 

F.x31123.2 Fi Нр.2: ¥en. D. HE+, Y) = НҮ v(HUE) +Y: 
3» ” 

[x311:11.431012] D: HE 4,9) = Ни ту (E59) 


[4311:25.431012] = +з. Db. Prop 
x31127. _К:1пВпах.&&С‹®,Э.Ё-+„») СӨ 
Dem. 
Е. %311.25 331012. Db: Hp. D. g! E+pn. 
[*311-26.«310:12] D. Ftp ne COVUD'H а) 
F. x31012 .ж2117708.2 


F:Hp.2. (qM, №). М, NeDH. Mep Heg. N e pet. 
[3083272430623] D. (4M, №). M+ Nep Н(Е+ т) n DH — (2) 
F. (2). 42005. DH: Hp. D. E49 DH (3) 
Е. (1).(3).21. Prop 


The axiom of infinity is essential to the truth of the above proposition, for 
if it fails we have Е! ВН. ВН we E, т, while p e CO D. BH ep. 
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x31131. Б. | Спу (ш 4, v) = (| Спу“и) +. (JOnv**v) 
Dem. 
F.x311131.2 
F : œ concord (и, v) . 2 . | Onv*(u +, ь) = Д. (| Спуби) +, (| Cav) =A (1) 
F.x8111311. D Р: concord (u,v). D . | Озу (uty v) = | Сау“ uv 
[4308411] = 84| Овур) Сау) (2) 
2 
К.(@1).(2). ЭК. Prop 
x31132. Б.|Спу“(и-ь| Сау“)-(|Спу“и)--ы». [31031 49101171 
x31133. Е. ш-рь= |Спу (| Сау и) (Сау )) [x31131 . ж810:181 
4811-41. |: Табл ах. рус 0"®,. 2. р Cu cov.» Cu tov 
Dem. 
Е. ж311-25 , «31016. D F : Нр.Э.|Спу“д C (| Cov и) +, (| Сау). 


[x311:83.x310-17] 2.uCp tyr (1) 
Similarly F:Hp.2.v Cu tyr (2) 
F.(1).(2).2 F. Prop 
ж81142, | :Infinax.p,veC@,.3.u+pve СӨ, 
Dem. 
Е, «31127 ,ж91016. Db: Нр.Э.(Спу“и)--, (| Спо) e CO. 
[*311:33.4310:16] D.ptpve СӨ: DF. Prop 
ж31143. F:neC'8,.2.u c, 00, = ш 
Рет, 
F.x31L11.2 F: Hp. 2. p+, 10, = W (ЯМ). Мер. W=M 50, 
|ж308:511 =p:D H. Prop 


ж31144. F: Infin ax. concord (u, v). 2. р-+рие0“®, (ж911274248) 
*311-45. |:. Infin ax. concord (u,v): pF t Og. Vev = 60g: 2. u C p ev 
[4311254149] 
#31151. F:Infinax.£e D'H, - VA. YCH. Y+ ECE.2.E- СН = ОН 
Dem. 
F.x3813.2 F: Hp. X e£.D. Y4,XcE. 


(%306:52) Э.Үе 0) 
F.x306:51.2 

biHp.veNCind. X e£. Y+, (/3x, X) e£.2.Y +, (v, D/Lx, X] e£ (2) 
F.(1). (2). Induct. DF: Hp.veNCind. Х её. D. Уч, (1х, X)e£ (3) 
F «3057 30652. D 

F:Hp.Xe£.ZeCH.2. (qv) .veNCind. ZH (Y 45(v/1 x, X)) (4) 
Е. (3). (4). DF: Hp.ZeCH.3.Ze€: D+. Prop 
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4311511. F:Infinax.£e C8. Ye CH .D.(gX). X e£. Y 4, X e£ 
[«311:51 . Transp] 


#31152. F:lnfinax.£,9€ C9 , 2 . £9 (E45 т) 


Dem. 
F.xB1pBII.2F:. Hp.2:Ye CH .2.(qX).Xe£.X Y e£t 
[x31111] 2:(я5, У). X + Ve(Etpn)—-F: 


[k31011.481127] — 2:£0(E455):.2 F. Prop 

ж311:53. F:Infinax.£,5€ 0*9, .2 . £O, (E+) |ж311:52:88) 

x31156. F: Infinax. ЁсС“Ө,.2:8- 68-49) .549-10, (ж911:1:48:52:53) 

431157, bit Infinax. D1. Ё Ёо нэг A.V. Ec0 8, 5 — 10, 
(8311-5611 

431158. H:Infinax. ре 0@.2.р=НЧр [%3043.ж970:31] 


x3116. — Infinax. uv». X, Уво р. ХНУ. Мер. 2.М+, (Y —, X)ev 
Dem. 
F.«81011.2 F: Hp. 2. MHX. 


[3084272] 2.(M 44, (Y X) HY (1) 
|. (1) x31158. К. Prop 
#81161. |: Infinax . Фу. 
х= ЁКЯХ, Y). X, Yev-u. XHY.L Y-, X].2. 
8° ме С» [x3116] 


*31162. Б:Шшйлпах.иӨдр.Хєр-д.Э.(ЧҮ).Үег-д.ХНҮ 
Dem. 


F.*31158.3+:Hp.d. X e H**y — Нер: dt. Prop 
ж811621. F: Hp«31161. 2. Xe C*8 


Dem. 

Е. ж311'62. ЭЕ:Нр.2. я!» (1) 
F.x30846. ЭЕ:Нр.2.^С Hy (2) 
Е. ж31162. ЭВ:Нр.Х,Үер-иы.ХНҮ.Э.(42).4єг-и.ҮНЯ. 
[x308:42:72] 3.(gZ).Zev-u.(Y- X) H(Z-,X) (3) 
F.(3).x3971.2F: Hp. 2. ACHA (4) 
F.«308564272.2 
F:Hp.X,Yev-4. XHY. LH(Y—, X). 2. XH (X +L). (X +, D) HY. 
[x310:11.«308:43] 2. Де» (5) 
F.(5).x8T1. ОР: Нр.2. НСА (6) 


F. (1). (2). (4). (6)- DF: Hp. 2. Xe DHe- A (ТН. 
(*310°12] D.rAcC@: D+. Prop 
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*81163. +: Infinax.veC'@.Xev.NeCH.9.(qL).LHN.X+,Lev 
Dem. 


S01158.2 F: Hp. 2. (qY). Yev. ХНУ (1) 


.480842.2 F: Hp. Y es. XHY.Z- Y -, X .ZHN.2.ZHN.X e,Zev. (2) 
.43084272.2 


:Hp.Yev.XHY.Z=Y-,X.NH,Z.LHN.3.LHN.X+,Lev (8) 
. (8) -x31158 . D 
:Hp.VYev.XHY.2=Y—-,X.NHyZ.5.(qL).LHN.X+,Lev (4) 
. (1). (2) (4). D F. Prop 

*311:631. Е: Infinax.u®v.Nep.D. 

(ЯМ, X, Y). Мер. X,Yev-u. XHY. N- M ,(Y-, X) 


ҮС ыш о айда XS CES 


Dem. 
F. x311:58 . x30872. D 
b:Hp.Xev—-p.LHN.X+,Lev.Y=X+,L.M=N-,L.3. 
Mep.X, Үе-д.ХНҮ.У-М-,(Ү-,Х) (1) 
F.(1). 91163. D F . Prop 
%311:632. F:Infinax. uv. N ev — 4.2. 
(ЯМ, Ӯ). Мер. М+, Р, Ne, Wev—p. (M+, W)H(N +, W) 


F.3306:52 . %311-63:58.b:Hp.d.(qW).WeCH.N+,Wev-p (1) 


F.3311511.2 E: Hp. We CH .2 (ЯМ). Мер. M+ лей (3) 
|. ж31158. DF: Нр. Mey. N ev - ш. WeCH.2.MHN.We«eC'H. 
[x30872] D. (M +, W) H(N +, W) (8) 
F.(3).431158.2 F: Нр(8). N+ Wev. D. M+, Ре» 0) 
+. (2). (4).2 

Е: Нр. И. СН. N+, Wev—p.>. (ЧИ). Мер. M+ Ре/-ш (5) 


Е. (1).(3).(5). ЭК. Prop 
*311°633. +: Infinax. иду. Мех. Э. 
(ЯМ, X, Y). Meu. X, Увь-р.ХНУ. N- M (Y X) 
Dem. 

>. *808°61-4-63 . > 
+t:Hp.MHN.X=M+,W.Y={N4,W.9.N=M+,(¥-—.X) (1) 
Е. 4311-682 . ж30872.2+: Hp. М ~ep. . (М, И, X, Y). 

Мер. Х-М+, 7. У= +, W.XHY.MHN.X,Yev-n (2) 
Е. (1). (2). DF: Hp. Хоер. 2. 

(ЯМ, X, Y). Meu. X, Yev- y. XHY . N - M e, (Y -, X) (3) 
F.(8).x311:631. D F . Prop 
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#31164. F: Hp s31161.2.»— p, 


F.«311633 D.v C sj мə (1) 
F.(1). 381L621:61.2 F : Hp. 3.4608. v o sp t. 
[131111] Э.о-ижЖуХ:ЭР .Ргор 
4811-65. Би: Infinax.3:.p@v.=1p,v eC 8 : (ЯА) Ле С.у or 
[491155264] 


#31166. F::Infinax.2:. ШӨ. =: p, v e COn: (AA). Ne C8, рр 
Dem. 
F.«31011111. ОР: 48,» . =. (| Сот“) Ө (| Cav“) (1) 
Е. (1). 331165,2 Ен Hp. ds 
АӨһ» =| Соу ре С : (НХ). Ae 0'8. Сау” = | Сопу +: 
[*811-82.ж810°1619] =: е0, : (ЯА) NEC, v= p +p: ЭР. Prop 
#31173, F:Infnax.Ae 08. uy .2. (А+, 1) 8 +p») 
Dem. 
Е. ж311'65. ЭЕ: Нр.2. (qp). pe C8.» — pp. 
[4311121] D.(qp)+peCO.rA+pv=(A +p и) рр (1) 
F.«31127.2 E: Hp. Э.А e, Аы, «СӨ (2) 
+. (1). (2). x31165. 2 Р. Prop 


«3911731. F:Infinax A є0“Ө„. 48,7 .2. (+) и) 8, (№ tpr) [81173] 


X*391174. Е.Лайпах:ЭиеСҮӨ v. A ре C8,:2 1: A Fu mA ри. =. реу 
Dem. 


F.x311271. ЭН: ^, иеС“Ө.Х.Зуи- Хур. Э.гсСҮӨ./1) 
Е. x31173 . Transp. D F : Hp (1). D . ~ (8v) (Өд) (3) 
F.(1).(2).43101. ЭЕ: Нр(1)-Э.и-» (3) 
Similarly Frid, де. + рер. 2. pv (4) 
F. (3). (4). D F. Prop 


x31175. +:.Infnax. concord (А, р). D:A +p m X py =. рер 
[x83117 443] 


Ж812. ALGEBRAIC ADDITION OF REAL NUMBERS. 


Summary of *312. 


In this number we extend the definition of addition so as to apply to real 
numbers of opposite sign. As in *308, this requires a previous definition of 
subtraction. We define subtraction as follows: If there is a A such that 
v ky X = p, then ш — v is X; if there is а А such that w+pA=», then ш рр is 
| Cnv‘A, т.е. the negative of X; in any other case, p —, v — А. The formal 
definition is: 


x31201. p—pv=F (D) А09: 
А-ны. Хе. м.р =. Xe|OnvA]. Df 
Hence assuming the axiom of infinity we have 
»(8v98,)u.2.u— v = (А) (0 + Ng) (31218), 
p(899,)».2.u — v-— (1X) (и+,|Опу“ =v) (312181), 
хеСӘ,.2.х-,А-4%, (#312191). 


The algebraic sum of ш and v is defined as w+pv if р and v are of the 
same sign, and as р — | Cnvf*v if u and v are of opposite signs; t.e. we put 


*31202. ud. v-(u-crjv)v(u—,|Cnv*) Df 


This definition is justified because either w+pv or p —,| Сп‘ must 
always be А. Thus we have 


*31232. |: concord (ш, v). 2. p Fav = p bp 
*31233. +: ~ concord (р, v) . D . p +av = p р | Cnvfty 


The propositions proved are analogous to those of previous numbers, and 
.offer no difficulty. 


*31201. 45,» = (А): А, m v e 09: 
ил =р. Хел. V. p+pa=v. Xel Сопу) Df 


#31202, p +av=(u+pv) Y (иь | Сауу) Df 


828 QUANTITY {PART VI 
#3121. bs. Хер-ри. =: pv e00: (FA): e00: 
ӘХт-и.Хел.у.шрАт».Хе Опус. [(*311-01)] 
#31211. HF:-concord(u и). 2. u 5 v - А (ж311127:49481 
881212. F:Infinax.»04.2. 
р ш-ьь= (А) хеб. a. X eX] = (1%) (vt) A= и) 
em. 
|. ж3111.65. D2b:Hp.2.—(qX.p4pA-v (1) 
+. (4). #3121. ЭН: Нр.2.р-рь= Ў ((qr).reO@.v+,r= pu. X eX] (2) 
|. (2). #31174. D К. Prop 
881213. Е: Тпбпах . џӨу.2. 
-pr = X (qn). Xe C8 utpa =v. X el Cav} 
= | Cnv“ (№) (а +, = о) [Proof as in ж312:12| 
x31214. LF:Infinax.»8,45.2. 
в-әу- Х (цэ) хе, v 4 Xm ш. X eA] 
= (?\) (> +p = д) [Proof as in ж912:121 
«81215. |; Infin ax. р®ь.2. 
p—pv=X ЯАХ) Xe C@,. шъ, =. X є| Cnv) 
= [Onv*(1X) (и X — v) [Proof as in #31212] 
x31216. %:деСӨ,.2.р-/%-ш [312 . «811:43] 
ж31217. F:4e0:89,.2.10, , 5 — | Соу |9121. 31143] 
881218, | :Infinax.v(@w 8,)u.2.u — v = (1) (vt =p) [43121214] 
8812:181, F:Infinax. u (O 9 9,) y. D . p —,v = | Сау (13) (u 45 X — v) 
= (0%) (+, | Сау“ = р)  [x3121315] 
#31219. |: Infin ax. concord (М, р). D . (A +p р) —p ^= ш 
[431218 .«311:65:66:43] 
#312191. F:Infinax.Xe0*60,.2.X —, X — 0, [«311:52:53:43] 
*3122.  F.|Cnv*«(u —, v) = | Cave —, | Сау у 
Dem. 
Е. 8121. ж91016.2 
Hi. X є | Сопу -, | Соуси, = : p, v eC*8, : 
(qr) Ne C1Q,: | Cuv'y +, А = | Cov. X eX. v. 
Сау“ ыы = | Onv'*v . X e| Спу А: 
[5311-82] =: ув C*8, : (FA) :X e C8, : 
и + | Сау A =д.Х eX. У. рр | Сопу = v. X e| Сау А: 
[*812:1.481016] = : X e| Cnv**(u — ») :. D H. Prop 
x312201. Е. и —, | Спу“ =| Спе (| Сопу ш ро) [«312:2] 
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ж312:21. В. Спу“(у-,ш -ы-рг 
Пет, 
F.x3121,2 E it X el Cnv' (v —, д). = :. (ЧР) t: д,» є0“®,:. 
(ЯА) ле C8,: и+,^=и. Уел. X2 Y lOnv.v. 
V+pr=pe Уе | Спи. Х = Y | Cnv :. 

[*310-16] = :. u, v e C*8, :. (ЯА) : X € CB, : i Xv. X e| Cnvr.v. 

vH A= pX en 
[33121] =:.Xep—pviz I+. Prop 
4812-211. Н. ш, (Cav = v —p| Спее [¥312-201-21] 


ж81222. Е: Infinax.v(@u@,) pe 2. u -pv € CB 


Dem. 
|. #31165 . #31212. DF : Нр.уӨш.2. р-у e OO d) 
F «31166 431215 , 2 F : Hp. Өзу. 2 . | Cav (up v) e "8, . 
[*310116] D.p-pve CO (2) 


F.(1).(2). DE. Prop 


„31223. |: пбпах. р (0 v Bn) v.D.p—pveC®,  [*3122122 . 31016] 
#3123. Б. utav = (p yv) Y (р-р | Сауу) [(*312-02)] 

x31231. Е: (рое 0“®,).2. ptaveA [4312:311 . 3111] 
*31232. |: concord (р, и). D. p Fav =p tov [4312311 . 311-15] 
Ж812:33. +: = concord (ри). О. p t, v = иь | Cnvv. [3123 3111] 
x31234. F:Infinax.j, v eC9,. D. p tav e CO, 


[4312:32:33:22:23 . «311:44] 
#31241 be wtav=vtop 


Dem. 
F.x312:32 , «31112. D F : concord (у). 2. p tav — v ap а) 
+. ж312-33:21. D E : e concord (m, v). D . p +a v = | Cnv'*(| Соу —, p) 
[x312:201] =p—,|Cnv“p 
[#31233] EET (2) 


F.(1).(2). 2 F. Prop 

*312-42. + :Infinax. concord (A, p, v). D . (à +p д) —p yv) —pY 
Dem. 
|. *311:27:4243 . D F 1. Нр. D : concord (А +p д, À +p v, A, p v) : 


[*311°75] 2:А-+ьр=р. =. (рр) әуенін. 
|8811:12:1211 =.(X+4pv)tpp=mtey (1) 
Similarly FE: Нр.Э:и+рр=Х. =. (в +ри)+рр=Х ри (2) 


|. (1). (2) .ж3121.2Е. Prop 3j 


830 QUANTITY [РАВТ VI 


«31243. |: Infin ах. concord (A. m, v) . (89 Bn) n. 2. 


(A +p u) 7 v => +p (p —p Y) 
Dem 


F.x311:65:66.2- : Hp. D . (Яр) - p e C8, - p =v t, p. 
[4312121319] D . (mp) «pe C85 . (à +p u) 75» =A +p р. n — v — p:2 F. Prop 


881244. |: Infin ах . concord (A, ру). (69 8,) v. 2. 


(A +p p) ру = № р (v —p B) 
Dem. 


F.x31L:6566. D F : Hp . D (Яр). pe C'8,.v =p t, p. 
[x312:4219] D . (Яр). p e C8, (Хр) -ру=А рр. р=у-ры: ЭН. Prop 


#31248. +: Infin ах . concord (А, р). 2. (A +p 4) 7p = X +p (ири) 
Dem. 

F.«31219 . 31143. D F: Hp- D. p-p p= 10,» 

[x311:43] 2. А+, (6-р) = 

[#31219] =(à +p u)—p H: D F . Prop 


#312461. Р: Infin ах . concord (A, и, v) .2. 
(A +p p) —p > = (А +a м) +a | Cnv v= A ta (и +a | Сау ә) 


Dem. 
H. #31243. D F: Hp.» (8 Y8) p. 2. (+) -pr =A +p (H — 9) 
1«312:33] = A +p (и +a | Опе“) 
(ж319:32:12:141 = А+. (и +a | Сауу) (1) 
F.x31244.2 F: Hp. (Өч 8,) s». D. (A +p u) рр = АХг-ү(9-й0) 
[1312321] =A —p| Опи —, v) 
[4312331214] =A +a (иь) 
[#31233] = № +a (u +a] Onv**v) (2) 
Е. ж31245. Db: Нр.р=и.2. Qr p) -ри= +, (p — v) 
(8312:33: 321 =A +a (и +a | Сау”) (3) 


Е. (1). (2). (8) . #31232 . #31143 . D F . Prop 


#31246. |: Infinax. concord (A, ш). D . (A +a д) tav = +a (H ta и) 
Dem. 

|. #312°32 . ж311:65:66:43.0 F: Нр. concord (A, 1,v) . 2 . 

О, Зар) Fav = (p B) Vp v A a (м av) =Л + (иог) (1) 
.*312:451.2 
: Нр. concord (A, д, | Cnv“v). 3. (A +a ш) +a v = +a (и a V) (2) 
91231 Db iy 609,2 (eap) Fav = A A a (nav) = A (3) 
. (1). (2). (3) 4311121 . > +. Prop 


cp opm 
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x312:461. F : Infin ах. concord (u,v). 2. (A си) Fav = X +a (и tar) 
Dem. 
Е. #31246. D F: Hp. D . (v +a p) +a A — v +a (p +a А) (1) 
Е. (1). 4312-41. . Prop 
#831247. F: Infin ax . concord (А, и). Э. (№ +a р) +a v =N +a (p +a v) 
Dem. 
F.x312461.2 F : Hp. 2. (p +a N) +a v = p ta (À и). 


[*312°41] 2. (N Ha р) ta v = p ta (№ tav) 

[431241] = (Xd y) Зар 

[#312-46] = А + (V ta u) 

[312.41] =N +a (u tar): ӘР. Prop 
881248. kF:Infüinax.2D.(X 4a р) tav =À +a (p av) 

Dem. 

+. *31231.5 
Eie uveC8,.2.Q E н) tay А.А + (и ар) = А (1) 
F.x31012 DF: A, a v e 0*8,. D : concord (A, и). V . concord (№ v) : 
[x312:46:47] D(A tu) Fa? Xa (p tav) (2) 


F. (1). (2). DF. Prop 
X31251. F:3e08,.2.A 4, U0,— X. [431232 . 43114481 
91252. HFiInfnax.Xe0*0,. D. A +a | Cnv = 10, 


Dem. 
H. x31233. DF: Hp. 2. A 4, | Cv A = Ap 
[x312:191] =t'0,: J+. Prop 
*31253. H: Infinax.X, up 08,2 :X +, pm v. =. y +, | Cave 
(ж312:48:51-521 


x31254. +: Infinax.r,p¢C'@,.3.(qo).ceC@O,.rX44a7 — и 
Dem. 
F.x312485152.2 H: Hp. Э.Х (Onv* +a р) = p (1) 
К.ж81284. DF: Hp. D. |On A +a pe СӨ, (2) 
|. (1). (2). DF. Prop 
#31255. F: Infinax.A,p,ve CO. D:N ар =A и. Е .р=и 
Dem. 
Б.ж812:41:58.Э F: Нр.Э:Х-и- X av. 
[4312-4148] 
(ж919:51:521 


ги (О tar) +a} Спе. 
реи Ha (А ta | Су“). 
„р=и:.2 Е. Prop 


ии 
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831266. HF:.Infinax . concord (A, p) .2:A8, 4. =. (go). oe CO. X0 — р 
Dem. 

F.x311:65.x31232.2 

F: Нр. №» реСӨ.2: 9ш. =. (Но). себ. 4.0— ш (1) 

|. #311°66 .ж810:16.2 

Ес, Нр.^ we 0'®,.2:^®;р.=. (qe). се CO. +, | Cave = №. 

[4312:53:32] ш.(До).се(С“Ө.Х- си (2) 

К.*31251._ Dh: Нр.Х-ид0,.Э:ХӨ,и..( о).осС“ӨЛ ro — (8) 

|. #8125351. DF s Hp. p= 1/0 2: A8, 4. (Яо). ос С“Ө.Хчдо-р (4) 

F. (1). (2) . (3) . (4). D F. Prop 


Ш 


ж81257. |:. Infinax.d, we 0Ө,.еәсопсога (à, м). D : 
ХӨ. (40). cTeCO.rX+ae=p 


Dem. 
k.«312:485152. | 2k:Xe0'8,.4,609.2.u 2X 4, (| Спу +, р) (1) 
F 431232 4311-27. D F: Hp (1). 2. (| Cuv +a p) е0 (2) 
F.(1).(2). 2bF:Xe08,.,e09.2.(q0).ceC'8.X -+ао=ы (3) 
F.«312:32 31127 31013 .2 
F:xeC'8.46€09,.2.— (о). се C B. X си (4) 
F.(3).(4).2 
Е 


:. Нр.2:^е08,. we 0®.Е. (Яо). oe. Atao =p: Db. Prop 
#31258. F:. Infinax. >}, ие 0“®,.2: 
ХӨ,ш.т.(ңо).веСӨ.Х-ас-и [ж318:56:57] 


#313. MULTIPLICATION OF REAL NUMBERS, 


Summary of «313. 

Multiplication of real numbers is simpler than addition, because it is not 
aecessary to distinguish between factors of the same sign and factors of 
opposite signs. Thus we put 


x81801. ux,» = X [uve C8. X esp хув) Df 
А 


Thus if р, v are real numbers, their product is the class of products (in 
the sense of ж309) of members of д and members of и; otherwise their product 
is A. ‘Lhe propositions of this number are analogous to those of previous 
numbers, and the proofs are as a rule analogous to those of «311, except in 
the case of the distributive law (#313°55). 


431301. ux,» = & (uve 8,. X esty хро) Df 


Proofs in this number are mostly analogous to those for addition, and are 
therefore often omitted. 


#31811. Н: (е0). 2. ux pA 
31312. 
«81321. 
4313-22, 


Е: дис 09,2. ахау = 8 xov 

Егд,»е("Өм(40,.Э.ихд — вш xit» 

F ipu, v e CO, vt 0..2, р хау = 8 Сауд) хи“ Сауу) 
#313-23. Б: we C@, ve OO. D. p x,v = | Cnv''s(| Сау) xtv 
«91324. bi peC@O.ve Gnr, D. Xx,» = | Спи (д х)“ Сауу 
*31325. Б. pe Xav = | Спу (| COnvffy x, v) = | Сау x, | Су“ 
ж81326. + 
x31331. Г 
*31332. H 
*313:33. К 
x*31334 | 


р Ха | Cnv'fy = | Са “р Xav = | Спу (и ха») 

: Infinax. fe CO. X «UH. D.X x,ECH'X x,"E 
:Тобпах. е0. X (Н.Э. X хоч = AX x,"E 
ilnfinax.£eC'O. Xe CH.2. X x, Ee СӨ 

: Infinax . £e COn. X e CHp. D.X x, Ее СӨ 
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ж313:35. F:Infinax. Fe 09. X eC H,.2. X x"EeC'8, 
x313351. H : Infin ax . Ee On. X eC H.2. X хо “Ее CO, 
%313'36. F:£eC'9,. 2.0, x, E— 10, 

«31337. Е: Xe CH,.2. X x0, = L0, 

#31338. Е: Infinax.&e C@,. X eC H,. 2. X х “Ее CO, 
31341. F:Infmax.oconcord (p, v)» p lO, v F t0. D. p Xav eC 
x313:42. |: Infinax.~ concord (u,v). p, ve C8, . 2. Xav e CO, 
*31343. bi. u= 0g. V v = ИО: рие Cg ED n p Xav = 10, 
Ж81344. |: обо ах. p, v e CB, -D . p Xa v e CO, 

831345. F.u Xav=v Xap 

x31346. HF:Infnax.2.(X Xap) Xov = X Ха (р Xav) 


The following propositions are concerned with the proof of the distributive 
law. 


*313:51. +: Infin ax . concord (№, u,v). 2. (и Xa N) +a (V Xa м) = 
UAX, Y, Z,Z).X eX. Yeu. ZZ ev.M = (x4 X) e (Z' x, Y)] 
[431312 #312-839. x31111 .ж313-41] 
«313511. Fi Infn ax X, ue. Z, Zep. ZHZ X M.D. Z xo XXe 
Den. 
H. #3041401 430514. DF: Hp. 2. (Zx, X) H(Z' x, X). 
[4309-41] 2.(4х,7 x, X) HX. 
(ж311:581 2.2х, х,ХємсЭН.Ргор 
*31352. |: Infin ax. concord (№, p, v). 2. (v xa X) +a (v xa p) 2 v ха (À +a u) 
Dem. 
F.x31351511.2 F: Нр.Э. 

(оха) +, (ухи) = М (Gg X, Y, 2). X ex. Y ep.Zev.M-(Zx, X) (Lx Y)] 
[%309-37] = ИКЯХ, У,2).Х ed. Yeu. Zev.M=2Zx,(X +, Y)] 
|ж318:19.ж319:38,4311:111 =v х (A +a p) : 2 F . Prop 
xX31353. | : Infin ах. concord (№, д). сә concord (А, и) . ve СӨ. D. 

(v Xa X) +a (v хар) => Ха (A +a H) 


Dem. 
Е. 31325. D Е. (N +a д) Xa v =| Onv (А-и) xa | Сауу) (1) 
Б. 31352. DF: Нр.Э.(Хэци) ха! СпуЧь= (А ха | Cnvf*v) +alu Ха | Сауу) 
[4313:26.4311:31] = бау (А xa v)- (ихайр (2) 


F.(1)-(2).2 F. Prop 
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*313°64 + : Infiu ах. concord (A, v) . ~ concord (А, д). иг 0*8,. 2. 


> Ха (A +a №) = (v Xa N) +a (v Хай) 
Dem. 


F.«3123334. 2 E :. Hp. A +a = p.2:concord (А, р). у. concord (и, p). (1) 
F. x31352. ОР:Нр(1). concord (А, р). 2. 

(р x, v) +a (| Сау“р Xa v) = (p +a | Cnv'*u) хар 
[x312:53] =A Xa V» 
[#312°58.4313°26] 2 . p Xa = (А Xa V) +a (H Xa v) (2) 
Similarly Р: Нр (1). concord (u, p) -D . p Xa v = (А Xa V) +a (и Хау) (3) 
F.(1).(2). (8). D F. Prop 


x31355. |: Infinax. D. (v xd) a (у Xa p) => Ха (X +a р) 
[*313:52:53:5411 . 31231] 


914. REAL NUMBERS AS RELATIONS. 


Summary of «314. 


In this number we take up the definition of real numbers suggested in 
X910, namely 80, instead of 049,, The series of real numbers is now 
$30, instead of @,. Everything in this number depends upon 
#31032. Fip, vez. D: u =v.. рер 

Ir consequence of this proposition, $t C‘@, is a correlation of the two 
sorts of real numbers, and the properties of the relational sort can be 
immediately deduced from the propositions of previous numbers. We define 
addition and multiplication of relational real numbers so as to secure that, if 
ноу are real numbers of our previous sort, the arithmetical sum of sy ana 
899 is 8( +a v) and their product із 8( хар). This is effected by putting 


481401, X +, Y= fS aur). X = su. Y v. Rilata) S] Df 


with а similar definition for X x, Y. The zero of real numbers is now 
0, instead of 10, and the negative of a real number X is X|Cnv. The 
fuudamental propositions are 


*31413. bip, veg. D. Sut, ё = Au нар) 
#81414. b:í,»e09,. 2 . Sux, sv = Su хау) 


in virtue of which the arithmetical properties of relational real numbers 
follow at once from those of real numbers as segments. 


Relational real numbers are useful in applying measurement by means of 
real numbers to vector-families, since it is convenient to have real numbers 
of the same type as ratios. 


For some purposes, a somewhat different definition of real numbers as 
relations is more convenient. Instead of deriving our relations from Ө,, we 
may derive them from $“Ну, 16. we may consider the relations 80%, 
instead of the relations $4049. [n virtue of «217-43, (6° Н) E (A — C H,) 
is ordinally similar to Өр; hence the requisite properties of $*«C*s* H, follow 
at once. 
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¥31401. 
ж81402. 


ж81403. 


ж31404. 
x31405. 
x3141. 

x31411. 
x31412. 
#31413. 


Dem. 


X4,V=RS8 uus). X -iu.Y-iv.R((u4) 8] Dt 
Хх, Y = ÎR (amv). X =p. Y= iv. R {uxa} 8] DI 
#=(Ну| (0H, —) PDH,- tA — OH} 

ю(0“Н,) | (0) 9 (CH, v) (еН. - A СН) DE 
M+,N=RS (gp v). Mas p М-Н. Rt urs) S] DE 
Mx, N^ В (нь). M =J p NF R( (ux) S] DI 
bigprX +, Y.D. X, Yes“ O [&312:31 . (ж31401)] 
Fi Infinax. D: 41X +, У. =.Х, Ге 3048, [X314] . x31234] 

Е:. обо ах. 2:91 X x, ¥.=.X, Ves CO, 


li 


| 


E:upeC9,. 2. d'y +r ё = S ua v) 


Е. #31441 (481401) 2 E : R {ми 4,3] 8.5. 


(Чр,о).р,е єС“Ө, = Sp. sv = so. R {ip tao) S (1) 


Е. (1) «#31032. D Е. Prop 


x31414. 
#3142. 
#31421. 


Dem. 


x314:22. 


Dem. 


F: u,v e Cg. D .à'u xL ё = Su хау) 

Е: Res(C@,—10'0,). 2.91 Rp Relnum [331031] 
. В+, 9.808). 

=. Rx,Ses'C@, 


Fs. Infin ax , 3: Де “СӨ,. 


F.¥314°13°14 #31234. 431344. D 
H: Hp. В,8е8“0‹®,. 2. R+, 9, R x, бе 5048, а) 
F. (1). #3141112. F. Prop 


Е:НЄЗ“С9Ө,.2.Б-,0,-8.Ёх,0,-0, 


Е. ж3141314.5 
К: we C8, Da p +, 0, = (ра 000) e 5р х, Og = 8и. Xa 004) - 
[4312:51.x313:43] 2.8 и +, 0, = 8ш. их, 0, 0: IE. Prop 


%814:23. 


Dem. 


Е: Infin ax. R e $08. D. R +, R|Cnv —0, 


Е.н31413,. 2 F 145609, D o бил, 8| Cav pe = (ра | Cav м). 
[*43:421] 2.8 +, (8) Cnv = (а +. | Сак“и) 
[«312:52] =0,: DF. Prop 

R. & W. їп. 
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431424. F.R4,S- S4, R [X31241 . (&314:01)] 
831425. F.Rx,S-Sx,R [031345 . (431402)] 


31426. F:Infiuax.2.(R 4, S) +. T= R+, (S t T) 
Dem. 
F.x31413. ЭР: Hp. p, o, Te 0 8,. Rap. 8= 5с. T 460.2. 
(Е 9,8) +, T= 8{(p +a 0) + т] 
[x31248] зарж (0 +a т) 
[#31413] =R +S +, T) (1) 
F.x3141121.2 
Е: > (Яр, о, т). pa, те 0“®,.В=р.9=5а.Т=8т.Э, 
(8-8) ««кТ-А.В-(8--7)-А (2) 
Е. (1). (2). DF. Prop 
*31427. F:Ínfünax.2D.(HE x, S) x, TS R x, (Sx, T) 
[431414 . x31346 . #3141221] 
x31428. F: Тобпах.2.(Е x, S) +, (Вх, T)= R x, (8 +, T) 
Dem. 
F.«3141314.2 E: Hp. po Te C'8,. = dp. S— #с.Т=6т.0. 
(R x, S) +, (R x, TY = (рхо) t s (p хат) 


[3142118] (ех, c) «(p xa т) 
[*313:55] = 49р Xa (e +ат)! 
[23142114] = 8 р х,8 (в +a т) 
[431413] = 8p X, (fa +, ёт) 

[Hp] =Ех,(5+,Т) (1) 


F. #314211112. 
Е. (р, а, т). p, o, Te 0“®,. R= sp. S=so.THsr.d. 
(2x, 8)4+(Rx,T) =A. Rx, (S, Т) = Å (2) 
F.(1).(2). 34. Prop 
43144 — Filnfinax.2 . df e ((s'Hj) E (— A — (0 Hj) Sor Ө, 
[4217-43 . k304:31:282:23 , ж301:41:44:46:25 . (ж310:01:011-02-03)) 
#31441. +b. sf (C's‘H,)e1—+1 [The proof is analogous to that of x310:32] 
#31442, HF:Infinax.2.33459,smor&, [314441] 
#3145.  F:.Infinax.2: 
я М+М. =. Мх, N.=. М, № е0 Н, — А) 
[ж312:34 . x31344 . 314742 .(ж314:04-0571 
*314:51. F:Infin ax. p, ve С9,.Э. 
EP ptet d m FF (ab) ftu tym ар хал) 
[431442 . (ж314:04:05)] 


The properties of M+, У and M x, N result from this proposition exactly 
as those of X +, Y and X x, Y result from «3141314. 


SECTION В. 


VECTOR-FAMILIES, 


Summary of Section В. 


The present Section is concerned with the theory of magnitude, so far 
as this can be developed without measurement. Measurement—ie. the 
application of ratios and real numbers to magnitudes—will be dealt with in 
Section С; for the present, we shall confine ourselves to those properties of 
magnitude which are presupposed in measurement. But throughout this 
Section, measurement is the goal: the hypotheses introduced and the 
propositions proved will be such as are relevant to the possibility of 
measurement. 


We conceive a magnitude as a vector, i.e. ав an operation, 1.6. as а 
descriptive function ів the sense of жЗу. Thus for example, we shall so 
define our terms that 1 gramme would not be a magnitude, but the difference 
between Z grammes and 1 gramme would be a magnitude, t.e. the reiation 
“+1 gramme” would be a magnitude. On the other hand a centimetre 
and a second will both be magnitudes according to our definition, because 
distances in space and time are vectors. It will be remembered that we 
defined ratios as relations between relations; hence if ratios are to hold 
between magnitudes, magnitudes must be taken as relations. 


We demand of a vector (1) that it shall be a one-one relation, (2) that it 
shall be capable of indefinite repetition, 4.6. that if the vector takes us from 
a to b, there shall always be a point c such that the vector takes us from 
b toc. If R is the vector, the point to which it takes us from a is Ёс, 
thus the above requisite is expressed by “Е! R'a . De. E! R‘Ria,” зе. by 
"D'ECQO'R^ It will be observed that the points which are starting-points 
of the vector form the class (IE, ie. the class of possible arguments to В 
considered as a descriptive function, while the points which are the end- 
points of the vector form the class D‘R, i.e. the class of values of В considerec 
as a descriptive function. Since D‘RCC‘R, we have U‘R=C‘R; thus the 
field ot the Vector consists of all points from which the vector can start. By 
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assuming D‘R C'R, we exclude magnitudes of kinds which have a definite 
maximum, unless they are circular, like the angles at a point or the distances 
on an elliptic straight line; but, except when they are circular, such 
magnitudes are of little importance. 


According to what has just been said, if 18 a vector whose field is a, we 

have 
Rce1—1.GQ*E—a.D'E Са 
A relauon which fulfils this hypothesis is called a “correspondence” of a, 
because it makes a part of a correspond with a. The class of correspondences 
of а we denote by “cr‘a,” which is the cardinal correlative of “cror‘P,” defined 
in *208. Thus we put 
рэн м 
сг‘а = (1 — 1) n Aan “Са Df. 

We proceed next to definea vector-family of а” This we define as an 

existent sub-class of cr‘a such that, if R and S are any two members of it, 


R|S-S|R. We define a class of relations as “ Abelian” when the relative 
product of any two members of the class is commutative, 1.6. we put 


Abel = (Е, Sex.Ig3.R|S=S|R) Df. 


Thus a vector-family of а is an existent Abelian sub-class of or'a, 1.6. writing 
“ша” for “ vector-family of a,” we put 


fm‘a = Abel a Clex‘er‘a Df 


The class of vector-families is then defined as everything which is а vector- 
family of some а, i.e. we put 


РМ == Df 
Thus а vector-family is an existent Abelian class of one-one relations 


which all have the same converse domain, and all have their domains 
contained in this common converse domain. If « is a vector-family, the 


common converse domain is «к, which is identical with з“Ч “к, and will 
be called the “ беја” of the family. Thus we have 


Fixe FM. =. Kc Abel. к С1-›1, (I**eel.s*DCC Ax, 


A vector-family may be regarded as a kind of magnitude. In order to 
render measurement possible, we require various hypotheses as to the nature 
of the family. Measurement within a given family к is obtained by limiting 
the fields of ratios to к, ùe. by considering X [к where X is a ratio, ог Z} к 
where 4 is a relational real number of the kind defined in *314. In order 
to make measurement possible, we wish « to be such that, if X is a ratio, 
Х [к shall be one-one; again, if E, S, T are members of к, and R has the 
ratio X to S, while 8 has the ratio Y to Т, we wish R to have the ratio 
Хх, У to T, ie. we wish to have 

хрр х, Юк; 
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again, if R has the ratio X to 7, and S has the ratio Y to T, we wish R|S 
(which represents the “sum” of R and S) to have the ratio X +, Y to T, 
те. we wish to have 


QC T) (Y ET) €((X +, Y) Ee. 


The above and other similar properties will be proved, with suitable 
hypotheses, in Section C; for the present, we shall proceed with the theory 
of vector-families without explicit regard to measurement. 


The first and most important hypothesis as to a family which we consider 
is the hypothesis that it is “ connected," ùe. that there is at least one member 
of its field from which we can reach any member of the field by а vector 
belonging to the family or by the converse of a vector belonging to the 
family. Such a member of the field of к we shall call a “connected point " 
of к; the class of such points will be denoted by “ сопхёк” ; the definition is 


- < 
conx*« = к n (Sela ‘ка = s) Df. 
-» 
It will be observed that 8“к“а are the points to which there is a vector from 


<— 
a, while 8#“к“а ате the points from which there isa vector toa. The definition 
states that these two classes together make up the whole field of the family. 
We define a connected family as one which has at least one connected point, 
те. we put 
ЕМ сопх = РМ п # (Я ! сопх к) Df. 


The properties of connected families are many and important. Among these 
may be mentioned the following: If « is a connected family, the logical 
product of any two different members of к is null, te. if P,Q ex. P 4 Q, then 
РА Q— А, or, what comes to the same thing, if P, дек, and if we ever have 
Р = Q'z, then P=Q; if Pex, all the powers of P are either members of к 
or the converses of members; if P,Q єк, then P|Q is either a member of 
к or the converse of a member. A connected family may not form a group, 
te. we do not necessarily have 


Р,дек.Эро.Р| бек, 


but we shall show at a later stage (#354) that a group can be derived from a 
connected family к by merely adding to it the converses of those members of 
к (if any) whose domains are equal to their converse domains. The result 
of this addition is to give us a connected family which is a group. 

Another important property of a connected family к is that Z “к is 
always a member of it. Гк is the zero vector. In a connected family, 
every vector except Г зк is contained in diversity. For many purposes, 
the class of vectors excluding I | s'XI*x is important. We therefore put 


ка=к- ВТ Df 
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In the study of a vector-family «, an important derived class of relations 
is the class of all relations of the form RIS, where В, Sex. The operation 
R|S-consists of an S-step forward, followed by an R-step backward; that is 
to say, if ia exists, it is obtained by moving a distance S forward from a 
to 8а, and thea a distance В backward from S'a to Ба. The class of 


v 
such relations as В | 8, where В, S e к, we call «,; 1.6. we put 
к,- s(Onv''«)|*« Df. 
221 


The class «, will have different properties according to the nature of к. We 
may distinguish three cases : 


(1) The field of x may have a first term, т.е. there шау be a member of 
Як which is not a member of зка. This case is illustrated, eg. by a 
family of distances from left to right on the portion of a given line not lying 
to the left of a given point. This given point will then belong to 841%, 
since there are vectors which start from it, but it will not belong to sD xz, 
since there are no vectors which end at it except the zero vector. А 
connected point a which belongs to 440“ but not to s‘D‘‘x, is called the 
“initial” point, and a family which has an initial point is called an “ initial’ 
family. A family cannot have more than one initial point. Thus we put 


init = 1(сопхєє – чк) Df, 
FM init = РМ a G*init Df. 


(2) It may happen that, even if « is not an initial family, none of the 
converses of members of кӯ are members of к. (If к is an initial family, this 
must happen.) This case is illustrated by the case of all distances towards 
the right on a straight line. It is also illustrated by the family of vectors of 
the form (+, X) СЫ, where X e ОН”, In this case, as in (1), it is possible, 
by adding suitable hypotheses, to secure that 5% shall be a series, This case 
divides into two, which are illustrated by the &bove two instances: it may 
happen, as in our first instance, that the domain of a vector is always equal 
to its converse domain, 260. “к = “кс; or it may happen, as in our second 
instance, that the domain is only part of the converse domain. (The domain 
of (+, X) E CH consists of all ratios greater than X.) 


(3) It may happen that кә contains pairs of vectors which are each 
others converses. In this case, it is obvious that 5%; cannot be serial, since 
R, Rexa. D. R| R- I P s'C** . E | RE (ко), so that (sx) is not contained 
in diversity (except in the trivial case к = (А), 


In considering к,, we do not at first explicitly introduce any of the above 
possibilities, but it is necessary to bear them in mind in order to realize the 
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purpose of the propositions proved concerning к,. If Г із a member of қ,, 
and L= К |8, where R, $ ек, then if a is a connected point, and L'a exists, 
it follows that there is а member T of км Сау” such that L'a = Та. Tt ig 
easy to deduce from this that L = T, hence Lex vCnv“«. The same holds 
if L'a exists. Hence if Е! L‘a.v. E! Га, ie. if ae CL, L is a member of 
км Спу““х. Thus if а belongs to the field of every member of к,, we shall 
have к, = кә Сау“ We say that а family "has connexity " (not to be 
confounded with “being connected”) if y ! сопх“х n р‘О“к,; thus we put 

FM connex = РМ n (9 ! сопх‘к п pO) Df 
and by what has just been said we have 

Е: ке FM connex .OD . к, 5 x v Спу“к. 

We also have Е: ке FM connex . 2. 3g econnex 
and FE: æ e FM conx .O: ке FM соппех. =. 8 кде connex. 
It-is these propositions that justify the notation “ FM connex.” 


It is obvious that we shall have q! p‘C“«, if Ок = “к, unless к = “А. 


Some illustrations will serve to make clearer the nature of the hypothesis 
q!p'C“«,. This hypothesis states that there is at least one term a in the 
field of к such that, if E, S are any two members of к, we can either take an 
R-step forward from a, followed by an S-step backward, or we can take an 
S-step forward followed by an R-step backward. Suppose, for example, that 
our family consists of all vectors of the form (+, u) NC induct, where 
weNCinduct. Then if Ris the operation of adding и, and Sis the operation 


of adding v, R|S is the operation of adding v—, p if v >, and is the 
operation of subtracting ш,» if „>v. In the former саве Kt| Sex, while 
in the latter case S| Век. In the former case, if w is any inductive cardinal, 
(Е |8) = »—, uM, м; in the latter case, (S| Rs = ш-р +, =. Thus in 
either case we C(R|S). Thus the family in question has connexity, and 
к, = ко Onvf*«, 

But now consider the family consisting of all vectors of the form 
(xau) E (NC induct — 10), where íeNOinduct — +O. This is an initial 
family, its initial point being 1. But it does not have connexity. If 
Е (х, ш) (NC induct — 40) and S=(x,v) (NC induct —(/A), Ё|8 is the 
Operation of multiplying by v and dividing by д, with its field confined to 
inductive cardinals other than 0. If» is prime to џ, this relation has only 
multiples of шіп its converse domain and only multiples of v in its domain. 
Hence its field consists of multiples of р together with multiples of v. Thus 


Do member of к, except Г к, ie. (x1) > (NCinduct —1/0), has the 
whole of 841 “с for its field, and there is no number which belongs to the 
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field of every member of к.. The above family may be usefully borne in 
mind in considering к,, since it affords good illustrations of most of the 
general theorems concerning к. 


If к is any family except (А, any finite number of members of к, have an 
existent relative product, and their converse domains have an existent 
logical product. If к is a connected family, any two members Г, М of к, 
whose logical product exists, 4.6, for which (ду). L*y = M*y, are identical, and 
if z, y are any two members of 841“, there is just one member of к, such 
that а= L'y. If Mex, and Раз а power of М, there is some member 2. of 
к, such that РЕГ. But P is not in general itself а member of к. For the 
application of ratio, the member of «, which contains P is important. We 
call it the “representative” of Р, The general definition of a representative is 


a 
rep, P = s(«,n G*P) Df 


< 
In a connected family, «a СР cannot have more than one member; hence 
if there is any member of к, which contains Р, that member is гер, “Р, and if 
there is no member of к, which contains Р, гер, Р = A. 


Р | Q is any member of к, (where P, Qe к), we shall have 
rep, (P | QP = Ре |@°; 
and if Т, M ек,, we shall have 
repe/(L Му = rep, (Le М») = тер (тер, L°) (тер, M»). 
These two formulae are the most useful in determining representatives. 


In order to apply the above theory to the measurement of vectors, it is 
necessary to distinguish between open and cyclic families. An open family 
is one in which, if Мєк, – RII, M,, GJ, ie. one in which no number of 
repetitions of a non-zero member of к, will bring us back to our starting- 
point. If this condition fails, as in the case of angles, or distances on the 
elliptic straight line, the problem of measurement is more complicated, since, 
180 is a measure of an angle, so is 2ут + 6 for any integral y. The case of 
cyclic families will be considered in Section D; for the present, we proceed 
to consider open families, and we shall still be concerned almost exclusively 
with open families in Section C. It should be observed that in cyclic 
families, as we shall define them, members of ку return into themselves, 
whereas in open families, not merely no member of ку, but no member of 
к, — RIZ, returns into itself In most of the families that naturally occur, 
it happens either that no member of «,— ВІ returns into itself, or that 
there are members of ку which do so. But there is no logical necessity in 
this, as the following instance shows: Consider the family consisting of 
positive and negative integral multipliers other than — 1, with their fields 
confined to positive and negative integers other than — 1. Then 1 is a 
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connected point of this family, in fact the initial point. Multiplication by 
—1is а member of к, since it can be obtained by multiplying by any integer 
p and then dividing by — 4. Also the square of multiplication by — 1 is 
contained in identity, and is the zero vector of our family. Hence there is a 
member of к, — RI‘Z whose square is contained in identity, although no power 
of any member of кә is contained in identity. 


In order to avoid brackets, we put 
ка=(к)а Df, 
ie. kg =e, - RIT. 
Then the definition of open families is 
FM ap =FM n £(s'Pot*s; С RIJ) Df. 
Hence Е: кеРМ ар. = :«е РМ: Meka.Dy. МС. 
It will be observed that if к is an open family, к, is contained іп Rel num id 
(cf. #300), and ко C Rel num. Hence if Mex, М’ = M, (cf. 121), and the 
propositions on intervals in «121 become available. Also if Мек, and 
авг “Ок, we have 
У > у > 
М| Мо e Prog . Mpo | My‘a ев. 
The chief use of these facts is to show that the existence of open families 
implies the axiom of infinity and the existence of №. Hence as applied to 
open families, the theory of ratio undergoes the very great simplification 
which results from the axiom of infinity. 

Tf к is open and connected, and Г, M e x, and с is any inductive cardinal 
other than 0, we shall have L=M if L«- М” or тер,“ —rep,*M* or 
W!L"^M*. If p,r are also inductive cardinals other than 0, we shall 
have тер, ЇР = rep, Ме if Lex = Мехот, or if rep, Чэ rep, Мех", ог if 
A! Lex" А Mee; We have in fact 


rep, ‘L° = тер, М” .=.%1 Lea М 
сэл Я Іх" А Ме хет 
апа rep, Me = rep,‘M°.=. Me= М”.-.р-о. 


On applying the definition of ratio (#30301), we see from the above 
Propositions that, with the above hypothesis, 


M (pla) N.=. Ч! МА №. =. rep, Mv = rep," №, 
while if R, Т are members of к, 
R(p/a) S. 2. Rr = Se. 
Further, we have, in virtue of the above propositions, 
AlL A Me. ГРА М.Э. хо =v хер, 


whence Х,ҮеСЧН”.д Х (код У ea. D.X = Y. 
23 
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These propositions, together with 
ХєСН.Э.ХЇкс1-»1, 


belong to Section C. They are mentioned here as showing why the 
propositions of this Section are useful in connection with measurement. 


We next proceed to consider serial families, which are those in which 
ку is an existent serial relation. For this purpose we require the definition 
of “FM connex” already given, and also the definition of “transitive” 
families. We define a as a “transitive point" of к if 

> > 
(жау коа с $“ кока, 
т. if any point which can be reached from a in two non-null steps can also 
he reached in one non-null step. We define a family as transitive when it 
has at least one transitive point. If ке ҒИ conx, the hypothesis that к is 
transitive is equivalent to the hypothesis that ко forms a group, and implies 
that к forms a group. We define a serial family as one which is transitive 
and has connexity, te. we раб 


ЕМ sr= FM trs o ҒИ connex Df. 


Then if к e FM sr, “ж is a serial relation, so that the points of the field of к 
are arranged in a series by means of relations of distance. 

When a family is serial, the vectors also can be arranged in a series, by 
means of a relation which may be regarded as that of greater andless. After 
a short number on initial families (explained above), we proceed to the 
consideration of greater and less (as it may be called) among vectors. We 
may call a point y “earlier” than a point z when there is a non-null vector 
which goes from у to z, ùe. when z(s‘xa)y. If M,Nex,, we then say that N 
is “less” than M if the N-step from some point æ takes us to an earlier 
point than the M-step. Writing V, for “greater than” among members of 
Ka, our definition is 


V, = МИ (M, N ei (дш). (Ма) (5) (Уа) Df. 
For the same relation confined to members of x, we use the notation U, ; 
thus 
П.= У, }к Dé 
Tf кє FM conx, we have 
0.=Р0{Р,0ек: (ЧТ). Тек.Р=Т| 9}; 

this is generally the most serviceable formula for U,. 

If к is a seriai family, U, and V, are series ; and if x is an initial family, 
U, is similar to 3 ко. 

The last number in this Section is concerned with the axiom ot 
Archimedes and with the existence of sub-multiples of vectors. The axiom 
of Archimedes wil! be expressed by saying that if а is any member of the 
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field of x, and E is any vector, then Ла, for a sufficiently great finite v, will 
be later than any assigned member of the field of к. In other words, putting 
P = Onvfée3, we wish to have 
æ eP . Dz. (gr) .veNCind 2*0. P (R**a), 
or, what comes to the same thing, 
PO Rea = OP, 
This will hold if к is a serial family and Р is semi-Dedekindian (cf. ж214). 


If, further, Р is compact (2.6. P?= P), then all finite sub-multiples of a given 
vector exist, %.6. 


Sex.veNCind—10.3.(qLl). Len. 8 = Lr. 


It will be observed that, according to our definition of ratio, if S = Г” and 
844, L has to S the ratio 1/v, so that L is the vth sub-multiple of S. 


Instead of treating vector-families by the method we have adopted, we 
might have started from a double descriptive function, which we may denote 
by æ +y, and concerning which we should make various hypotheses. By the 
general notation of *38, we obtain various relations of the form + у or æ+. 
These relations may replace the x employed in our method. For convenience 
of notation, we may put 


-» 
+у=+у Df 
<- 

+Se=a+ Df 


E 
Then if + has suitable properties, and y is a suitable class, +“бу will be a 
veetor family. 


Let us assume that z--y exists when, and only when, с and y both 
belong to the class y, and that when æ and y both belong to the class y, x + y 
also belongs to this class. Then if z 4-y exists, so dues e+ y +y; hence 
D'4 ус у. Further, by our assumptions, if 2, y ey, «+y exists, and 
therefore «єї-+ у. Hence уеу.2.04-у-у. Hence if у exists, 

> > > 
@“^+“у € 1 2 SDE “y с “у. 
If ме now assume у+а= 2+2. 2,::9= 2, 
> 

then -“уС1->1. Hence we now have 

-» 

+y є Cl ex*er*y. 
Tn order to obtain the Abelian property, we require 

(a+y)+2=(@+2)+y, 

which holds if + obeys the permutative and associative laws, Thus in this 


case, 


> 
Фу є пу. 
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РЕЧ 
In order that --**y may be a connected family, we require 
(Ча) izey. 2, : (gy) a7 2c yv -2—a ty. 
A sufficient, though not а necessary, condition for this 18 that there should be 


а zero, te. 
(qga):zey.2;.2—a +2. 
In this case, + а is the zero vector, and if a is not the sum ^f two terms other 
than itself, a is the initial point of the family. 
E 
The condition that if x,y are members of у во is х + y secures that --**y 
isa group. Families which are groups we denote by “ FM grp.” 


Thus collecting what has been said, we find that 


ә 
+“%у є FM conx grp 
if + fulfils the following conditions: 
(1) «#+y exists when, and only when, s, yey; 
(2) yey. Daye t+ YOY; 
(3) е«%у-а-2.2,у;.Ут2; 
(4) sty-ytu; 
(5) (=+у)+2=2+(у+2); 
(6) (яа):2еу.2,.2-а +2 
From (8) and (4) it follows that the а of (6) is unique, 4.6. there cannot be 
more than one zero. 
In order to insure that our family shall have connexity, we require 
further 
(7) уст. Inyi(Gzlizeyiatz=y.viytz=a; 
(8) іп order that our family may be an initial family we require that 
æ+ y shall only be zero when æ and y are zero. 


With this further condition, our family becomes serial. 


The above is only a sketch of one of the simplest ways of generating 
families by means of double descriptive functions. Other ways are possible, 
and by greater complication greater generality can be obtained. 


There are some advantages in the above manner of treatment. First, it 
is possible to take our magnitudes as being the д and y which appear in 
“æ +y,” instead of having to take them as the vectors + у or х +. Secondly, 
our vector-family derives unity from the faet of being generated by the 
single operation +. Thirdly, the method is more in agreement with current 
conceptions of quantity than the method we have adopted. The choice 
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between the two methods is a matter of taste; but it would seem that the 
method we have adopted is capable of somewhat greater generality than the 
other, and that it requires less new technical apparatus than the other. We 
have not elsewhere had occasion to treat of double descriptive functions 
which only exist when their arguments belong to assigned classes, though 
it is to be observed that our definitions of various kinds of addition and 
multiplication might quite easily have been so framed as to give this result. 
For instance, we might have put 
Burm Qo) (яв, 8). и = Меч. ›= №8. == Моа 9) ПЕ 

In that case, E!(u-,v) would have implied д,ие N,C, whereas with our 
definition it is only 4 ! (м +, v) that implies д, veN,C. The general treatment 
of double functions which only exist in certain cases would require a 
considerable logical apparatus not required elsewhere in our work, and this 
is, for us, а reason against adopting the method of treating vector-families 
which derives them, as in the above sketch, from a single function æ + y. 


*830. ELEMENTARY PROPERTIES OF VECTOR-FAMILIES. 


Summary of «330 


In this number, we begin by defining the class of “ correspondences ” of 
а. A “correspondence” of а is a one-one relation В which makes every 
member of а correspond to an a, 1.6. which is such that, if cea, R*z always 
exists and is a member of а. Thus, for example, if д is an inductive number, 
+o р, with its field limited to inductive numbers, is a correspondence of the 
class of inductive numbers, provided the axiom of infinity holds. (Otherwise, 
(+, р) NC induct is not one-one.) The definition of correspondences of 
а is 

<- м 

ж330'01. сга = (1-01) п Aan D ‘Clea ТЕ 


I.e. a correspondence of 0 is a one-one relation whose converse domain is 
а and whose domain is contained in а, The definition should be compared 
with the definition of “ cror*P " in «208. 

It will be seen that if Recr‘a and cea, Кеш exists and is an а, and 
therefore R‘R‘s exists and is an а, and so on. Hence all the powers of 
Е exist (ж380-23). Similarly if E, S, T, ... are any finite number of corre- 
Spondences of a, R] S| T'|... exists. This is proved for two and three factors 
in «33072122. 

We define a “vector-family of a" as an existent Abelian class of 
correspondences of a, where an Abelian class of relations is defined as one 
such that the relative product of any two of its members is commutative. 
Thus we put 
*33002. Abel-£(R,Sek.Ogs. R| S S|R) Df 
*330:03. fm‘a= Abel a Cl exfer'a Df 
x33004. FM = Па Df 

It will be remembered that Potid*P and (for certain kinds of relations) 
finid*P are Abelian classes of relations («01:34 and ж121'352). If Pel 1, 
Potid*P will be а vector-family of C*P, and if further P,, GJ, fiuid*P will be 
the same vector-family. 

One other definition belongs to this number, namely 
*330 05. к. = (Сопу к) |x Df 

This definition has been sufficiently discussed in the summary of the 
present Section. 
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After some preliminary propositions on Cl ехбог“а (43301— 32) апа оп 
к, (ж830:4--48), we proceed to such properties of families as do not require 
any further hypothesis as to the nature of the family concerned. These 
properties are mainly such as assert the existence of relative products, and 
of logical products of converse domains, or such as assert commutativeness of 
the relative product under certain circumstances. The earlier propositions 
deal with members of к, the later propositions mainly with members of «,. 
The most useful propositions аге: 


833054. Е:кеРМ. Q Rex. Et R.D.E! RQ 
833056. Е:кеРМ. 0, Век. Et R'a.2. Ва = Ва 


x33061. Е:кеЕМ-ииА. Г, Мек,. Э. 
я! Со М.Я ТАМ! ALDM. яч! ро рМ 


*330611. Н:ке РМ 1А. Г, Мек, Э.М 
ж330-624. E :xe PM -iÀ . Ler. 2. Ane Pot'L 
483063, bree РМ. Г, Мек, Et Le. Е ГАМ. Э. ТАМ: = Мо 
4330642. Бу ке FM— tA. L,Mex,.2. да). Ее. ЕЛТАМ 
433071. Fixe FM. P,Qex.peNCind— 110. Et Рев. 2 EV (P|Qyéa 
ж330:12. К: кеМ iÀ. L, M ex. p, oe NC induct. D. q! ALe a “Ие 
x33073. Fixe FM.P,Qex+peNCind. ENP | уа. (Pi фу = Рр 
< 2) 

ж880:01. crfa=(1— 1) п (Тал О“СКа Df 
433002, Abel=*(R,Sex.2ns-R'S=S/R) Df 
X*330'08, Га = Abel л Cl ex*er*a Df 
#33004. FM = е р 
#83005. к,-54Спу“к)|“к Df 

121 


88301. Е:кеСТехбога.л.хС1-»1,О9к- га. Ок С Са [(330701)] 

ж83011. Б:.(яа).кеСехбога.г:кС1-»1:(да)., Ик = ма. s*DC Ca 
[483011 

*33012. kF:xeClexferfa, 2. “Як =а [83071 53:02] 

*330:13. F:xeOlex'er'a. D, рк C Ск s D* С “к [4330112] 

*330131. F:(ga).keClex'cerfa.2.kC1— 1. el.s'D'* С “Ок 
[43301112] 

#33014. HF:xeClexfer'a. 2. Рк C Ме‘а [«33071] 


852 
ж9830:15. 


ж9830:151. 


x330116. 
x33017. 
ж330:18. 
*330-19. 


x3302. 
Dem. 


x83021. 


Dem. 


*33022. 
Dem. 
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«СТ ехбог А = tA [43301] 
igla.keClexfería.O. Алек [x83014] 

:. (ща). кє Cl ex'er'a : ep А 2:2. Awer [33015151] 
ig la.xeClexferfa. 2. Рек COl ex's “Ок [4330131511 
:. (Ча). ке Cl ехбогбаг кф ИА: рек C Сех“ к [3301517] 
aL pa) e Cl ex*erta [3301] 
seeClex‘crfa. Rex.q 1D'Mos*«(q*e.2.3 1 R|M 


.x830112.2 F: Hp. 2. g IDM o GSR: +. Prog 
:ке С] ехога. к ИА. В, бек. 2.11 R|S 


F.«388018.2F : Hp. D. 91105 п “к (1) 
F.(1).48302.2 F . Prop 


зке С1ех“ег“а. к МА, R, S, Tex. D.X LR|S|T 


F. *330'21:18 . DF : Hp. 2. 41! D(S| T) a “к (1) 
F.(1).3302. 2+. Prop 


ж330'23. F:keClex'ería. e VÀ . Rex.D. À~ ePotid R 


Dem. 


F.433016.2 F: Hp.D dpt I CHR (1) 
F.x33018.2 F : Hp. Pe Potid* В.я! Р.О. 1DEP nsx. 
[4330-9] 2.8! R|P (3) 
Е. (1). (2) . Induct | D F . Prop 


*330:3. 


Dem. 


Е 


zx € С] ех‘ог“а . ГГавк. D.C sn (“к 
» 


F.«3301.2 FE: Нр.2: Rex.2. Е = R|I Га: D+. Prop 


x83031. К: ке Сех. Rer. D. R| Re раак [3301] 


x33032. F: ке Clex‘erfa. R, бек. 2:25 = fea.. R- 5 


Dem. 
H. x33031. DH: Hp. 2: £2 8.2. R| S Грак а) 
F.x8301. Db: Hp. Э.8|Ё|(8-(048)18 (9) 
Б.(0)-ЭЕ:.Нр.Э: (8-1 ёа“к.Э.В-(058)18. 
[*72-99] 2.R-STO«R. 
[43301] 2.R-8 (3) 


F. (1). (3). DF. Prop 
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x8304. с: Мек. =. (8,5). В,бек.М=й|8 (838005) 
«33041. |. Спуск, = x, [*330:4] 


«33042. F:keClexforfa.Iplaex.2.k v Опу“кСк, 
Dem. 


353 


F.x3301.x50551.2F: Hp. Ree. d.R=([fa)|R.IPacCnv''« (1) 


F.(1).330441 . D F . Prop 
#33043. HF:xkeClex'ería. D, Г see x, [*830°31-4] 
#3805. F: ке Abel. =: R, Sex. Ip. R{S=S8|R  [(*330-02)] 
x33051. н: кєѓтѓа, =. x e Abel a Cl exfer'a [(«330-03)] 
#33052. Е:кеРМ.=. (яа). ке АЪе! п Clexfer'a. 


ш.кедһе.кС1-1.0“ке1. s ек С (к 
[*330:51:131 . (ж330:04)) 


«33053. FixcFM.Q, Rex. Et 0.9. Е1 0. E! Rí 
Dem. 
F.43305.2 H: Hp. 2. Et Q' е 
F.(1).«305.2F. Prop 


483054, Fixe PM. 0. Век. Е! Rz. 2. Е! Вх 
Dem. 
F.3303152. ЭЕ: Hp. 2. Rez = Rr Qo 
|. (1). #33053. D F. Prop 


#330541, К: ke FM.Q, Rex. D.Q“D'RCD'R [ж330:54] 
ж330542. F: xe FM. Rer. D. D'R євесі к [*330:541 . *211'1] 


#33055. Е:кеРМ-ииА.0,БКєк.Э. 105дв р“ .н!0“0“В 
Dem. 

F «33054. DF: Hp.2:zecD'R.2.Q've DR: 
[33:43] D:y!D'R.D.g!D Qa D'R 
Е. (1). #38016. 3+: Нр.2.4! DQ anD R 
Е.ж5301116. 2F:Hp.2.D'ECQG'Q.g1D'£Z. 
[*37:43] 2.g!Q*D*£ 
F.(2).(3). D F. Prop 


4330-551. К: Hpx33055.2.0!Q|R (x33055.x3732] 


в. & ү. Ш. 


(1) 


a) 


0) 
(2) 


(3) 
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x33056. tice FM. Q Rex. Et а.о. 0а = 0 а 


Dem. 
F.x330511.2 F: Hp. 2. QR Ra= В еа. 
[#72-24] Э.Оч-ВО ч. 
[*330°81°54] 2. а = Q Ва: Э. Prop 


4330561. ЕсхєРМ.О,ВекьЭ.Б ОГЧ -0| В [x33056] 
330562. Fixe РМ.О,Веєк.Э.Ю0С0 [«330:561] 
«830563. Fixe FM. Век.^Ск.2. IDA GS [*330'562] 


x33057. F:xe Abel. В, Sex.veNCinduct. 2. RS = (В! бу, RS = SiR 
Dem. 


Е. #3012. ЭВ.ЁР|9-(8!8.Ё(8-818 (1) 
L.«3305.«300:21.2 k: Hp. Е|8= 8 В.2. RIS = YR (2) 
F.(1).(2). Induct. DF: Hp. 2. R|S* = 8*| В (3) 
F.(8).x30121.2 F: Hp. 2. +! Se = Re 8188 (4) 
F.(4). «30121. E: Hp. R| S - (R[Sy D | S = (В| SP+ (5) 
Е. (1). (5). Induct. OF: Hp. 2. R| S2 (R|Sy (6) 
F.(8).(6). DF. Prop 
ж3806. Е:кеРМ-144.Їєк.Э. !Ї 

Dem. 

H. x33016'4. DF: Hp. 2. (qQ, B). Q Rex. Gtk. L=RiQ. 
[088054] 2.010, В, 2). Q, Rex. ELRQa.L=R\Q. 
Гж84-411 3.g!L:2F.Prop 


ж88061. Р:кеҒМ-“А.І,Мек,.Э. 
Са ТА МИ ТАМ а“ А Мал! АРМ 
Dem. 
Һ.ж880554.2 
F:Hp.2.(4Q 2,5, T). QR, S, Тех.І-В10.М-Т7|8.4! БАР. 
[4330-54] 
Э.(я0,8,8,Т,а).0,8,8,Тєк.Ї-Ё/0.М-7Т(8.Е! R Qw. Е! 780. 
[03441] D . (qa) E1 Lís. E! Ma, 
(85834813. 144 a АМ а) 
H. (1). 433041 . 2 |. Prop 
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#330611. Р: хє FM iA. Г, Mex. D. G1 L|M [#33061 . 4343] 


4330612. Н:ке FM «А.І, М, Мек,. 2. q10LadMaGy 
Dem. 
=. #330224. D 
H: Hp. D. (FP, Q, R, 9, T, W). P,Q, 8,8,1, Wer. 
L=P|Q.M=Ř|3.N=7|W.ġ!P|R]T. 

[#33053] 2 . (НР, Q, R, 8, T, W, 2). P,Q, R,S,T,W ex. 
L=P\Q.M=R|S.N=T W.E! Pæ. Et Ra. Et Ten. 

[*380:54] 2 . (qz) . E! Ле. E! М.Е! Ма: о. Prop 


4330613. Fi ee FM 14А. L, М, New D RRYLIMIN 
Dem. 

F.x330224.2 

F:Hp.2.(qP, Q, R, S, T,W,a). P, QR, S, TW ex. 
L=P\Q.M=RIS.N=T\|W.EIPR Te. 

[433054] D . (4P, Q, R, 5,2). P,Q, В, Sex. 
1-Р|(0.м-8|8.Е!Р (Мо). 

[433054] Э.(ЯР,0)-Р,0ек.- PI Q. E! PYM N*a). 

[433054] D . (qa). E 1 ММ: D F. Prop 


«33062. Е:кєРКМ.Їєк,.бєк.Э.8(1.,С1,8 


Dem. 
F.x330561.2F: Hp. P, Qekx. L2 P|Q. 2. Sj PEPIS. 
[«330:5] 2.8; Pi|QGP|Q|S:2t. Prop 


x330621. H: хе FM - A . Гек . СР Ск. qi P: 
Sex.2,. 8| PGPIS:2. d PLL 
Dem. 
F. x33011. DH: Hp. 0, Rex. L- Q| R.2: 
zPy.2 .(nuz) uo .zQy «Py. 


[43441] 2.41 R|P|Q. 
[433075] 2.4! P| R1Q. 
[43807561] 2.diP|QIR. 
[Hp] 2.41P|L:.2F. Prop 
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ж330622. +; Hp«330621.5. 4 17|P 


Dem. 
F.493011 472592 : Hp. Q Rex. L- QU R.2. PGQLP|Q. 
[+7259] 2.P|QGQ|P. 
[1330621] 2.310|РЇВ. 
[13305] 2.410|ВЇР. 
[Нр] D.4!L|P:DF. Prop 
#330623. H: ee FM. бек. Ler. MePotL.2.8|MGM|S 
Dem. 
F.43494 2 F: Hp. SL MG M|S.2.S| М LG M|S|L. 
[330.62] 2.S|M|LCM|L|S с) 


|. (1) . 33062 . Induct. D F . Prop 
ж330624. Е: ке FM — (А. Гек. >. Ane Рой 


Дет. 
|. x83306. Dt:Hp.d.qiL (1) 
|. «830622623. ОР:Нр.МеРо 2.Я!М.2.ч!М|1 (2) 


Е. (1). (2). Induct. D H :. Hp. 2: Me Pot'L. Oy. q! М:. DF . Prop 


#330625. Н: ке РМ. І, Mex,.QePot(L|M).Sex.d.8/QEQ|S 
Dem. 


F.x33062.2 -: Hp. 2. S] L] MG L| M|8 (1) 
Ь.ж84:84.2 

+: Нр.ВеРо 11 M).S|RGR|S.2.S|R|L|M C R|S|L|M 

(ал eR|L|M|S (2) 


+. (1). (2). Induct . >. Prop 


«330626. b: ee FM -iÀ . L, Merx. О.А ~ ePot(L|M) 
Dem. 


F.x330611. ЭР: Нр.Э. 11 а) 
F.4330:621625. DH: Hp. Qe Pot(L| М).410-2.41011. (3) 
F.«830625.  2HF:Hp.QePot(L| М). Sex.2.SIQILGQ|S|L 

[330-62] с0|1118 (3) 


F.(2).(3).4330621.2 H: Hp. Qe Pot'(L| М). 10.2.9102 М (4) 
Е. (1). (4). Induct. D F . Prop 
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#330627. Е:ке FM «А.І, Мєх,.РеРоиМ.Э.1Р|Ї-211ДР 
Dem. 


Е. #330611. Db:Hp.d. qi M|L.qiL|M а) 
F 4930623 . 2+: Hp.8ex.2.8| PLLGP|S|L. 

[x330-62] 2.S|P|LGP|L|S (2) 
F.(2).x890622. 2H:Hp.g!P|L.2.d 1 M|P|L (3) 
F. (1). (3). Induct. Db: Hp. 2. EP] L (4) 
|. (2). 880-621. DH:Hp.g!L|P.D.4!L|P,M (5) 
F.(1). (5). Induct. 2 F : Hp. 2.1! L| P (6) 


+. (4). (6). DF. Prop 
x33063. Е:кеРМ. L, Me, Е! L'a E!L Ms.. ІМ = МЧ 
Dem. 
F.«33056.2F: Hp.Q, 8,5, Тек. L-Q|R. M-S|T.2. 
URS Te = SR Te 
[4930-5] = фен 
[4330:56. Hp] = STQ R's: D+. Prop 
ж330'64. :.кЕЁМ.1,Меєк,.Э: 
El Le. Е! Ме. =. Et М.Е! Ма [x33063] 
ж380'641. Н:. ке РМ. Г, Mex E! Га. EY M'g.2: 
E! Ме. =. Е Ме. =. ММ = Мир [43806364] 
ж830:642, Е: ке РМ -ииА. L, Mew. 2. (дт). E! L'a. Et “М 
Dem. 
F.x33021.2 
к:Нр.2.(9Р,9,А, 5,2). P,Q, RE, Sex. Lo P|Q. M Ё(8.Е!Р Ёс. 
[43305354] D . (ЯР, Q, R, 8,2). P,Q, R, Sex. L2 P|Q. M - R|S. 
E! Реда .Е! PQR Sa: DF. Prop 
4330643. F: xe FM. Рек. Гек. Ер, 2. Рс = [Рф [x330565] 


433065. tice FM.Q,R,S, Тек. RQ = 180.0. Та = Вия 
Dem, 
.X/224.2 F: Hp. 2 . фа = RTS 
[#38056] = 8. 
[72-94] 2. TQ = RSs: D F. Prop 
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933066. H: xeFM.Q, В, 9, Тек. Et Вет. Е! T5852. 2: 
Еде - TS .=. 70 = Вх 


Дет. 
+. #33056. D H: Hp. 102 = R'S*z . 2 . TR до = RRS a 
[+72941] = Se. 
[x72241] 2. = = Тебе а) 


+. (1) *830°65. D+. Prop 


x8307. bree РМ. P,Qex.peNCind — v0. Е! Q(P|Qy-Pr.2. 
QP | Qe Pia = (P| дуу 


Dem. 
|. *830°56 . ж801'2.2 


F:Hp.E1Q(P| QU Ра. >. Q(P | Q Pro = (P| оу а) 
F. x33056 . ж30191.2 
Hi Hp: Et Q(P|Qy- Ре. Ds. QP | Q1 Pt = (P| ба: 
E1QP|Qy Фа. ӨР ду Pn = (P QQ Pa 
[4330:56.4301:21] -(PiQw*ug (2) 
F.(1).(2). Induct. D F. Prop 
933071, Fixe FM. P,Qex.peNCind —v0. Et Ps. 2. Et (P| Qype 
Dem. 
|. 330-54. ЭЕ: Hp. E! Pe. 2. Et (P| aye а) 
F.x390121.2 Fi Нр: Et Pee. Э„.Е!(Р|0унш:Э. 
Et Prete. 2. (Рош. 

[5330-59] D.E! QP Q Бе. 

[038077] 2. Е! (БР! бума (2) 

Е. (1). (2). Induct. ЭР. Prop 


#330711. К: ке РМ. Q Рок. 2. Q*Q = “к 
Dem. 
F.«33052.2 F: Hp. Pex. D.P = Ак (1) 
|. 37322.52 
+: Нр. Рек. QePot P. Ч = «ачк. 2 .(Q| P) = ачк (2) 
Е. (1). (2). Induct. DH. Prop 
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#83072. bike FM — 94 .1,Мєк,. p, v e МОладась,Э.ц 14 Lea “Ме 
Dem. 
F.«38071123.2 
H: Hp. P, Rex. D. (ца). Е! Ra. Rae Р”. 


[1330752] 2. (на). Et Р" Ёс (1) 
F 4330:57 ЭР: Hp (1) e — P” Ra. D.E! Pte. Et Reta (2) 
F.(2).x38071.2 

F:Hp(2.Q Sex.L- P|Q. M- R| 8.2. Ela. E! Ме. 
[13343] 2.26 в “ие (3) 


+. (1). (3). F. Prop 


We have “ NC induct” in the above proposition, n.' * NC ind,” because 
it is necessary to have Е! Le. Е! Ме, and by «301-16 this may fail if either 
рога is null in the type of L and M. The existence of a family does not 
imply the axiom of infinity, since the family may be cyclic. 


983013. Fixe РМ. P,Qex.peNCind Et (P|Qyz.2. 
(|у = Р фе 


Dem. 

F.433056. D+: Hp. Et Py. D. Q Р у= Pay (1) 
Е.(1)-ЭЕ:Нр.ОФе-эиг- Ps. Б! Беу 2.0 Prym Pb 
[Hp] = РР 
[*301-98] з-Рифу (2) 
F.(1). (2). Induct. ЭЕ: Hp. El му. D. Q Pery = РиОбу (3) 


H. 430123, ЭР: Hp. (P| Qa o Pages, Et (P|Qy*5.2. 
(B фунт = PQ Panga 
[(3)] = P Peg Qw 
[301-23] = Peel (4) 
Б. (4). Induct. ЭР. Prop 


#331. CONNECTED FAMILIES. 


Summary of «331. 


А “connected point" of a family к is a point of the field of к from which 
every member of the field can be reached by a member of « or the converse 
ofa member. That is, if а is a connected point, we are to have 


zesde. D. (JR). Rex.z(Ro уа 
as well as a e “к. This amounts to saying that every member of “к 


is of the form R‘a or Rea, where Rex. The definition is 


> < 
x33101. сопх'к = Як ай( сауса = sx) Df 
Here we include the factor s*(I**« in the definition, in order to exclude 
the case when к= “А, If Як were not included, we should have 
eonx't*À = V, whereas with:the above definition conx‘t‘A = A. 


In the case of any other family, the factor s*(I**« makes no difference, 
since if s*(I**« exists, 
> < 
ela ка = se. D n ae Сек, 
and if к is a family, Ок = Пк. But in the case of (А, the factor 
з“ к insures that no connected point exists, thus securing, conversely, that 
a family which has a connected point is not А. This is convenient, since 


the case of "А, which is trivial, would often otherwise have to be explicitly 
excluded, 


The definition would be more analogous to the definition of a connected 
relation in *202 if we put 
— 
vonx*x = “к n G (коза о 8 куам ва = Пк) Df. 
But this definition fails to give us the information that there is a member 
of « which relates a to itself, whereas our definition does give this informa- 


tion, and hence leads to the proof that I [ 8“19к в к, ùe. that there is a zero 
vector. 


We say that a family “is connected” when it has at least one connected 
point, 4.6, we put 


x33102. FM conx = FM о (9 1 сопх‘к) Df 
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When all points of the field are connected points, the family “has con- 
nexity" (cf. 33427), provided «+ “А. For the present, we only assume 
tbat at least one of the points of the field is a connected point. To 
take an illustration: the family whose members are of the form 
Cx, #) E (NC induct — (50), where ше NC induct — +0, has only опе con- 
aected point, namely 1. If we had taken positive and negative integers, 
both as multipliers and as constituting the field, we should have had two 
connected points, namely 1 aud — 1. 

Almost all our future propositions on vector-families will be confined to 
connected families. In the present number, we prove first that in a connected 
family к, the vector which relates a connected point to itself also relates any 
other member of the field to itself (*331°2), whence it follows that 7 [з 
is a member of к (x88122), and that every other member of к is wholly 
contained in diversity (#33123), and that км Cnv“« Ск, (x331:24). We 
next prove that the product of two members of « is a member of « or of 
Опу“к (x83133). We then proceed to consider x. and prove at once the 
two fundamental properties of «, in a connected family, namely (1) that 
between any two members of s(I‘‘« there is a relation which is a member 
of к, (ж881:4), and (2) that two members of ж, whose logical product exists 
are identical (ж981:42). From these two propositions it follows that there is 
just one member of ж, which relates any two members of 8“Т“к (ж881:48), 
Finally we prove that any power of a member of к is a member of x v Сау“ 
(#33154), and that any power of a member of к, is contained in some member 
of к, (*331-56). 

Stated symbolically, the above propositions are as follows : 


888192.  FukeFM.acconx'k.oesT*k. Rex.2: Ва= о. =. Ез = 0 
#33122, Б: кє РМ сопх.2.Г| “кек 

33123, Р: кеРМсорх.2.кСЕ v ВУ 

883124 Б: кєеРИсопх. 2. ко ОпучкСк, 

*33133. Б: кє РМ сопх.2. sta ie C e u Cavite 

Ж3314. b:xeFMconx.2, yes. D. (JL). Ler. o= Ly 

4831-42. Р:.кеҒМсопх. Г, Мек, . 2:91 ГАМ.=.1= М 

*33148. +: кє РМ conx. 2, ув “С“к.Э2 „Й (Меєк,.2Му)є 1 

#83104. Е:хе РМ сопх . Рек.2.РомР Ско Опучк 

ж331-56. H:xeFM conx. Lex.. MePot'L.2.(qN). Мек. MEN 


> e 
#331-01. conx*« -s'G** a @ (86ка о ea = в “к) Df 


#33102. PM conx = FM n & (Ч 1 conx'«) Df 
24 
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> e 
93311.  F:aeconxíe.z.a e s'C**y , бка о s ea=s Ade [(x38101)} 
«83111. H:.aeconxíe.2:ae8sf(I*eizesTe Dz. (ЯЕ). Ren. c (Ro Е) а 
[*381-1] 
488112. F:g!conx'&«.2.« 4 А |9311) 
> < 
#83113. Ес. ке Clex‘cr'a.D:aeconxe. =. xF ИА. сам ба = к 
Рет. 
> c > € 
+. #5324. Db: Нр.к КА. кач ка = Ue. О. самса. 
[330-13] 2.a es а) 
К. (1). 4331-112... Prop 
#931181. Баг ее Clex‘erfa. D ::aeconx'e тік UÀ izes Ak. Dz. 
(qR).Rex.a(RwR)a [#33713] 
> 
438114. b: X =ко Спуйх . Э:авесопхи к. E . a es “ОЧ к. Эд Ик 
[x88311] 


*3312. —[:. ке РМ .аесопх“к. xes “к. Век. 2: Ва=а.=.Вт=х 
Бет. 


+.ж33111. — ЭРВ:Нр.Э.(д8).8єк. (89) а) 
Һ.ж8805. ЭН: Hp.Sex.2=Sa.Ra=a.).Re=SRa 
[Hp] = 84 

[Hp] =s (2) 
F.488056. ЭБ: Нр. бек. = 5а. Ва =а.2. Ве = 5а 
[Hp] за 

[Hp] те (8) 
+. (1). (9). (8). Эн: Hp.2: Ras a.2. Вена (4) 
Similarly F:Hp.2: Rz-2z.2.R'a—-a (5) 
|. (4). (5). D F. Prop 


433121. |:. ке РМ. аесорх“к. Век.2: Ва=а.=.Г “к = В 
Dem. 
Е. ж3312. DF: Hp.R'a-a.2.IpsGUs— R (1) 
+. *3311. ЭН: Нр. 5“ к = R.D. Rasa (2) 
Е. (1). (2). D H. Prop 
Ж88122. +: ке РМ соох. D. IY С “кек 
Dem. 
Б. ж88111.2 F: Hp.acconx'k. 2. (ЯВ). Век. Ва = а (1) 
|. (1).ж*88191.Э F . Prop 
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ж331:23. Р: кє ЕМ соох. O. k CRIT v RIJ 
Dem. 


r.«8381221.2 FE: Hp. Rex. p RAT.O. RGI:2F.Prop 
#33124. F:kePMconz.D2.xkv Спу к Ск, (988042. *331-22] 
*83125. ҺікеРМсопх-1.2.ң!жа RI'J. [ж881°92°98] 

#33126. Е: ке FM соох —1.2 . к, S e, e» € x, 


Dem. 

F.«8312225.2 F: Hp. 2. (qa, В, 5,2). Е, Sex.aRa.a8z.ada. 
[*71172.44111] 2.6 c1—1. 

[4831-24] Э.ёк,сәе1->›1 


=. (1). (2). 330-52 . D H. Prop 
883131. |:.кеЁМ. а есоох“к , ses 1“к.Рек.Мек.Ә: 


868 


а) 
@) 


РчЧа,- Ма. =. Ра = № 


Dem. 
F. 88111. ж3304.2 


H: Hp. D. (JQ, В,8).0, Е, 5ек.2(00 Qa. = (8 
F.x3305.2 


Е: Hp. 0, А, Sex.z o фа. N - R|S. Pra = М.Э. Ра = 0: Еа 


[2330-56] = Ёф‹8'а 
[*33055] 25 ка 
[Hp] =Me 
F.«83056.2 

F:Hp.Q, В, Sex.2—Q'a. N - R|S. Ра = N'a.2. Ра = Еа 
[43305] = R'Q'S'a 
(483056. Hp] = RSQa 
[Hp] cu 

+. (1). (2). (8). Dk: Hp. Prae N'a.D . Рк = Nx 

Similarly Е: Hp. Рек = N'z.2.P'a- N'a 


F.(4).(5). DF. Prop 


*33132. b:.<e PM сопх. Рек. Мек,. 2:91 PAN. 
Dem. 

F.«33131.2 FE :: Hp. а econx'e .2 :. 2, yes'(T*k 2: 
Рк = Me.=.Pa=Na.2.Py=NY 

Е. (1). (483102) .D F :- Нр. Dia, ує “к. Рс = N'z.2. Ру= №: 

[ж38-45.ж72:94] Э:я!РАХ.Э.Р-У 

F.x83112.493016.2 F: Hp. Э:Р-К.Э.Д1РАК 

|. (2). (8). DF. Prop 


„Р=М 


ul 


Q) 


(2) 


(3) 
(4) 
(5) 


(1) 


(2) 
(3) 
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#331321. F :. ке РМ conx. P,Qex-IiqGiPaAQ.=.P=Q [48813224] 
#33133, bine FMconx.3. кк Ско Спү“к 

Dem. 


-t.X33111.2 EF :. Нр.2: (qa): P, Qer. Dro: (IR). (Рф) (Ro а (1) 
К. ж330.5.2 
к: Hp. P,Q, Век. Ра = Ва. 8 ек. у= S'a.2. P'Q'y = 9 Ра 


[Hp] = 8' Ва 

| ж330:5.Нр1 = Ry (2) 
Е.ж330:56.2 

F: Hp. P,Q, Rex. Ра = R'a. бек. у= а. D. PQY = Ра 

[Hp] = Бра 

[2330-56 Hp] = Ву (3) 
+, (2). (3). 433111 ЭР: Hp. P,Q, Век. PQa=Ra.d.P|Q=R (4) 
Similarly Е: Нр. P,Q, Век. РФа- Ка.Э.Р|0-8 (5) 
+. (1). (4). (5).2 


ti Нр.Р,фек. 2: (В): Век: P|Qe R.v. P|Qo Rx. Dt. Prop 
ж3314. —Р:кеРМ conz. s, уе к. D. (Г). Lex. = Ly 

Dem. 
F.*983111.2 F: Hp. 2. (да, E, S). Е, Sex.z(Ro R)a.y(So S)a (1) 
Е. x83056 .D H: Нр. Е, Sek.z— Вей. у= Sa3.2.2— S R'y. 


[*380-4] Э.(я1).,Їїєк, w= Ly (2) 
F.x331:24:83.2 

F:Hp. В, Sex. = Ва.у= Sa.2. В | Sen. (R|S)Sy (3) 
F.«331:24:33. D 

Е: Hp. E, Sex. 2 R'a.y o S5a.2. | 5ек.2= (|) (4) 
|. #8804. 

Е: Hp. R,Sex.z— Rta.y - B5a.2. R| Se, (|8) (5) 


К. (1). (2). (3). (4) (5). DF. Prop 

x33141. Р:ке FM conx. 2. èx, = (se) 1 (ax) [ж331-4] 

«33142. Һ:.ке РМ conx. L,Mexn.3:q!LaAM.s.L=M 
Dem, 


F.43306.433112.2 E: Hp. L2 M.D dq! LAM (1) 
Һ.ж9914.2 
Б:Нр.Га-Ма.Е!15у.2.(ЯМ).Мек,.Уж-у.Е!1у. 
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[#330°63] 2.089). Nex. Noo y Му= Ма 
[Hp] = № Ме 
[4330763] = М 
|н18121 3.L'y- Му (2) 
Similarly | F:Hp.Z'zz Mz. E! M*y.2.Lfy— Му (3) 
Е. (2). (3). «7135.2 F: Hp. dp LA М.2.1= М (4) 
F.(1).(4). DF. Prop 


x331:43. Fixe FM conx . 2, y e O“. D. Й(М ew, My) e1 
Dem. 
Е. ж331-4. Db: Hp.d.(qM).(Mex,.2My) а) 
F.«33142. DF: Hp. L, Mex, . zMy.zLy. 2. L5 M (2) 
F.(1). (2). ЭР. Prop 
#33144. b:.ceFMconx.P,Qex.I:G!PAQ.=.P=Q [x3314224] 
883145. FikeFMconx. Г, M,N ex,.2: 


g'L|MAN.z.L|M-N[IGI«|M) 
Dem. 


F.x830611.2 F: Hp. L| M2 N IZ] M).D jg! L] МАК а) 
+.#33063. ЭР: Нр. Мх = Мо EYL'M*y. Xen. y=Xa.d. 
ІМ = LEM E! L'M'z. E! LXM. E! Xe. 


ж330:68 D. LiMy = XL Me E! X's. 
y 
[Hp] 2.LMf*y = Ха. Е! Хе. 
[x330:63] D. L'My = NX 
[Hp] =Ny (2) 


F.(2).4381:4.2 F: Hp. Ме = N'z. ye (L| М). 2.1Му= Ку (8) 
F.(1).(3). D F. Prop 
ж39146. +:. Hpx33145. 2: M| L2 ПГАаҳ(М |1). =. L| M2 NFG*(L|M) 
Dem. 
F.x83064263. DH: Hp. L| M- NT G'(L| M).2 . (qo) . Мия М. 
[*331:45] 5.M|L-N[G«M|L) (1) 
Similarly к: Нр. М |= NEG MID). 2. L|M- NFGO«L|M) (2) 
Е. (1). (2). 2 F. Prop 
#33147. Fixe FM соох, Г, Mex,.2.(qN). Nee. LjMC N. MILGN 
[*331-46-45-4] 
938148. bine FM. Гек. 4! солу ка L.D. Lexu Спу“к 
Dem. 
=. ж33041 „От, Hp. aeconx'e a CL.21 L, Дек: EtLra v E! Га: 
[433111] 2:1, Les : (4R): Векә Cave: Гла = Ra.v. Dra R'a: 
[43312442] 2: (SR): Rex у Cove: Г R.v Lo Ri. Dt. Prop 
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83315. tice FMconx. Рек. Len. 2.L|P,P|Len, 


Dem. 
F.x33133.2 
F:Hp.Q Rex. L=Q|R.>.(qS).SexvCnv“e.L|P=9/8 — (2) 
к.ж3904.2Ғ: Hp (1). Sex. L| P- Q|S.2. L|Pex, (2) 
F.«342.2 
H: Нр(1). SeCnv«. L| P 2 QJ8.2. (3T). Тек. L| Po Cov(T| Q). 
[x83133] Э.Ї1РєкмСпу“к. 
[ж331'24] Э.1,/Рек, (8) 


+. (1). (2) (8). ж33041. D F. Prop 
#33151. Е:кєРМсопх, Pex. D. Pot*P Cx, [*331:5 . Induct] 
888152. Fixe FMconx.P,Qex.Lex,.2. P|L|Qex, [38155] 


88163. Fixe FMconx. P, Чек. p, o eNCinduct. Э. Pe |Q ex, 
[4331.5 . Induct . «831751 . 330-43] 


x33154. F:xeFM conx. Pex,2.Pot*P Ско Спу“к 


Dem. 
F.x330711.2F : Hp.aeconx'c. Qe Pot*P , DO. E! Qa. 
[133111] Э.(ЯТ).Тєкм Cnv'*« . а = Та. 
|18881:51:42:24) Э.ОскмСпу“к: ЭР. Prop 


4881:56, F:ixeFMconx. Р, Оек, .peNCinduct. Э. 
(P[Q»GPe|Qe. PejQrex, [x33073 . 33153] 
*33156. FikeFMconx.Lek,. Ме Рок. Э. (№). New. MEN 
[331-55 . 33074] 


4332. ON THE REPRESENTATIVE OF A RELATION IN A FAMILY. 


Summary of «332. 


We saw at the end of the last number (ж881:56) that any power of а 
member of к, is contained in a member of x. When a relation is contained 
in а member of кү, we call this member the * representative" of the relation 
in the family. For purposes connected with the application of ratio, the 
“representative” is an important function of a relation, especially when the 
relation concerned is a power of a member of x.. By the definition of ratio 
(ж308:01), we shall have L(p/c) M if Ù! L" ^ М? and p Prm о. Now if № 
and МР each have a representative, then they must have the sume representative 
14145 A М? (by 33142). Hence we are enabled to substitute an equality 
for tp! Le А Me in dealing with ratios of members of «, The elementary 
properties of representatives are dealt with in the present number. 

We denote the representative of P in the family к by “тер, P." In order 
to insure E ! rep,*P under all circumstances, we do not define rep,‘P as the 
only member of «, which contains P, but as the logical sum of the class of 
members of к, which contain Р, t.e. we put 


= 
*33201. rep.P = in GP) Df 


In a connected family, if P is not null, к, „Єр cannot have more than 
one member (ж332'21), and therefore the representative of Р, if it is not null, 
must be a member of к, (#382'22). If Р is a member of «,, it is its own 
representative (ж882:241). 

We prove in this number that, if Р, Q, R,... have existent representatives, 
the representative of their relative product (unless this product is null) is 
the representative of the relative product of their representatives (ж382:87). 
Among other important propositions in this number are the following : 


#33232. Е:ке РМ conx. L, M ex.. D .rep,'(L| M) = rep, {M| L) 
833251. Е:ке FM conr. P, Оек. D. rep Р(0)-01Р 


#88208, Fixe РМ conx . P,Q ex pe NC induct . D . гор. (Р|Оу = P| 9 
*33261. Р: кє FM coux . Lex, . 2. гер, “Рон C к, 


868 QUANTITY [PART v1 
*3328. F:xkeFMconx. Г, Мек, . £eNCind.2. 
гер, | МУ! = rep, (L* | МӘ 


x33281. Н: ке ҒИ conx.v,ceNCind - 0. Lex,.2. 
rep, Lre = rep, тер, Ly 


433201. rep. P = {кп ЄР) Df 
< 
#3321. Н. rep P = s(n. СР) = 29 (q2). Ler. PCL. aly} 
[0к332:01)] 
38211. Е: й! гер«Р.2.РСтгер‹«Р [#8821] 
*33212. big итериР. 2. НЕ (a CP) [ж3391] 
#33213. Б. rep À = sx, [*382:1] 
x33214 HF:PGQ.2.rep'QGrep'P [ж3821] 
x33215. |. rep, P = Cnv‘rep,‘P 
Den. 
ey < 
F.«33041.2 F. к,п СР = Cny' (к, п СЕР) (1) 
Е. (1). *332'1 . D F. Prop 
«33216. F:xk—UÀ.2.rep/P — À [3321] 
<- 
43322. К:кЕЁМ—Чч‹А.Э:х!(к,^ ©‹Ру.=.ц!тер„“Р 
Dem. 
c c 

F.«3306.2F: Нр.д! (к^ GP).D.up!(e n ФР)-иИА. 

[33271] Э.Дїгер Р (1) 

F.(1).433212. 2 F . Prop 

үзэ 

*38221. +: кєРМ сох.Я!Р.2. (ко С“Р)с0м1 


Dem. 
Е. «83142. DFH: Hp. L Me. POEL.PGM.2.L—M:2F. Prop 


x38222. b: ке РМ conx. я! P.D: rep P ex. y . rep P= А. 
Dem. 
< 
t.x3322112.2 F: Hp. ў! rep,/P . 2 (к, ^ СР) е1. 
[3321] 2.rep,/P ex, :2* . Prop 
< 
x332283. F: ке РМ сопх. р! Р.Э:тер Рек... =. (an СР) 
Dem. 
< 
|. ж382'92'9. D k : Нр. rep P оек, . D. (к, n СР) - A (1) 
F.x3306. ЭР: Нр.тер.Рєк,. 2.9 ! гер«Р. 
< 
[1332.2] 2.1! (. n GP) (2) 
F.(1).(2). DF. Prop 
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«332231. F:. кхе FM conx – 1.2 : гер Pern. =. 11 Р. (во ЄР) 
Рет. 
F.«33126 D+ :. Нр. D irep,/P e, . D .тер„“Р + ёк,. 
[33213] Э.РФА 0) 
Е. (1) «#33223 . D F. Prop 


#332232: + :. x e FM conx —1 . D: rep Рек. z 1 P. !rep Р 


[*332-981-9] 
#33224. | :. ке FM сопх. Р.Э: Lefen ЄР). =. Erep,P rep. P= L 
Дет. 
F.x332211. эк. Нр.2: Leen  Р.Э.гереР-1. (1) 
F.43322. ^ Db. Hp. D: Lee nG@P.d. qt repP (8) 
F. x33222. Dt: Hp.D:ġ!rep P.D. rep Pex: 
[*1312] 2: Я тер, Р.төр,Р-Ї1..Э.Тєк, (8) 


+. (3). 438241 ЭЕ: Hp. D: lrep Prep P=L.D. Lelen CP) (4) 
Е. (1). (2). (4). DF. Prop 


4932241. +: ke РМ conx . Pe, 2. P = rep P 


Dem. 
F.433224.2 F Нр. й: Р.О: Рек o б‹Р.=.!тер“Р.тер“Р= P: 
[Hp] Э:гер“Р=Р (1) 
Ь.ж880:6. ЭК: Нр. оя! Р.2.к= А. 
[*332-13] Э.терР-А (2) 
Е. (1). (2). DF. Prop 


4332-242. Е: ke FM conx Ч! Р.Я trep,/P . D rep, P = rep,'rep,P 
Dem. 
F.4«33222. D F: Hp. 2. rep.P e (1) 


Е. (1) #332241 . D F . Prop 
*332243. H: кє FM conx. я! Р. PG I| “к. О. rep, P = Грак 
[483224 . 33043] 


*332244. -:. ке FM conx — 1.2: 
g!P.PCI[DsgC*,z.repP-I[sIC*te 


Dem. 
Е. #83126 438043 DH i Hp. 2:8, E I Oe: 
[«332:13] 2:тер«Р= Ifsa. AP (1) 
F.x33211. Dkn Hp. D:rep Р- Ips'*x.2. PCI d“ (2) 


К. (1). (2). #332243 . D H. Prop 


R.&W, 1. 
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#33225. F:keFMconx. dp 1 Р.я! гер«@. PG Q.O2 . rep, P = rep,'Q 


Dem. 
F.x93211.2 +: Hp. 2. P G rep,'Q а) 


F. 33222. D F: Hp. D. rep, Qer (2) 
F.(1).(2). 33224. D F. Prop 
4332-26. +: кє FMconx.q!PAQ.q!rep.<P.qirep,.Q.. 
rep, P = гер, =rep,(P AQ) (ж882:25| 
x33227. H:«eFM conx. 91Р. ў!тер 0.910 А гер.“Р.2.тер.Р = rep.‘Q 


Dem. 
F.x33211. 2F : Hp. 2. QG rep. 


[Hp] D.q їтөр Р Агер, (1) 
F. #33222. D F : Hp. D . rep, D, гер, єк, (2) 
+. (1). (2). «83142 . D +. Prop 
«38231. Н:ке РМ conx. Г, Mex,.D.rep, (L| Men, 
[4330611 . x331-47-12 . «332:23] 
#33232. Һ:ке ҒИ conx. L, M ex. D. rep. KL | М)-гер,«М | L) 
[*330°611 . «331-4712 . ж832:241 
#33233, +: кє FM сопх. гер “Р, гер.Фек,."! PIQ. D. rep.(P|Q) 
= rep,'f(rep." P) | (rep. Q)] = rep. "((rep. P) | Q} = төр, {Р | rep.'Q] 


Dem. 
F.x3306 .X33L12. DH: Hp. 2. я! rep, Р.Я ! rep, 0. 
[*332-11] Э.Р Grep,'P.QGrep,'Q. (1) 
[Hp] 2.81 P|rep.'Q (2) 


F. 330-6 .ж332:31 .(1).2 
F: Hp. D. P |rep.fQ © гер, Р | гер, 0.71! rep.'[rep,*P | rep.'Q) . 
[(2»k882:25] 

>. rep, (P | rep,'Q) = rep,'(rep. P | rep.*Q] . Я Prep. P гер, 0) (3) 


Similarly К: Hp . 2 . rep,{(rep,‘P) | Q} = rep.'((rep, P) | (rep.*Q)] (4) 
F.0).2 F:Hp. 2. P|QG P |rep./Q. 
[Hp.(3).X83225] 2 . rep. (P | Q) = rep, P | rep,*Q) (6) 


К. (8). (4). (5). DF. Prop 
#33234, F:Hp«33233.2.rep,(P|Q)ex, (x3323133] 
#33235. t:ikeFMconx. Г, М, Мек..2. 
rep, (Lj М | №) = тер, | rep, (M | N)] = rep, хер, (| M) | №] 
[4830613 . ж332:31-881 
«33236. HF:Hp«33235.2.rep.L| M|N)ex,. [3323531] 
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«93237. Fixe FM conx . rep,‘P, rep,‘Q, тер В ex, . H! P]Q| Ё.Э. 


rep, (P | Q| R) 


= rep.*(rep, P | rep,*Q | rep, E] 
= rep, (rep, P | rep," R | ep,'Q] 
= rep,'[rep,'Q | rep, E | rep. P] 


Dem. 
F.«33233.2 
К: Нр.Э.хер,ЧР|0| В) = гер.тер“Р | rep,(Q | В)) 
[«332:33] = rep,'([rep, P |тер,(гер,% |тер В) (1) 
[*332'35] = rep, (rep, P | rep,“Q | тер, R] (2) 


Е. (1).4332:32 .5 


+: Hp. 2. rep, (P |Q| E) = гер,<гер,Р | тер, (тер, E | rep.*Q)) 
[x33235] = төр, ‘{rep,‘P | тер,“ тер) (8) 


Һ.(1).ж832:38:32. D 


+: Нр.ӘО.гер,(Р|0|Ву-гер, сер( (тер, 0 | rep, БО | rep. P] 
[x332:35] = тер, (rep, Q | rep, E | rep, P] (4) 


|. (2). (3). (4). D F. Prop 


483241. H:xeFM conx. Г, M,Nex,.2: 


Dem. 


rep, (L| M) rep {L| N).=.M=N 


|. 3434. 2 F : Hp. rep, (| M)=rep (L| N).2. 
L|rep.(L | M) = Г rep,(L|N). 


[*332:35] 


rep, (L| L| M)=rep (L| L; N). 


2, 
[*380°81] Э.гер,“М = гер М . 
э. 


[x332:241] 


M-N:2F.Prop 


x832411. H :. ке РМ conx. L, M, Nex,.D:rep,(M|L)=rep,(N|L).=.M=N 


[43823241] 


833242. bike FM conx. І, M ex,. 2 . Cav'rep, (L| M) = тер. (L| М) 


(ж882:89:15| 


ж332:13. F:.xkeFMconx.L, М. Nex,.2: 


N 2 rep, (L| M). 


Le rep, (ÀM |М). 
. M rep, (L| №) 


It 
Du 


.L 2 rep (N | M). 
„М = rep, (N | D). 


Ш 
Ш 


Рет. 
К. 382-35 . #33041 . D 
Е: Hp. N=rep(L| M). 2 rep (Б| M1 М) = rep,(N | M). 
(8380:311 Э.гер, = тер, (А М). 
[332-241] 3.L-rep,(N(M). а) 
[4332:32.483041] >. L-rep, (M IN) (2) 


H. (1). #33041. D+: Нр. Lo rep (N| M). 2. X — rep, (L| M). (3) 


H. (1). (2). (3). DF. Prop 
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«33244. bi.ceFMconx. Г, M,N ex.. :тер.(Ё|М)=М№.=.[|МЕМ 
[43306 . #3322431] 
838245. Hi Нрж33244.2 rep, (L| М)- М. =. rep. (L| M| №) = аак 
Dem. 
Е #33235. DH: Нр.Эггер,(2| M) e N .2 rep, (L| M | №) = тер. ЧМ | М) 
[4332:24.4330:91] -Пеаче (1) 
L.433295 ЭР: Hp. D:rep (L| M| М) = I 91.2. 
rep,‘[{repe(L| M)] | ¥ 1= 1 к. 
[#3323143] Э.тер„(Б} M) = rop N 
(8832:2411 =N (2) 
+. (1). (2). 2 F. Prop 


#33246. Fi ке FMconx. І, Мек. Э: ИСІ. =. L=M 


Dem. 
F . 83043611 .4332:243.2 


t:Hp.L|MGI.D. rep (L| M) - Ip eG, 
[4332:43.493043] 2 . L = гор М 
[4332241.438041] =Й а) 


F.«71191.2 : Hp. L- M.2. L| MGI (2) 
F.(1).(2).2F. Prop 


883251. tice FMconx. Р, єк. Э.тер,(Р|0)-0|Р 
Dem. 
|. 4381-24, 39232 2 F : Hp. 2 rep.(P| Q) = rep, (Q| P) 
[332241] -QIP:2t.Prop 


x33262. Fixe FM conx. P,Q, Н, Sex. rep, (P| Q| R| S) - QIS] P|R 
Dem. 
F 880-618 433112124. 2 F : Hp. 2 jp (PL Q) (R| 8). 


[#3323351] >. repe(P|Q|B|S)=rep,(Q|P|S|R) (1) 
F.x830561611.2 F:Hp.Ó.Q|P|S|RCQIS! P| R. 4 1Q]P]S]R. © 
F.x33152. — ЭН:Нр.2.019Р| Rex (3) 


+. (1). (2). (8) . #33224 . DF. Prop 
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*332:53. Fixe FM conx. P,Q ex. p e NCinduct . D .rep.(P| Qy = È |Q 
Dem. 


Е. #330624 . D H : Hp. D. 4 (P|QY а) 
H. 38073. ЭР:Нр.2.(Р2|0У6Р|Ф @) 
Е. x33153. Эн: Нр.Э.Ре| фек, (3) 


Е. (1). (2) (3). #33224 , 2 H . Prop 


833261. +: ке FM conx. Lex. 2 . rep, 'Potid'Z C к, 


Dem. 

E . 332243 . 433048, D F : Hp. 2 . rep, (I P C*D) e к. d) 
+. #33231. DF: Hp. Me Pot'L. тер. М e«, D . rep [L] гер« М} єк, (2) 
F «330624. "ЭЕ: Нр. MePotfL. 2.4 1L|M (3) 
F.(2).(3).433233. D F: Hp (2). D . rep, (L| M) e x. (4) 


|. (1). (4). Induct. D F . Prop 


x33262. Г:кеРМ conx. А ~e Pot‘ P i тер, Р.Э. 
гер, “РоР C rep,“‘Pot‘rep,‘P 


Dem. 

F.x332:244 . 2+: Hp. D . rep, “Р = rep, rep, P (1) 
F.«33222. DF:Hp.D. rep Pen (8) 
Һ.(2).ж33961.2 

F: Нр.ОсРоМР.гер, Оегер, “РоМтер, “Р. Э.гер, 0 ек, (8) 
Б.ЖО186, ОР: Нр.деРоеР.Э.Я!Р|0 (9) 
+. (2) . (8). (4) 433288 .2 F : Hp (3) .2 . rep,(P [Q) = rep,'(rep. | тер 0) 
[Hp.x91:36] 2.rep,(P|Q)erep,'"Pottrep,*P (5) 


Е. (1). (5). Induct. ЭР. Prop 


*33263. +: Hp «33262 . 2. rep," Pot*P C x, 


Dem. 
F.«83222, ЭЕ: Hp. D. гер.“Р e K. а) 


+. (1) #3396261.Э H. Prop 


x33264. Біке FM conx тер, Pot*P C к, . >. rop, “Ро РС тер, “РоМтер, “Р 
Den. 

F.«331:26 «33213, 2 F : Hp. &e1. 2. À e e Pot P (1) 

F.«3306.«33112. 2F:Hp.2. А ~ erop, Pot! P (2) 

F. (1). (2) - 483262 . DF : Hp. kee1.2 . rep,'Pot*P C rep,''Pot'rep,'P (3) 

F «3830-45 . 4331-22. Db: Нр.кєе1.2. m T P arro) m к (4) 
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К.(2).(4). *#88212.3+:Hp(4).3.P GI fsx. (5) 
[*832:243:13.(4)] Э-.тер,“Р= Гк (6) 
F.(5).«3013. D+: Hp(4).2.PotfP - Р. 

[(6).k332:241] 2. rep, "Pot*P = ‘rep, тер, “Р (7) 
F.(8).(7). DF. Prop 


433265. b:A we Pot*P я! rep, ФР.Э.РомРС s*RI*Pot/rep, P 

Dem. 
F.«33211. 2 F : Hp. 2. PG rep,'P (1) 
F.(1)..2F:Hp.QePotfP. RePottrep"P.QG R.2.Q| PG R|rep,*P (2) 
+. (1). (2). Induct . 2+. Prop 


x33266. Е: !тер„“Р. Re Pot'rep,P. 2 .(qQ).QePot*P.QC R 
[Proof as in ж832:65| 


x33267. F:ke FM conx. А e Роб Р.М тере P.D. 
гер, “Роётер, “Р = rep, **Pot*P 


Dem. 
.«332242. ОР:Нр.Э.гер/тер«Р = rep,'P (1) 
.*889°66. Dt: Нр.2: Re Pottrep, (<P. d.qG!R|P (2) 
.Ж83292. Dt: Hp.D. rep Per, (3) 
4(3).ж882:61, 2 F :. Hp. 2: R ЕРоіФер“Р.Э.тер Век, (4) 


- (2). (8). (4). 433233. D 
:Hp.2: R ePot/rep,/P . D .rep,(rep,/E | rep‘ P) = rep, (R| rep P) (5) 
. #33233 . D H : Hp. R e Pot*rep, P . Q e Pot‘ P гер ‘R = rep ‘Q.D. 
тер, (Q | P) = тер, тер, E | тер, Р) 

[(5)]  rep,'( R | rep, P) (8) 
F.(6).2F: Hp. Re Potérep,/P . гер.“ erep,f*Pot'P . D. 

rep,(R|rep,*P)erep,''Pot*P (7) 
F.(D.(7T).Induct. 2F : Hp. 2. rep,“Pot‘rep,‘P C rep,"Pot*P (8 
F.(8).«932:62. D F . Prop 


qom ECCE Dm 


x33271. Е:к«ЕМ conx. Г, Мек, . 2. 
гер,“Ро(1| М) = rep,“Pot‘rep,(L| M) 
Рет, 
F 380-626. 2H:Hp.2. À ee Pot«L|M) а) 
F 433231. 43300 . D H: Hp. 2. Я I rep, (L| M) (2) 
К. (1). (2). #33267.Э К. Prop 
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ж33272. +: Hp #33271... rep,“Pot(L| M) Ск, [3332316171] 


x33273. b: «eFM conx. L, Мек,. >. Pot'(L| M)Cs‘Ri“Pot‘rep,(L |М) 
[x332:65:31 . «330:626] 


x33274. H:xeFM coox, Г, Мєк, . PePo M.D. 
тер, | P) = тер(Р| L) = хөр |хер,Р) 


Dem. 
|. ж380-627 ,ж982:01:83.2 
F:Hp.3.rep,“(L| P) = rep,‘ [L | тер, “| (1) 
[*332°6 1:32] = rep, ‘{rep,‘P | L) 
[x930627 «332:61:33] = rep,“(P | L) (3) 
F.(1). (2). DF. Prop 


x332756. FiHp«33274.2. dp t rep, (L| Р) [#332746131 . +3306] 


«3328. Б: ке РМ conx. Г, Мек.. £eNCind.2. 
rep,'(L | М) = rep, (L| М9 


Dem. 
F.x332243.2 
Е: Нр.Ё=0.2. rep (L| M) = I 8“ “к--гтер,(15| Mf) (1) 
F.x30121.3x332:33 .«330:626 . D 
+: Hp. rep.“(L | My = rep, (Lt | M) .D. 
rep (LM) = repe Lt | MEL | M] 
[x332-37] = rep, (Z4 | rep,(M* | D)| Mj 
[«332:32:33] = гер, | rep, (Z | M5 | M] 
[x332:37] тгер, (ЇЙЛ Mitel} (2) 


+ . (1) . (2) . Induct . > +. Prop 


483281. К: ке FMconx.v,ceNCind -&0.Lex,.2. 
rep, Ч” - rep,'(rep, ГУ)” 
Dem. 
|. ж301:28. D E : Hp. тер, Чэсс = rep, (тер, L7) . 2 
тер, Lote стар, (L* | L) 
[«332:33] = тер, (тер, L7)" | rep, >) 
[ж801:23] = тер„(тер„“Т”у +1 (1) 
Е. (1). Induct. ЭР. Prop 


*33282. F:xeFMconx.veNCind v0. L, Mer.. 
rep, CL | My = тер» [rep,'CL | МУ) 
Dem. 
F.433233. D H : Hp. rep,(L| MY = [rep (L| Му}. 
rep, (L| Myt = ARA | My | rep. (| Му] 
[x301:23] =rep,‘{rep,.(L| Мур! а 
Е. (1). 1137621 . 3012 . Induct . 2 |. Prop 


#333. OPEN FAMILIES. 


Summary of «333. 

An “open” family is defined as one such that, if L is any member of к, 
which is not contained in identity, then every power of L is contained in 
diversity, 16. Г» CJ. We shall often have occasion, both in this number 
and later, to consider the class к, — RI‘Z, and in later numbers we shall often 
have occasion to consider the class к — КІ. We therefore put 


883301. ко=к– RII Df 
«333/011. кә= (x) Df 
Thus к.з consists of all members of к, which are not contained in identity, 


ie. (if к is а connected family) all members of ж, except If “Тек. The 
definition of an “open” family is 
x38302. FM ap = FM n Rĝ {s Potx CRJ} Df 

From the point of view of the application of ratio, the hypothesis that 
a family is open is very important. To begin with, it insures (433318) 
that x, consists of “numerical” relations (cf. #300), so that if Le, we 
have Pot‘L = ви, (ж888:15), and in virtue of ж300:401, the existence of 
open families implies the axiom of infinity (x33319). 

Again, in an open connected family, if L, M are two different members 
of «,, all the powers of L| M are contained in diversity, and therefore the 
representatives of these powers are members of кә; that is, we have 


883322. bike FMapconx.L, Mex,.L+M.3.rep,“Pot(L| M) Ска 


It follows from this proposition that, with the above hypothesis, if « is 
any inductive cardinal other than 0, L*| М? is not contained in identity, and 
therefore Г” + М and гер,” + тер. М°, Hence by transposition we obtain 
the two propositions : 
x33341. H s. ке РМ ар conx . L, M e x, . o e МС ind — 10.5; 

rep, I» = rep, M. =. L= M 
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4333-42, + :. Hp«38841.2: Z7 - М№.=. Г = M 

Hence we obtain 
*33343. + :. Hp«33341. D iq ! DPA Me. S. L=M 

This proposition shows that in an open connected family, no two 
members of к, have the ratio 1/1 unless they are identical. Again it 
follows from «33341 that if [Хет and M**** have the same representative, 
then Z^ and М? have the same representative, and vice versa, i.e. 


X33944. F:.x eFM apconx . Г, Mer. p, o, te NCind - 10.2: 
тер х=" = тер, Мех. = . rep, L^? = rep, Ме 
Hence we obtain two propositions which are vital for the application of 
ratio, namely : 
«338947. t: ke FM apconx.L,Men.p,ceNCind—-10.3: 
rep, L? = rep,fM* , = . 1 ГРА М 
#33348. bk: ке РМ вр соох. L, Mex. p, o, re МС ш4 - 10.2: 
НЕГРА Ме. gp Lise А Мет 
On comparing this last proposition with the definition of ratio (k303:01), 
it will be seen that, whether p is prime to c or not, L has to M the ratio o/p 
when, and only when, Ч 14/ А M7, те, (by 33347) when, and only when, 
тер, LZ? = rep, M*. 
From «33347 it follows also that, if M e кы, М and М“ will not have the 
same representative unless р = c (ж888:51), т.е. 
*333:61. F:.keFMapconx. Mexa.p,ceNCind.2: 
rep, M? = тер,“ M? . =. p= с 
From this it follows that no member of «, has any other ratio to itself 
than 1/1. Again, by «333474851, we have 
8833:53. К: кеЕМар сопх. Г, Мєк. я! [А МР.  1РАМР.2. 
р Хоа HY Xp 
Hence if L and M have the two ratios р/с, u[v, we have р/с = ujv; that 
is, no two members of ж; have more than one ratio. 


The applications of ratio indicated in this summary will not be made till 
the following Section; they are here mentioned in order to show the utility 
of the propositions of the present number. 


938801. «у-к-ЮЧ Df 
«333011. к = (к), Df 
833302 FM ap= FM an Rĝ (“Ро ка © ВУ] Df 
#33303. FM ap conx = FM ap п FM conx Df 
25 
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#3381. Р:Мек).<.(ЯР,0).Р,фек.М-Р10.4!МА/. 


ШИП 


Mer. IMAJ [(#833-01-011)] 
#885101. Ес ce Мар. =: ке FM: Mexy.PePot'M. Dyp. PCJ: 
=: ке FM: Meng. Эм. М,64/ [(«333:02)] 


883811. Fixe FMap.Lex4.2.LGJ.DGJ.LAL- A. ЕЕ. Е 
[4333-1101] 
x388312. Е:ке ҒМарсопх. я! герР.Я!РАУ. >. 
rep, P e 5 . (тер, Р), CJ 


Dem. 
|. #838211. DF: Hp.D . gp! rep, PAJ. 


[4332:22.4333-1] 2. rep, P erg (1) 
+. (1). ж338101. D F . Prop 


2 x33313. Р:кеРМарсопх.Я!тер“Р.Ч!РАУ.2.Р,6./ 
Пет. 


F.«33211. DF: Нр.2.РСтер,Р (1) 
F.(1).483222.2 F: Нр.Э.д Цгер, Р)АУ. Py, C (rep. P), . rep.P ex. 
[x333:1] 2. Poo (rep.'P),, + rep.P ex. 

[x333:101] S.P, €J:2F.Prop 


488314. bree FMapconx.L, Mer. LM .2 (L| М), 
Dem. 


Е. «330626 .. Dt: Hp.d. Are Pot(L|M) (1) 
F.«33231.x3306. D+: Hp. 2. s ! rep, (L| M) (2) 
|. ж332-46. Transp. DH: Hp.2D. p 1(L|] М)АЈ (3) 


+. (1). (2). (3) 433313 . DF. Prop 
*333:15. Н: кєеРМар. Lex. 2. Pot'L = fin'Z = finia'L — vL, 
[4121-501 . 33311101] 
x33316. F:xePMapconx. 1, Мек. L4 М.Э. 
Pot'(L| M) = fiu (L| М) = finid (L| M) 2 (L| M), 
[*121:501 ,ж888:141 
ж33317. Е:кеРМарсопх. тер Р. ЇРА/У.Э. 
Pot‘ Р = finfP = finid*P — «Р, (ж121501.ж339:18) 
#33318, Һ-:кеРМар.2.к, С Бе!паш — [*333-101 . *3003] 
x33319. Р:кеРМар-(«А.Ә.Табпах [#33318 . #3830624. ж300:4911 
«3332. +:q!FMapconx.). Infin ax [433319 . «331:12] 
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4833-21. Е:ке М ар сопх , Дека. . rep," PotL C e 


Dem. х 
Е. 332-61. ЭН: Hp.2.rep,'*Pot'Z C к, (1) 
Е. *333-101 . #330624 . D H :. Hp. D: А ~ e Рок. Роб СКЈ: 
[#882-11.(1)] D: Merep,“Pot'L.I.q!MAT (2) 


Е. (№). (2). 3331.2 + . Prop 
438322. tice PM ap conx . L, Mer. LM. rep, Pot L | М)Скд 
Dem. E 
F.x33271.2 F : Hp. D . rep,^Pot«(L| M) = rep,f'Pot'rep,(Li M) (1) 
F. 332461123231. Db: Hp. D . rep (L| Муежд 2) 
F. (1). (2) *338:91.2+. Prop 


x33323. Fixe РМ арсопх . А ~e Pot P. ġ!rep Р. ТРАФ.Э. 


тер, “Ро Р Ска 

Dem. 
F. 33262. ЭР: Ир. Э.гер,“РомР С.гер “Ройтер ‘P (1) 
F. #3321122 . 3331 . D H: Hp. D. гер, Река (2) 


+. (1). (2) «#33321 . D +. Prop 


4333-24 b: кє РМ conx. Awe Pot'P . ў! rep,/P.» e NCind. g! 

wH lnt P.D. rep P” = repe(rep PY 

Dem. 
F. k301:2 . #332243 . D H: Hp. D . rep P” = Гк = гер, (тер PY (1) 
F . x33263 . ж380:6 . ж301:1622.2 
Е: Нр. Э. rep P”, гер. Рек. Gq! Prt, (2) 
[x301:21.«332:33] D . rep, P***! = тер, (хөр, “РУ)| тєр, “Р! (8) 
F. (2). (3). D F: Нр. гер. Р” =тер,Ч(тер„“Ру.Э. 
тер, P+ = гер, {тер, (repe PY |тер P] . 


rep, Чтер,“РУ, тер, “Р e x, (9) 
F.(2).330:624 . ж301:21.2 +: Нр. Э. ӯ! (гер. “РУ тер, Р (5) 
Б. (4). (5). «33233. D F : Hp (4). 2. гер,“ Pte = тер, (тер, “У | тер, “Р) 
[*301-21] = rep, (тер, “Рут (6) 


+. (1). (6). Induct. 3+. Prop 


A hypothesis equivalent to ve NCind.qi(v+,l)a Р is ve “ИЕР. 
It is sometimes convenient to substitute this for the other. 


#833-25. H:xeFM conx. Г, Mex.veNCind.sp!(v4,1)ot*L.2. 
rep, (L| MY = rep, (rep.(L | МУ) 
Dem. 
Һ.ж330:626. «33112. D H: Hp. D. A ~ e Pot(L| M) (1) 
|. 4332-31 . #3306. ЭР:Нр.Э. тер, (51 M) (2) 
+. (1). (2). #33324. DF. Prop 
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«38332. F:keFMconx. L, Mex,.p,c eC (Up tL). 5.9! [| Me 
Dem. 


+ #33061 43012 ЭЕ: Hp. D ipt Ze № (1) 
+ .x330:623 . 2FnHp.2:8ex.2,.S|Ze| Me GLe| M-|S:. (2) 
[4330-622] DiqiLe| Me. D. y! Dota | Me (3) 
F.(2).»330621. DF: Нр.Эгд112| М.о. qi Le) Met (4) 


F.(1).(3) . (4). Induct . ЭК. Prop 


ж333-33. Е: кеМ conx. Г, Mex.. o ed (Ut ВЧ1).Э. 
rep, (Le | Ме) = rep,'(L| M 


Dem. 
F ж333732 . «332248 . D 
F: Hp. 2.rep,'(Z^| Mo) = Гак = rep,(L| My (1) 
F . #338237 . ж301921.2 
F: Hp. 2 . rep,(Le*e | Motet) = гер, (rep, (Le | Ие) | тер, Ч, | rep, M] (2) 
F.(2).2 Ft Hp.rep,(Z7| М) = rep,NL| Му.Э. 


rep, (Le** | Met?) = rep,'frep.(L| МУ | терү | тер, ӨМ). (3) 
|. (3) . *333'32 . «33237 . D 
F: Нр(8).2 . rep,(Lr**! | Ме +1) = тер„“{(Т,| My | L| М] 
[*301-21] =rep (L| Myt (4) 
К. (1). (4). Induct. ЭК. Prop 


*33334. | : Hp«33333 . 2 . rep.“(L7| М) = тер, гер, (L| M)" —rep.'(L| My 


+. ж*330:626:6 . 4832-31. D 
Е: Hp. 2. А ~e Pot (L| М). й! rep. (Z| М) а) 
+. (1).ж383394.ЭЕ:Нр.Э.тер,“{гер,(1,| M) = rep (L| MY (2) 
F.(2).338:33. D +. Prop 


x383341. [:. кхе РМ арсопх . Г, Mex, .ceNCind— 0.2: 
гер, Ч” = гер, М. = „Г, = М 


Dem. 
К.ж333:34 22:32, DF: Hp L+ М. rep, (Le] Me) e s. 
[x333:21:32.«332:33] Э.гсер тер, Ч | rep М 72 
[*332-44. Transp] D. ~ (гер, | тер, Ие сіфечТек). 
[*332-15:46. Transp] 2. rep, Ч rep, M* (1) 


|. (1). Transp. ӘР. Prop 
x33342. [:.Нрж333-41.2:м“=М.=.2=М [ж333-41] 
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ж333:43. | :. Hp*33841.D:ğ! [А М№.=.Ё=М 


Дет. 
F.x333:21.«332:26. 2 F : Hp. sp! Le ^ М.Э. rep, L7 = гер,“ М. 
[«333:41] 2.L-M а) 


Б. (1). ж330:624. 2 F . Prop 
x33344. |:. ке РМ ар сопх . Г, Mex,.p,c, T: NCind—- 160.2: 
rep, ‘J?*«r = rep, Мех, =. rep, I? = rep, M* 
Dem. 
Һ.ж801:5. #33324. D 
bi. Hp. D : rep,{2%«" = rep Me*** , = тер, (repe LPY = rep, (тер, M7) 
[*333:41:21] z.rep, I? = гер, М°:. ЭР. Prop 
3833:45. F :. Hp «83344 , D : LeXer = Мех", О, тер. р —rep, М” [x33344] 
33346. Е:. Hp333:44 . 2: Я 1 Lexer A Мех". D. rep, Le = rep,‘ Ме 
Dem. 
|. 433226 . 433321 . D 
Е: Hp. 1 хе Meet, ‚тер, әх" = rep, Мех" (1) 
F.(1). «88344 . D H. Prop 
883347. Е:. ке РМ арсопх . L, Мек, . p,ceNCind — 150.2: 
rep, р = rep, М’. =. Я! І? А М 
Dem. 
Б. 33346 . 2+: Hp. gq! Ie A M? . D . rep, Lo = rep, M* (1) 
F.x332:53 . 7292. D 
b:Hp. P,Q, В, Sex. L=P|Q.M=R|S.D. Lr =(P 4) TaT. 
Me = (Е | Ура “Ме хөр, Le = Pe | @ тер,“Ме = В" |5“ (2) 
Е. (2). x35 14. D 
F : Hp (2) тер, Ч = rep,‘ M7 . >. Le A Ме = (Pe | Qe) (AL n ЧМ). 
[x33072] 2.41 e àM (3) 
Е. (1). (3). DF. Prop 
8833:48. F :. ке РМ ар сопх. Г, Мех, „ро, re ХОшд-10.Э: 
wt Lea Me. =. 1 Тг А М" 


Dem. 

F. 33346. DF: Hp. ġe А М. D. rep “ІР = rep М?” (1) 
F «330-624 . #33261 . D F: Hp. D. À ee Pot‘ Le. 1 тер, 2. 

[x333:24] D. тер, 7х" = rep, Чтер,ЧРУ (2) 
Similarly К: Hp. Э. rep, Мх" = rep, (rep, M7) (3) 
F.(1).(2). (3). ЭН: Hp.q! РА М.Э. гер, Le*** = гер, Мех", 
[x33347] 2.1! Гохе" А Mex (4) 
Е.ж2924647. эк: Нр. qi Р АМ С,Э. РАМ" (5) 


F.(4).(5) . DF. Prop 
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x33349. -:кеРМарсовх. Г, Mex,.p,oe NCind — 20 . гер,“ = гер, М. 
D. LTAM = М | ‘De. (0 М) 1 Le = (DG2)1 М 


Dem. 
F.«333:21 «3306.2 F: Нр.Э.Я! гер >. 
[#33211] D. Le Crepe. 
[ж72:92] 5. 12 = (rep. Te) | ALe (1) 
Similarly F: Hp. D. М = (rep M) а “Ме. 
{Hp} >. M = (rep, 42) ГМ (2) 
F.(D)-.(2).2F : Hp. 2. Le p ЧМ? = (rep, TA) | (AL? n ПМ) = М P (Ч (3) 
Similarly +:Hp.>.(D‘M7)1 Le = (097) 1 М” (4) 


к. (3). (4). DF. Prop 
3385. Г ке FM арсопх. P,.Qek.ceNCind 40.2: 
Ре 08. =. Нч! РА 0°.=.Р= 0 [«33342:43 . 831-24] 
x33351. Ё:. ке FM apconx. Мекд.р,а е«МСіпі.Э: 
rep, М? = rep,‘M’.=.p=¢ 


Dem. 
F. #33347 ЭЕ: Нр. гер, М? = тер, Ме. D ip 1 МА Me: 
[«301:23.4120:412:416] Зір>с.Э.Я!М-“а1. 
[*333-101] Э.р-ю а) 
Similarly bs. Нр(1). 2:с2р.2.р=а (2) 
F.(1).(2). 2F. Prop 


x38352. k:. Hp«33351.2:M*— М№°.=.р=с [x93351] 
x33353. Е: кеРМар сопх. Г, Мека. ў! "А М. 11А М.Э. 


B XQ0 =V Xop 


Dem. 
F.x33348 «30116. DF: Hp. D qt Later А Meer „ү | Doe А Merce , 
[«333:47] 2. rep, Leer = rep, Ме --тер Ч Хе . 


[*333-51] D. yxs =v Xx, p: Db. Prop 


#334. SERIAL FAMILIES. 


Summary of ж384. 


The purpose of the present number is to consider what properties of 
a family к will insure that “ә is serial, or has опе or more of the properties 
characteristic of serial relations. Suppose, for example, that « consists of dis- 
tances on а line. Then ку consists of those distances which are members of к 
andarenotzero. Any selection of distances on the line may constitute к; thus 
e.g. к may consist of all distances which are integral multiples ofa given distance, 
or of all which are rational multiples of a given distance, or of all distances 
from lett to right, or of all distances on the line in either direction. It is 
plain to begin with that if ¿xæ is to be serial, к must not contain equal 
distances in opposite directions, since if it does, (3'«3Y will not be contained 
in diversity, Фе. “кә will not be asymmetrical We call a family ж asym- 
metrical when no member of ко has a converse which is also a member of 
кә. The definition is 


#83405. FMasym= FM ni (кп Са С RIT) Df 


It will be observed that 3% € J in any connected family, by «33123. If 
ке FM asym, we have also (8кә)? C J. 

In order to secure that se; shall be transitive, we require that the field of 
« should contain at least one “transitive point,” where a “transitive point” 
means a point а such that any point which can be reached from a by two 
successive non-zero steps can also be reached by one non-zero step, t.e. such 


that 
— > 
(fag) ка © кока. 
The definition of transitive points is 
E > 
X*98401. изк=зЧЧкаа (3 ко) коа © каа) Df 


Thus if a is a transitive point, and В, Se x5, there is always a member of 
кә, say T,such that Ра = Та. It will be seen that if к is a connected 
family, the existence of a transitive point implies that the family is asym- 
metrical. Again, if there is a transitive point in a connected family, then 
R,Sex5.2. R|S erg, by k331:32; hence ко is a group. The converse also 
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holds, 1.6. if xg is a group, any member “Ц “к is a transitive point (#33411). 
Hence if there is any transitive point, every point of 841“ is a transitive 
point. 

The definition of a transitive family is 
33402. РМ з= РМ о (9! із) Df 

Ву what has just been said, a connected transitive family is опе in which к 
is a group, т.е. 
«33413. Fi. ке FM conx. D : xe FM trs. =. вка кә С. 

33 


A connected family is transitive when, and only when, sx, is a transitive 
relation, t.e. 
883414. Fi. ке РМ соох. D: ке FM trs. = . seg e trans 

In order to secure that $*k5 shall be a connected relation, it is not enough 
that к should be an FM conx, ie. that “к should have at least one con- 
nected point. We require that every point of з “к should be a connected 
point. This will be secured if there is a connected point which belongs to 
the field of every member of хе, te. if 

y ! eonx*e n pOr. 

For suppose a e сопх9с n р“О“к,,.| Then if L e x,, either L'a or L'a exists, and 
is of the form R‘a or R‘a, where Rex. Hence, by 433132, Г, is identical 
with R or with R; hence x, 2x v Опу“к, Hence by «331-4, Кк e connex. 
Conversely, if кє FM conx and &каєсоппех, it follows from 33132 that 
к,=кч бау“; hence р“, = 5“ “к, and therefore we have q!conx'«np'O“«,. 
Hence putting 


ж38403. FMconnex = FM nk (Я ! сопх“х а p'O) Df 
where “ РМ connex " means “ families having connexity," we have 


x33426. b: ke FM conx . D : ке FM соппех. -.% д econnex . 
=. к= ко Cav к, =. Ок, = “к 
and 


#33427. H. FM counex = FM м & (3 “к = conx'i кф ИА) 


Т.е. а family having connexity is one whose field consists wholly of connected 
points and is not null. 


We thus secure (1) ка @ J by the hypothesis ке FM conx, (2) x; e trans 
by the hypothesis кє FM conx п FM trs, (3) еҙ e connex by the hypothesis 
кє FM connex (which implies ке FM conx). Hence we secure ёкъ є бег by 
the hypothesis кє FM tran FM connex. When this hypothesis is fulfilled, 
we call x a " serial" family ; thus we put 
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«33404. FMsr=£Mtrsa РМ connex Df 
and we have 
x*3343. Fixe PMsr.>.8'xg «бег 
#33431, bike FM. IP Axer. tee FM sr. =. #коє бег — (А. 


An important special case, which is briefly considered in this number, is 
the case when the domains of members of « are the same as their converse 
domains, 1.6. when 

Рик = Ux, 

This case is illustrated, eg. by the family whose members are all relations of 
the form (+, X)[ C'H,, where ХєСЧГ, It is also illustrated by cyclic 
families, which are considered in the next Section but one. When D «=e, 
if к is a family, so is км Спуск (*334'4), and if к is a connected family, so is 
км Cnv‘ (433441), In the case of the above family, whose members are 
(+) CH, where Хе С’, ко Спубк will consist of all relations 
(Ч X) CH, where X e “Ну, ùe, it will consist of all additions of positive 
or negative ratios to positive or negative ratios. 

A connected family in which рк = (I*« is a family having con- 
nexity, 4.6. 


ж33442. Һ:кеҒМсопх. Пк = (I, 2. ке РМ connex 


The definitions and propositions of this number are much used through- 
out the remainder of Part, VI. 


к — > 
x*33401. пзе n 0 (к) коа С зк а} DE 


*33402. Fiftrs = FM nk (q! из) Df 
883403. FM connex = РМ n (Я ! сопх ор Ок) Df 
833404. FM sr = FM из n ҒИ connex Df 


#33405. FM asym = FM n # (кл Спу“к C RIT) Df 
ж33409. t:xkeFMconx.2.8'«, CJ [33123] 
88341. Рі: кеРМ.2:. авик. =? 
aes “к: В, Serg. Dp s. (ЯТ). Тека. Ва = Та [(*33401)] 
#83411. b: ке РМ совх „О: авы. =. а es (к. зка |g C кә 
» 


Рет. 
F.«3313394. ОК:Нр.Ё,бек„.Э.ЁЕ\8ехк, (1) 
F.(1). 83132. 2E: Hp. Тека, а= T'a. 9. R[S- T (2) 


Е. (2). ж3341. Dkn Нр.2:. 
дет “к = гає 5 Ux: В, Serg. Экз. (ЯТ). Теко. RIS— T: 
|ж18:1951 заав (9 кюк:Б,Яєко.Эвд.Ё|8єкдц Dt. Prop 
в. & м. па. 
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x88412. Е:. ке РМ сопх о, ses A.D: 
wetrse.=.wetise. =. stg e, Ска [ж88411] 
33 
#38413. Fu keFMconx.Dike FMtrs.=. бек Ск; 
[433412 . «331-12 . (ж33402)) 
4384131, Г: ке FM сопх м FM trs. Rex;.2. Pot/E Ско — [33413. Induct] 


x334132. Е: ке FM conx n FM trs D -s'Pot''& Cx [*334-131] 
x33414 +i. ке РМ conx. ine FM trs. =. se, e trans 
Dem. 

b 44151489413. DFi Hp. D ix e FM trs. D . (ко C Seg а) 
Ь. 33052. Dh: Hp.D:. кое trans. 2: 

R,Sex,. пез “к. Эв. (Al). Тека. R S= Te. 
[x331:31:33:24] Dass (aT). Тека: R[/S2 T. 
[13195] 2,5: В|8еку (2) 
F.(2).«33112. О+:: Нр.2:. “кое йа. 2: К, Sexy. Drs Ri Seng? 
|ж984:181 Эке FM trs (3) 


F.(1).(3). +. Prop 
493415, Р:ке FM сопх e FM 8.2 .3к|“к=к 
» 


Dem. 
t.x33132122. DF: Нр. Кек-кӯ. 2: Е = Г se: 
[*50°62°63] 2:8єек.2.8|8,8|Еек (1) 
F.(1).«33413. ОЕ: Нр.2.3«|“к Ск (2) 
|. 331-22 . 4506263. ЭЕ: Нр.Э.кСик!чс (3) 
Е. (2). (8). DH. Prop T 


x33416. Е:кеРМсопхо FM trs. Векҙ.2.В,,6./ [33413109] 
-> 
x334161. Е: ке FM conx n FM trs. Ве ка. ав: .D2 . Ваа е 


[433416 . k123:191] 
#334162. Е: я! FMconx a FM trs—1.D.Infinax [3884161] 
#83417, Е:ксЕМсопхо1.2.ко-А [*331-22] 


#33418. bree FMconx — 1,2 Око = s Ts G6, . ip 1565 1 кә 
Dem. 
F.«33122321.2 F:. Hp. 2: нд: 


[*330-52] 2:аезЧк.2.(ЧВ). Век. ас В. 
[*404] 2.ае5 “ко. (1) 
[41:45] Dine Oe, (2) 


Е. (1). (2). 438112. 2 . Prop 
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x83419. bce FM.2.C59 c, Cs Ae [44145 . #330752] 


3349. Fixe FM .DuaepCte a: Len Эр: Eta. v. Et La 
[330:52] 
«39421. F:keFMconnex.O . x, =x v Спу“к 
Dem. 
F.x3342.x33111.2 E :. Нр. a econx'&e рОЯк,. Гек,.Э: 


(ЯВ): Векч Сиу“к: [на = R'a. v ‚а= Ra: 


[9331-4224] э: (R): Rexv Onyx: Ге R.v.L-R а) 
F.(1). 33124 . DF. Prop 


x33422. t:keFMconnex. 2. р‘С“‘к, = к [38421 330752] 
*33428. Fixe FM соппех . 9. сопх“к = 5414 [#38421 . 331-4] 


x33424. +: кєРМ соппех. D . $*куесоппех 
Dem. 
|. #38421. 8814.2 
ti Нр. х, ує8 к. л фу. 2: (ER): Век: aRy.v.yRa:. d+. Prop 


#33425. Р: кеРМ соппех.2.С“к, = “к [x33421 . ж330:52) 


4334251. bike FM к, = кчо Спу“к, 2. ре О“, = к 
Шет. 
К.ж*4018.*88°95.2Р:Нр.Э.р‹О©к, = pC (1) 
Р. (1). 33052. 2 F. Prop 
x334252. +: ke РМ сопх. “кә econnex . D. к = x v Cnv**« 
Dem. 
F.«4111.2F: Hp. Lec. s= L'y. 2. (qR). Векч Onv**e.z Ry. 
|ж881:42:24) 5.Гекч Cnv'*x (1) 
Е. (1) 43306 #33112. 2 F. Prop 


*334:253. bs ке FM conx . Ок, = к. 2. ке FM connex 
Dem. 
F.«33052.2 E: Hp. Э.р”С“к--5“О“к. 
[43311] D. y i p'C*&, n conx‘: D+, Prop 
*33426. Fi; «eFM conx .D : «x eFM connex. =. ёкд есоппех . 
m. mkv Спу“к. =. Сек, = Ок [x33421 2425251252253] 


x33427. +. РМ соппех = FM n & (8“0““к = сопхк . кА) 

Dem. 
F.x39301.2 Eie FM кА . “к = conx n. О. ife; econnex . 
[*334-26.(*331-02)] D. «e FM connex а) 
F.334:23.(&384:03) , D F : c € FM соппех. 2.5414 -сопхк.к4 ИА (2) 
F.(1).(2). D+. Prop 
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ж884:3.  Fike FM sr. 3. “кое Бег 


Dem. 
+. 438409. DH: Hp. Dd. seg GJ а) 
F. x33414. D F: Hp. >. 8x, e trans (2) 
+. 483424. D H: Hp. D . 8«g e connex (3) 


+. (D. (2). (8). DF. Prop 


*934931. tice РМ. If seen. Dice FMsr.z . “кое ег ~À 
Dem. 
FALIE. DH: Нр. i*&3e Ser — А.О: 
a, y es 24, y (GR) Rex .a(Ro уу: 
[x383111] 2:5G**« = conx'« (1) 
F.(1). 48341426 . D F: Hp(1). 2. x e FM irs. кє FM connex (2) 
F.(2).«3843 . «33112 . 3+. Prop 


#33482. +. FMsrCFMap (ж98416%91.ж5388101) 


83344. Е:хкєРМ.О“к-О к.Э.кмСпү“к«ЕМ 


Dem. 
Һ.я83221. Dk: Hp.d. D(x v Опу“к)- “(км Спуск) = Пк (1) 
F.«330561.2 E: Hp. 2: В, 8ex.D.R|S=8|R (2) 


Е. (1). (2) «33052. 2 F . Prop 


«33441. b sxe FM соох. “к= Пк. D . ко Спу“ке FM conx 
[*3344 . 33111] 


«33442. Like FM conx. 0“к= “к.2. ке FM connex 
Dem. 
kF.«37323.2 F :. Hp.2: В, Sex . D. G*(R|) = 58: 
[330-4] 3:06, = C (1) 
F.(1). 38426 . D F . Prop 
«38443. F:keFMconx n FM trs. О“к = Пк. D. ke FM sr 
[4334742 . (*334-04)] 
33444. b:xe FM conx . рк Пк. Гек, . О. ОТ П = C Lea вк 
Dem. 


F.437.323 D FH Hp. R, Sex. 2. |5) = Q48 :2 E. Prop 
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933445. Р:ке FMconx. О“к = Ок. 2, Мєк,.Э.ОЧ4| М) = “Ок 
[«33444] 

«334451. +: Нрж334:44 Se Pot'L. 2.158--055--058--441“к [x33444] 


«33440. һҺ:.Нр 98444. М,Хєк,.Э: 11 | МАК. .14М-3Х 
[x33445 .ж831:45) 
«98456. bixe FM conx o FM asym. . Э.(8коу CJ 
Dem. 

F.x98246.  2H:Hp.R Sex. RJ/SGI.2.R— B. 
[(4334:05)] 2.R-I[s)G* (1) 
+. (1). Transp. DH: Hp. 2: А, Serg. 2. (RIS I). 
[*331:38:23] 2.R|S8GJ:. Dt. Prop 


#335. INITIAL FAMILIES. 


Summary of «335. 

A family of vectors may or may not have a point in its field which is a 
starting-point but not an end-point of non-zero vectors. For example, the 
family of which a member is (+, Х)| C*H', where X e C*H', has such a point 
in its field, namely 0,; but the family of which a member is (+ X)E CH, 
where X e C*H', has no such point in its field, and no more has the family of 
which a member is (+, X) C'H,, where X e 0H’. If such a point exists, it 
is a member of s*(I*« but not of s*D‘‘xg. Such a point, if it is also a con- 
nected point, must be unique, 1.6. we have 
#33512. Fike М.Э .сопхік —s'D ng e0 ч 1 

When conx‘« — Око exists, we call Из only member “ the initial point 
of «,” putting 
#335`01. init‘« = U(conx‘« —sD*‘x,) Df 

If the initial point of « exists, we call « an “initial” family; thus we put 
ж38502. FM init= FM n ‘init Df 

An initial family is asymmetrical (ж935:16) and transitive (*335°18), and 
forms a group (4885:17), and if its initial point is а member of р“О9к,, it is a 
serial family (ж385°8). 


*335'01. шїїх =14(сорхік =s Dea) Df 
*335`02. FM init = FM o (init Df 


E < 
483511. bree FM. а всопх“к ~s Ding. 2 . “к = Ka (ба = 8 ka, 


Dem. 
F #4148 433-4. 2 E : Hp. 2. каа A (1) 
F.«3312822. ОР:Нр.>. ға mor ча (2) 
Б. 43311-23-22. DF:Hp.2.sG'— eta v ға (8) 


Е. (1). (2). (8). D F. Prop 
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x33512. 
Dem. 


Free М.Э .conx'« — sD nge0ul 


> 
F.x33511.2 F : Нр. а, b e conx'« — ека. D. be ska. 


— 

[#32182] О.ае%к%. 

[*335-11] D.a=b:D F. Prop 
x33513. H:.eeFM.D:E tinite. =. ! сопхк — Ок) 

[433512 . (x335:01)] 
x33514. tice FMinit.z . &keFM . y 1сопхїк-4 ек [x33513 .(4335702)] 
> 
#83515. Е:кє FM init. D . (к = «Чи к |ж985:11.(4885:01)) 
x33516. +. FMinit C FM asym 
Dem. 


Е. ж335'14. DF: ke FM init.d: 


(Яа): ава “к: Век.ае D'E. Dg. Re ВЕТ (1) 


F.x33052.2 Fixe FM ac se. Rex n Спу“к.Э.асї”Е (2) 
F.(1).(2).2F t. «e FM init. 2: Кек n Cnv*k. Og. Re RIT: 
[(«334705)] D : ке FM asym :. ЭР. Prop 


ж335:17. 


Dem. 


bree FM init. 3.8 “=r 
221 


F.493515.2 Fs Hp D: А, Sex. D. (qT) . Тек. Е“ВЧий- Тонн. 
[4331.24:33:32] 2.(qT). Tex. R|Ss T. 


[413195] 


Э.В|8єк (1) 


F.x831.22 .2 F : Hp. 2. & C sfx |'* (2) 
3 
F.(1).(2).2 t. Prop 


x330518. 
Dem. 


|. FM init C FM trs 


t.x3351"7. Dite FMinit.D2: E, Sex9.2. R|Sex (1) 
|. ж334-5 .ж33516. DF: ke FMinit.2: R,Sex;.2. R|/SCJ (2, 
Б.(1).(2)-4880:551. D H n. ke FM init. D: А, Seng. Э.В | Se xy (8) 
+. (3). «33413. D F . Prop 


*ж335'19. 


ж835:21. 
x335:22. 


F: e PM init. D :x eFM conner . = . initte e p'C*«, 
[x33423 . (4334-08 . ж335:09:01)] 


bree РМ init... se, trans. (ау CJ [33351816 . X334 1465] 


Fse FM init. D : ôx econnex. = . Ок, = “к. л кербО9к, 
9 р 


[4334-26 . #385-197] 
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«33023. b:.«eFMinitn ҒИ connex. Дека. 2: 
ке D'L. = шик ~v e “1, 


Dem. 
F.x33519. 2 F :. Hp. 2 : init/k e D‘L.v. шик e Ч, (1) 
F.x33421.2 F: Hp. D. Lec; o Спу“кд (2) 
k.x33511.2 E: Hp. 2: Les4. 2. inités eoe Ч: 
Ге Спу““ кә. D . init’ ~ e Ч, (3) 
F. (2). (3). ЭЕ: Hp. D init’. e € DL. v . initf& e» e (Ч, (4) 


Е. (1). (4). 45°17. 2 F. Prop 
ж93524. t: ке РМ ши с ҒИ соппех . В, Sek. Rs S.D: 
R'init'k e D'S. =. Sinit‘ ~ e D'R 


Dem. 
=. #71162. 2+1. Hp. 2 : Епік eD‘S. =. inite e T(S] В). 
[3331.433523] =. initte ~ e D(S]| R). 
[x71162] =. Sfinit‘e~eD‘R:. +. Prop 


#33525. b: ке FM init. :: “куесоппех.= i. 
R, Sex. Dgs: D'RCD'S.v. D'SCD'R:. 
за 8єО“к.Э.в:«СВ.ү.8Са 


Dem. 
+. ж202:135.2Е:: Hp. ‘кое соппех. D 1. ‘ке соппех :. 
[ж211:6.830:542] 2i1.R,8Sex.2:D'RCD'S.v. D'SCD'R. (1) 
F.X11162.2 H: Нр. тіке. 2 ішек e П(Ё|8) (2) 
F.XT1162 .2 F : Нр. Sinit«e D'R. D . ішік e D(X|8) (3) 


F.(2).(8. 2t :. Hp. А, 5 ек: D'&RCD'S.v.D'SCD'£:2. 
initt&eC(R| S) (4) 
+. (4). 8304.2 E: Нр:. А, Sex. Drs: D'ECD'S.v.D'SCD'R:. 2. 
init’ e p*C**i, . 
[x335:22] 5. ко e connex (5) 
F. (1). (5) «437-63. D H. Prop 
«33026. F:ikeFMinito РМ соппех.2.О ў ке1 91 


Dem. 
Е. ж33-43. Он: Нр. В, Sex. Rinit*x~eD‘S.3.D‘R+D‘8 (1) 
Е. x33524. D H:Hp. R, Sex. RS. Rinit e DS. D. ашк сә eD*R. 
[«33:43] 2.D'R 4158 (2) 


F.(1).(2). 3+: Hp. А, Sex. RE S.2.D'R D*S:2F.Prop 
ж3353. bine FM. (іші керС“к,.Э. Мкәебег [x335:2122] 


x336. THE SERIES OE VECTORS. 


Summary of «336. 


In this number we consider a relation between members of к or of к, 
which, with suitable limitations as to the nature of the family, may he 
identified with the relation of greater and less. If there is a member of « 
which takes us from a point z to a point y, т.е. if у (355) 2, we say that z is an 
earlier point than y; thus we regard 5% as the relation of later to earlier. 
If now M and М are two members of к,, and if, for some x, M‘x is later than 
N‘x, we shall say that М is "greater" than N with respect to к. This 
relation we denote by V., where “У” is intended to suggest that the relation 
holds between vectors. The definition is: 


#33601. У, = ИЯ (M, Мек: (ga) (Ме) (Ка) Df 
For the same relation when confined to members of x, we use the notation 
0: thus we put 


x336011. U,- Ук Df 


In dealing with V, and U, it is desirable to be able to express Мт as à 
function of M. We wish to consider (say) a fixed origin a, and the various 
points Ва, S*a, Ta, ... to which the various vectors which are members of к 
carry us from а. For this purpose we put 

R'a = АВ, 
where “А” stands for “argument,” and “A,‘R” may be read “the vae, 
for the argument a, of R.” The definition is 
A,-&R(sRa) Df, 
whence we obtain 
x336101. E: EI Rfa.2. Ra АЕ 
Then the points Еа, S‘a, Га, ..., where R, S, T, ... are the various members 


of к, form the class Ак, which is thus the same class as mos The relation 
2. { к correlates the point R‘a with the vector В. The vector R is analogous 
to the coordinate of R'a when а is the origin ; thus Aa [к is analogous to 
the relation of a point to its coordinate. A relation which is more exactly 
that of a point to its coordinate will be explained in Section C, where, in 
26 
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addition to the above correlator А, к, we shall also correlate a vector with 
its numerical measure in terms of an assigned unit. 

If x is а connected family, and а is any point of its field, A, | к. is а one- 
one relation («336:2) If к is an initial family, and а is its initial point, 
Аек is a correlator of s*T** and к (ж886:21), so that in an initial family 
the class of vectors is similar to the field («336:22). If к is a connected 
family, and a is any point of the field, and X is those members L of к, for 
which Z*a exists, then А, | X correlates the field with X, so that X is similar 
to the field (x336:24). 


By the definition of A,, if Mex, and Ма exists, we have 
А M'a- A M= А, «iM. 
Hence by the definition of V,, 
Е: МУ, М. =. (qa). (А, | eM) G5) (Ao | e). 
‚ (яа). М(к, 1 4.38 ко) N, by #15041. 
Similarly F:PU,Q.z.(qa). Р(к1 A its) Q. 


Now in а connected family, if а and b are any two members of the field, and 


Р, д єк, 


Ш 


ШІ 


(P*a) (8а) (Оча). = . (PB) (8) (QD) (888688), 
hence к1 204% -к1 Дунк, 
and hence Up = «41 Ако (92648). 


Since к1 A, is one-one (by «336:2), the above gives an ordinal correlation of 
U, with (ә) Г Ак (#336461), се. О, is ordinally similar to 5%) with its 
field confined to those points which can be reached from а by vectors which 
are members of к. If к is an initial family, it follows that U, is similar to 
Seq (ж88644); if not, U, is in general only similar to а segment of о (in 
the sense of *213). 


It should be observed that «,4 A,'z is the member of к, which takes us 
from a to æ, and « 1 A,fz (if it exists) is the member of к which takes us from 


a to ж. Thus «1 Ако is the series of vectors which take us from а to all 
the various points which can be reached from а by members of «, the order 
of the series being that of the points to which the various vectors take us 
from a. 


If « is a connected family, U, is the relation which holds between two 
members of к when one of them is the relative product of the other and а 
third (other than the zero vector), 4.6. 


^ 


4336-41. H:xeFMconx. D.U, = РО [Р, єк: (ЯТ). Тека. РТ] ©’ 
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This is тот many purposes the most convenient formula for U,. If, in 
addition, we have Ю“*к = Пк, a similar formula holds for V,, ùe. 
439604 Е: кеРМ сопх. Пек = П“к.2. 
У. = WN (М, Мек, :(8Т). Тек. М= TIN) 
If ке FM conx, V, is contained in diversity (ж886:6), if к is also transitive, 


V, is transitive (336:61) ; and if к has connexity, so has V, (336-62). Hence 
if к is a serial family, V, and О’ are serial (*836-68°64). 


In addition to the above-mentioned propositions, the :ollowing propo- 
sitions in this number are important : 


x336411. Е:. ке РМ conx . зек / “к Ck .2:PU,Q. Rex. 2.(P| R) U.(Q| В) 
ж336:511. F: ke FMsr.veNCind 60.2: RU,S. E. RFU,S" 
x336 53. кке FMoonx . М, Nee. 2: MV, N.=. МУ, М 


The present number is important, since V, and U, are the gencral 
relations from which greater and less among magnitudes are derived, and 
the subject of magnitude is therefore intimately dependent upon them. 


«93601. У, = ЙЎ (M, N ex.: (җе). (Ма) (5) (Уа) Df 


x336011. О, =V, к Df 
x33602. 4,-2В(гНа) Df 
x3361. Г:з2А.В.=.2Ва [(«336:02)] 
4336101. -:E!R'a.2.R'a- AR | [3361] 
x33611. Fia(Aghe)R.=. Ren. 2Ra [x3361] 
-» 
33612. Е. ки = Ast А, P) 
Dem. 
> 
F.x4111.2 EF. ка = 2 (ЯВ), Rex. cRa} 
[4336-1] =4((qR).Re«.vA,R}. Db. Prop 
#33613. |. Dida |e Cs Рк 
Dem. 


+. #88612. ж38:15. D E. D'A, ксрек. Эн. Prop 
#33614. F:kxCl-»Cls.D. А, «el» Cls 


Dem. 
F.«33611.2 F:z(A, к)В.у(4Аа к) Е.О.Еек.а«Ба.уВа (1) 
|. (1) -ж7117.2Е:Нр.Нр(1).2.2=у (2) 


|. (2). 47117. DF. Prop 
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ж336'15. Е:кСсга.аса.Э.(ОЧА, к) = к 
Dem. 
F.«33611.2 F: Re «А, Г к). =. (ях). Rex. Ra (1) 
F.(1).(«33001). D +. Prop 


483616. Е:аесопх“и. =. aes “к. А, (ко Опу“к)- “Ок 
Dem. 3 
F.x3311.9433612.2 
F: aeconx‘e. =. а es. Ас км А,Опу к = “Ок (1) 
F.(1).«3722. DF . Prop 


у 


< 
*33617. Е: кє FM conxn FM trs 1. P — $5.2. As! Руа 
Dem. 


e e ——2 
F 33341418. 2 F : Hp. 2. Риа = Рао I Са 
[4331-22-23] = а 
[x336:12] = A,«: D+. Prop 
48362, Р: ке Мсеопх.аєев“СП“к.Э.А„|к,є1-›1 
Dem. 
F.433614. 2 H: Hp. 2. Aa | «1 Cls а) 
F.x33611.2 F: Нр.2(А, Гк) 2. 2(А, к) М.2. 1, M ex La Ма. 
[x33142] >.L=M (2) 
F.(1).(2). D+. Prop 
883621. F:keFM.ac-init*x.D. А, ке( Пк) бщк 
Dem. 
F. 3362. ЭБ:Нр.Э.Ад|ке1-1 (1) 
|. #33515 «93612 ЭЕ: Hp. 2. «А. Ne= Tk (2) 
|. ж336-15 . 2F:Hp.2.G'A Tek (3) 


Е. (1). (2). (8. D F . Prop 
#33622, F:xeFMinit. Э. (зк) вак [433621] 


33623. b: кє FM conx. aes к.А = к, (ас41).Э. 
Ав ^^ e (Ак) вта X 


Dem. 
F.x8362. 2F:Hp.2.A,]Aelo1 (i) 
F.¥33611.5+:Hp.>.D(A,PaA)=2 {(qL). Ler. eLa} 
[Hp] =2((qL).Lex,.aLa} 
[4331-4] төк (9) 
F.x33611.2 F : Hp. D. “А. P4) = Ё (на). ех. Ға) 
[Hp] =A (3) 


Е. (1). (2). (8). DF. Prop 
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ж336:24. F:Hpx336:23.2.(sI*)sm X [ж336:23] 


#33625. Е: ке FM conz .a,besKT „лк, L (ae Г). 
рек. n М(БєО9М).Э.Хяши [#33624] 


*336:26. bie FM. аесопх“к.=к ч Спу h (Век.а«ІМВУ.Э. 
44 е(8 к) тА [#33623 . 381-48] 


83363. Hie C1 Cls. 3: R(c1 AdP) S. . R, бек. (Ва) P (Sa) 
Dem. 

F.x15011.2 EF: R1 AP) S. 5 (ge y) R, Sex .sA Ry A S oy. 

[ж8361] =.(яа, y). В, Sex. Ка. уба. ғРу (1) 

Б.(1).471:36 2+. Prop 


ж336'31. Н: кеРИ сопх.аєз1к.2. «3C D«1 А) 

Dem. 
HF.49363.2 
bi. Hp. D: ReDc1 A). m (38, T). R, Sen. Тека. Ва = Теа (1) 
F.«33122.2F : Hp. Веку. D. Е ска. Ips xen. Ва = RAI 8«1“кУа. 
гал Э.ВерЧк| Айко): 2 H. Prop 


4336311. Fi ce FM conx — 1. aese. 2 . I | «Te e I1 Ак) 

Dem. 
F.«3363.2 
Р: Нр. D :864Ч«1468к,).- -(gR, T). R. Sek. Теко. Ва = Та: 
(«33122 |2: /  sT**« e CI*(« 1 Abies) .=.(ЧА,Т). Rex. Теко. Ва = Та. 
[x33052] PI а) 
|. (1). 4393418. DF . Prop 


Ш 


Ш 


4336-312. Ес кс FM conx- 1.2. C (1A i9,) — &.— (ж936:31:3111 


«336313. Fixe FMcoux п FM asym. a es (Ix .2 , D«x 1 70777) — к 
Dem. 

F.x3368.2 

Hi Hp. 2: Ps IA e D Ака). =. (AS, Т). 5 ек. T e xg.a= Теба (1) 

Е. (1) .#3845. ЭР: Hp. dD. Ip stt s e De 1 4.08) (2) 

Г. (2). 33631. 2 К. Prop 
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483682. Fixe FM. acconx's.A—ko В (ае). Э. 
C*|( v Спу“к) 1 4,895 = x v Опус, 


Dem. 2 
+. #33616 . #33418 . 2 F : Hp . 2 О 5 — Пк v Сау“) 1.44. 
[x15023] Э.СЧ(км Спу““к)1 Ад) = D«« у Сау“к) 1 A; 
[#336151 =куй (бао). ВеСау“к. Ва) 
[Hp] =x ч Стус: D+. Prop 


«83634. b: ee FM.ac-init'k.2 .(«1 Agius) smor (4*«;) 
Dem. 
*t.«33621. 2+: Hp.2.«14561— 1. 01A, = Ск: Db. Prop 
x33635. Fixe РМ. а cconx'k.2 . ((k v Cave) ] 2,44) smor (st) 
[x336:2316] 
*336:351. F: ке FM conx.aes'(T*«. 2. («1 Алко) smor (8ко) | Аа“ к 
Dem. 
Һ.ж8362. ЭР:Нр.2.614,в1-31 а) 
К.*150°87.ЭК:Нр.Э. к14, Зо 14, 5(89ко) Ао“ к (2) 
Б. (1). (2). 2+. Prop 
x33636. | :. ке М сопх ‚ Г, Мєк, .а, є ПІ о (IM. Тєк.Э: 
L'a- T*M*a . =. І = ТМФ : La=T Ma. =. 145 = TM 


Dem. 
F.x1312.2 F:. Нр. Nex -а=М№%.Э: La=TM a. = ГАМЬ = ТМФ. 
[«330:63] = М = МТМ. 
[*71:56| =.Lb=T Mb (1) 


F.(1).33314 ЭР: Hp. D: L'a= TMa. = . Lb = ТМФ (2) 
Е. #71362. Dh: Hp.d:Lia=Tia.s. Ма = Теа. 


[o Ta) -.МФ-749. 
[+71362] =.1%= ТМФ (3) 
+. (2). (3). 2 F. Prop 


x33637. F:.keFMconx. Г, Mex,.a,be(*L oa “М.Э: 


(Lia) (xg) (Ма). = . (Lb) (кз) (Mb) 
Dem. 


F.x33636. 2 
bi Hp. 2:(g T).T ex;. L'a- T*Mta (aT). Теко. L'b— T M*b:. 3+. Prop 
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x836371. Е:. ке ЁМсонх . Г. Мек. ие АС” М.О: 
LV, М. =. (Пла) (кд) (Ма) [833637 . (ж336:01)) 
ж836:38. Е:. ке РМ сошх .Р,Оек.а, bes*T*«.2: 
(P*a) (кз) (Ф'а). =. (PB) (45) (QD) [k336:37 . 33194] 


48364. bi ee FM conx. aes Aw. >. 0, = ÊQ {P,Q e x . (Реа) (ёк) (Оча) 
Dem. 

К.*886:88.Э 

Ес, Hp. 3: besan. (Р) (rg) (QD). =. b сз“ к. (Ра) (5*5) (Фа): 

|к10:11:281.Нр1Э : (90). b ей к. (P0) (3&5) (QD) = (Р (35ко)(050) (1) 

F.(D.(x336011) . D F . Prop 


838641. F:keFMoonx. 2. U, - PQIP,Qex:(aT).T erg: P- Т0) 
Dem. 

F.41111.2F : Hp.aes*(TI**k P, Оск.Тек.Р=Т|0.2.(Р‘а) (кз) (а) (1) 

Fog 11.2 sHp.a ек. (Ра) (245) (Оа). 2 (a T). Te к. Ра= Та. 

[4331:32:33:24] >.(47).Теюҙ.Р-7|0 (2) 

F. (1). (2). «3364. 2 К. Prop 


*336-411. E: ке PM conx .s'x | C &, 2: PU,Q. Rex.2.(P| B) 0.(9] В) 
37 
[x33641] 


x836412. |: Hpx336411. P, 0, R ex. (P| В)0,(0) R). D. PU.Q 
Dem. 
|. x33641 . DF: Hp. D. (ЯТ). Теко. РІК = ТОА. 


(ж980:51 Э.(я7).Тєку-Ё(В|Р-Ё,В|Т(0 
|ж380:311 2.(47).Тею.Р=Т!0. 
|ж336:411 2.Р0,0:21. Prop 
*336-413. F:. Hpx336411. P,Q, Век.2:РО,0.=.(Р! ВЦ. (9 | В) 
[*386-411-412] 


ж83642 bike FMoonx.aep'D*.2.V.— ЇЙ (1, M e r. (L'a)(s*«5)(M*a)j 
Dem. 

F.«33054.2 F:. Hp. L, Мек, . Diae По ОМ: 

[*356:37] 2: (LD) (ко) (MD) -D . (L'a) (5*5) (Ма): 

[(«336:01)] D: LV.M . D .(L'a) (8x9) (а) (1) 

Е. (1). (ж886:01). D F . Prop 


883643. Hike РМ conx . аек. 2. U, к] Agit; 


Dem. 
Е. 3364101. ЭЕ: Hp. 2. U, = Р@ {P, фек. (4a P) G5) (4:0) 
[x357] = BQ (Gap P) вкуса Г) 


[415041.43362] -1À die, tD F. Prop 
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x33644. b:«¢ FM init. D.U, smor (Ука) 

Dem. 

H. 433641. DH : Hp. a — init'e . d. U= «1 Ао а) 
L.x93621.2  : Hp. a — init. 2. e1Á c1 1. (e 14,) = Ое (2) 
+. (1). (2). #83419. F. Prop 
«33645. F:keFM.aeconx'k.A-—&^ f (a er E,. Э. 

V. (км Соу) = (к v Спу“к)1 yr 

Dem. 

F411. (x33601). D 
К.Р У, [ (ко Сое) 9.=:Р, 9 екч Cnv: (ца, T). Теко. Рег«17%0% (1) 
+. (1). 83636 DF: Нр.2:. 

Р{У, || (ev Спу) Q. 2 : Р, 9 еко Cnv'*x :(qT). Тек». Ра = Та: 
[414 21.Hp] 1 P, Qer u Спуск: (ql). T exa. Ра = Та: 
[4111] : P,Qex у Опу“к. (Р а)(8“ко) (Q'a): 

[3363] =: Р (ко Cave) 1,2809) Qt: DF « Prop 
433646. F: Hp *336-45.3. Vel (км Cova) smor (8965) [4386-45-2'16] 
«336461. Е: ke FM conx . a es*(TI** . 2. U, smor (3*4) [ (As) 
(ж936:351:481 
%336-462. К: кє FM conx a FM из. ев к. P= 85.2. U, smor (РЕРиа) 
[0336-61-17 . x33417] 
x33647. Р:ке FM conx. 2. kj CD*U, [*336:31:43] 
«336471. Р: ке FM conx —1.2.к= C*U, [*336°312-43 | 
4336-472, Г: ке FM conx n FM asym. 2.«59— 0:07, [«336:313:43] 
ж336-51. b:.keFMsr.R, Sex.veNCind—40.2: 
(R*a) (8%) (Sa) . = . (Ra) (3*3) (8а) 


ин 


Dem. 
F.x333:42 . «33432 . «330757 . «8381-42. 
Бу. Нр.Э:Тєкд. Ва = Та. D. Ва = Та. 
[*334-131] 5. (Ва) (8g) (S"*a) (1) 
Е. (1). #4111. DE: Нр.2: (Еа) (85) (8а). 2. (Еа) (ко) (Sa) (2) 


F.(2) E ЭН. Hp. D : (Sa) (seg) (Ва). (S**a) (к) (Ra) (3) 
F. x33142. Db: Hp.2: В‘а= S'a.2 . Ва = 8а (4) 
К. (3). (4). 8343.2 
br. Нр. D: œ (Ача) (ко) (а). Dew (RQ) (63) (S**a)} (5) 
F.(2).(5).2F. Prop 
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#336011. F :. xe FM sr. уе МС ind- 10.3: RU,S.z. RUS [#836514] 
#33652. b: ке FM conx . Q, В,8, Тек. ze AĞIR) a TSIT). 2: 

(0| R) V. (| T) «= (Ба) (8а) (Ta) 


Dem. 
F.X336371.2 
Fs Hp. 2:(Q| B) V. (S| T) =. (4P). Рек. Q Rez — PS Me а) 
К.ж330°56.2 Hi, Hp. Река. 2: 0 с = PAS To =. Qe Rea = FP Te, 
[x71362] =. Rio QI Р, 
[4330:54:56] =. Ra=SQOP Te, 
[471:362.«3305] =. = POT (2) 


ЇЇ 


+. (4). (2.2 FHp.2:(Q| B) VS] T). =. (QP). Pens. SR a= Ре). 
[4111] (SR) ко) ча: Э F. Prop 


Ш 


88863. |: ке РМ сопх. М, New. D: MVN.=. NVM 
Дет. 
|. *330.5:54.2 
+: Нр. Q, R, 5, Tex. M- QU R. N - 8| T. а к.т QRS Ta. D. 
Е! Исх, Е! №. Е! Ме. Е! Ме (1) 
Б. (1). #33652. ЭР: Нр(1).2:МУ,М. = .(8“Во) (кә) (QT) . 


[x830:5] z. (188) epi Qu. 
[#336:52] =. ШЕЛ (89. 
[Hp] =. NVM (2) 


К. (2). *331-12.3+. Prop 
#38654. Р:кеҒМсовх. «= (*.2. 
7, = MNIM,N exi(g T). Тека. М= ТМ) 
Dem. 
t.«33446.2 E: Hp. M, Мек. 2: 
(ЯТ, 2). Текә. М = ТМ. =.(ЯТ).Тею.М=тТ] М (1) 
Е. (1). (ж836:01). D . Prop 
ж3866 Р:кеҒИсопх.2.У,С64/ 
Dem. 
F.«x33123.2 E: Hp. D: MVN . 2 (qa) . Маф М‹ж:. D+. Prop 


Observe that, by the conventions explained in «14, * М904 N‘æ” implies 
Е! М2. Е! №. From “(qa).~(M‘e= №)” we cannot infer M+ N. 
в. & W. Ш. 
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«38661. F:keFMconxtrs. 2. V, etrs 
Dem. 

F.x330612. 2F : Hp. L, М,Хєк,.Э.ц! Со AM п GN (1) 
F.«336871. 2 +: Hp. LV,M. MV,N .ae(*La СМ о О.Э. 

(Léa) (8x3) (Ма). (Ма) (кә) (Уа). 
[33414] D. (L'a) (5*3) (Ма). 
[(x336:01)] 23.LV.N (2) 
b.(L .(2).2 F. Prop 


«336602. F:keFM connex. 2. У, єсоппех 
Dem. 
F.«93061.2 F: Hp. ZL, Mer.. 2.917 о “М (1) 
|. ж334-24. DF: Hp. L, Me,.ae(*L o ОМ. Э: 
Га = Ma. v (140) (6*5) (Ма) м. (Ма) (кз) (10): 
[4331:42.(k93601)] Э: Lo М.у. ГУ, М.у. МУ, Е, (8) 
F.(1). (2).2F. Prop 


#33663. Р:кеҒМвг.2.У,ебег [x336:661:62] 
#33664. Fixe FMsr.>.U,eSer [33663] 


*337. MULTIPLES AND SUB-MULTIPLES OF VECTORS. 


Summary of «33. 


In this number, we are concerned with the axiom of Archimedes and the 
axiom of divisibility. If « is a family of vectors, к obeys the axiom of 
Archimedes if, given any two points д, а in the field of к, and any vector 
R which is а member of к, there is some power RY of R such that Ра is 
later than « That is, к obeys the axiom of Archimedes if, starting from 
any given point in the field, a sufficient finite number of repetitions of any 
given vector will take us beyond any other assigned point. A sufficient 
hypothesis for this is that к should be serial and Опу кә should be semi- 
Dedekindian (cf. ж214), те. we have 


833713. Fuge FM sr. Р = к. P esemi Ded. Века. ве P. 2: 
a eO P .2 (go) -v eNCind — (Ф.Р (Ra) 


The hypothesis P = ко, which appears in the above proposition, is often 
notationally convenient. It will be observed that 3'«; gives us the series 
in the opposite order to that in which it is usually wanted; hence the intro- 
duction cf the above relation P tends to avoid confusions. 


A family к is said to obey the axiom of divisibility when, given any 
member В of к, and any jnductive cardinal v other than 0, there is a 
member L of к such that Г” = E. When this axiom holds, every vector 
can be divided into any assigned finite number of equal parts. We shall in 
the next Section (ж851) define a family for which this holds as a " sub-multi- 
pliable family,” denoted by “FM subm." For the present we are concerned 
to find a hypothesis as to “ж; from which this property can be deduced. 
The hypothesis in question is that Спу%“ is serial, compact, and semi- 
Dedekindian; ùe. we have 


#33727, b: ke FM sr. Опу “кд ecomp n semi Ded . D : 
Sek.veNCind 20.2. (9). Lex.S- Ir 


The proof proceeds by taking two points а, г in the field of к, of which a is 
earlier than т, and considering the class 


х=ку ^ R (Ra) Pa), 
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т.е. the class of vectors such that у repetitions of them, starting from a, do 
not take us as far as а. It is easy to show that, when Р is compact, this 
class has no maximum (ж997:23), and therefore, жер Р is also semi-Dede- 
kindian, has a limit, whose vth power is the vector which takes us from a to 
а (4337:26). Hence our result follows. 


ч > > 
83371. — Fixe FM. P=8 ку. Нек. ae P.D. Rya C P Ryfa 
Dem. 
-» 
|. #9016 24411461, 5+: Hp. oRya. у= R's. D. ye Буа-«Ру. 


> 
[437-1] D. me Реа: Db. Prop 
У > > 
#33711. bike РМ connex asym . P= жә. Век. ас 0“Р.2.зедь Ака =A 
Dem. 
э ә < э У < ә 
F.«20615. DF: Нр.2. ведь E a = р“Р“Буа- Pp P“ Вуса (1) 
< 
F 880549 44061. DF: Hp.z e p'P'* Fya.2. me D'R. 
[Hp] Э.(цо).а= Re. cPx (2) 
-» > 
F.«90172. Dk ice Rya. D. Ree Rafa (3) 
> 
Е. (3). Transp . ж200:5 . #383845. D F : Нр (2). æ= R*c . D cc e Ра (4) 
> 
Е. 871. Dice P“ Rya. >. (д). b e Rata. сРЬ (5) 
> > 
Е. (5) .*2082.3+: Hp. ce Р“ К а.а = Rc. D . (qb). be Rya . xP (Rb). 
[490172] d.re P“ Rya (6) 
> 
F . (6). Transp . «200553. Db: Hp(2).c=R%e.d.cmeP“Rya (7) 
-» 
+. (4). (T) «202502 433424, D F: Hp(2). c Ве.Э.серФ“Еұа (8) 
B > 
F.(2).(8). эн: Hp(2).d. 2e Pp Рина (9) 


F.(1).(9). D H. Prop 


Y > 
#33712. FikeFMsr. P = ёкъ. Ревеші Ded. В e xg .a€0*P.2. P R,*a- 0P 
Dem. 


э э 
F.«3371. DF: Нр.2.— Я ! max, Бу. 
> ә 
[*2057] Э.-л! marp P “Бус (1) 


F.(1).420633.488711.2 +: Hp. Эд ед P“ Rya (9) 
Е.(1)-(9) #2147 . 2 F . Prop 


«33718. Е se FM sr. P= ёк. Р esemi Ded - Rexg.aeC(P.2: 
æe ŒP .D .(Ẹv). ve NC ind -490-.4Р(Е"а) (ж381:12 . ж301"96] 
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883714. Fixe FM or. Р-ёву, P e semi Ded. 2 . Ù, e semi Ded 
[4336462 . 4214-7475] 


88872. bike PMconx. LU,R. R4 D ps Ir. 2 LU, (R| Г) 
Dem. 
F.x33641.2 F: Hp. 2.(qT). І, Еек. Тек. L- T| R- 


[4330.91] 2.(37).T ex. R[/L- T. L- T| R. 
* [«13195] 2. R| Беку. L -(R|L)|R. 
|%9305.ж936411 2.LU,(R|L) :2F.Prop 


«33721. Е:ке FM соох п FM trs. Rexg.veNCind —i50—1.2. RUR 


Dem. 
F.x334162.430193.2 F : Hp. D. В’ = Re | Е (1) 


H. #334131. Dh: Hp. D.R, Re, Rex; (2) 
F.(1). (2) «33641 . D H. Prop 


м 


«33722. bike FMsr. Р = «3. Р есотр.аРх.уєМОіа —#0.2. 
(AR). Rex (Ra) Px 


Dem. 
Е. x27011. D EF: Hp. >.(qy).aPy.yPa. 
[*41:11] D. (4R, у). Re «3. y — Ra. (Ra) Px (1) 


HOZ, Е: Нр. Века. (Аа) Pa .D . (48). Века. (8а) Рл (2) 
+ #33664. 2 F :. Hp(2).Se«g.(S‘R"a) Po. 2: R=8.v. RU S.v .SU,R: 
[*336:511:4] 2: R=S.v . (Rr tia) P (S Rra). v (97 +21) P (8а) (8) 
Е. (2). (8). 8343.2 E : Hp(2). 2. (G8) - Se «3. (97 + а) Pa (4) 
Е. (1). (4) . Induct . D +. Prop 


988723. +: Hpa33T22.X— «5^ В (Ема) Pa}. d- = П 
Dem. 
F.4936511.2 F: Hp. Reh. SUR. 2 . (£a) P (Ra). (Ra) Pa. 


[*334:3. Hp] D. Se a) 
F.x33122.2 E: Hp. Rer. D. (Q8). 5 ека. (8а) Ра. 
[4330-57:5.433413] 2.095). R| Se «5. ((R| Sa} Pa. 

[433641] 2.(q8). R| Sew; . ((R|S)*a] Ра. RU, (S). 
[4371] DRT Er (2) 


F.(1).(2). F. Prop 
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#33724 +: Нр *387-23.L=t1(U,)%.3.~ (Га) Pa} 


Dem. 
Р.ж2069.2 +: Нр. 2.2 єл. 
[Hp] D.~ (La) Pe} : D+. Prop 
4337-241. Е: Hpx33724. 2 . ~ [a (1550) 
Dem. 
F 4337293, ЭР: Нр. Re.D. Ri Ler. 
[439253241 4334181] э. R Lex. (R|Ly = В м. 
[Hp] D. (R“L"a) Po. 
[471:362.441:11] 2. (La) P (Re) а) 
H. #33723. 2 E : Hp Re; - A. 2. (LU, В]. 
[836-511] D. ~ (Ана) Р (Іа). 
(ж330:5.Нр.ж334:141 D. ~ (Ra) P (Lra) 2) 


b.(1).(2). 34: Hp. D. ~ (35). Век. (Ra) P (La). 
[*337:22.Transp] D. ~ [zP (L”a)}:D F. Prop 


833725. F:Hpa33724.2 . Ir e| Ана 


Dem. 
F.x«33724241. DF : Hp. 2. Du = 2:2 F . Prop 


ж337-26. +: Hp *337-23. P e semi Ded. 2. [tl (U JA} = x1 Ана 
Dem. 


F.x33721. ЭР: Нр.2: Дел. Dg. (Еа) Pe: 

ч > 
[*336-4] 2:х1 А, тер УА а) 
F.(1).4337:2314. D: Hp. 2. E! tl (UJA (2) 


F. (2) . #33725 . D F . Prop 


#33727. b: ке FM sr. Опус кає сотр n semi Ded. 2: 
Sex.veNCind—v0.2.(gL).Lex.S— 1° [x33726] 


SECTION С. 


MEASUREMENT. 


Summary of Section C. 


In this Section, the “pure” theory of ratios and real numbers developed 
in Section A is applied to vector-families. A vector-family, if it has suitable 
properties, may be regarded as a kind of magnitude. In order to derive from 
the “pure” theory of ratio a theory of measurement having the properties 
which we should expect, it is necessary to confine ourselves to some one 
vector-family; that is, instead of considering the general relation X, where 
X is a ratio, we consider the relation X к, where к is the vector-family in 
question; or sometimes we consider X [ к,, or sometimes X | (ко Cnv**x). 

Concerning ratios with their fields thus limited, which are what we may 
call “applied” ratios, we have to prove various propositions. 

(1) No two members of a family must have two different ratios. This 
is proved, for an open and connected family, in «35044. 

(2) All ratios except 0, and оо , must be one-one relations when limited 
to a single family. This is proved, for an open and connected family, in 
*350:5; with the same hypothesis, 0, is one-many (ж850:51). 

(3) The relative product of two applied ratios ought to be equal to the 
arithmetical product of the corresponding pure ratios with its field limited, 
te, if X, Y are ratios, we ought to have 

Х|ї«|Үрк-(Хх,Үу к 
ог Х|х,/Үйфл,-(Хх,Ү) ко 
That is to say, two-thirds of half a pound of.cheese ought to be (2/3 х, 1/2) 
of a pound of cheese; and similarly in any other case. For any open connected 
family, we have (ж850:6) 

Х «| Үр л, С(Хх,Ү) к, 
but in order to obtain an equation instead of an inclusion, it is necessary 
(4851:31) that х should be “submultipliable,” Ze. that if В is any member 
of к, and v any inductive cardinal other than zero, there should be a member 
of к whose ий power is В. The class of such families is denoted by 
“FM subm,” and considered in *351. 
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(4) If X, Y are ratios and 7 is a member of the family х, we ought 
to have 
Qc pe T) (OE WP) = (Х +, Y) p «7, 

that is, two-thirds of a pound of cheese together with half a pound of cheese 
ought to be (2/3+,1/2) of a pound of cheese, and similarly іп any other 
instance. This property is shown, in ж351:48, to hold for any open connected 
submultipliable family in which all powers of members are members. In any 
open connected family, if E, S, Тек, we have 

RXT.SYT.2.(R|S)(X-- Y)T (x35062). 
The remainder of the hypothesis of «35143 is required in order to prove 
(a) that X | «*T, Vp xT and (X +, Y) «СТ exist, (b) that (X pet) (Y ET), 
which is ће R|S of «35062, is a member of к. Аз applied to «,, we have 
to take the representative (cf. #332) of the relative product; if L e кү, we have 
(#35142) 

rep, (Хк) (Ук) =(X +, Y) к, 
provided к is open and connected and submultipliable. 


The fact that the above propositions can be proved for suitable vector- 
families constitutes the reason for studying such families, as we did in 
Section B. The proof of the above propositions, together with other 
elementary properties of applied ratios, occupies the first two numbers of 
this Section. 


We proceed next (ж352) to consider all the ratianal multiples of a given 
vector in a given family, ùe. all the members of a given family ж which have, 
to a given vector T, a ratio which is a member of C*H', or, alternatively, all 
the members of x, which have to T a ratio which is a member of C‘H,. It 
will be observed that, in virtue of «307, if R and S have a ratio X which is 


a member of C*H', Ё and 8 have the corresponding negative ratio X | Cnv. 
The members of к which have to T a ratio which is a member of C*H' are 
those vectors R for which we have 

(qX).X e CH’. RXT, 
4.6, using the notation of «336, those for which we have 

(qX).XeCH'. RA,X. 
Thus they constitute the class 

x^ A, CH. 

Assuming that Тек, the vector which has the ratio X to T is к] Ат“. 
This is the vector whose measure is X when T'is the unit. Thus x1 Art H’ 


is the correlator of a vector with its measure. It is easy to prove (ж852:12) 
that «1 Ат[ C*H' is one-one. 


SECTION С] MEASUREMENT 409 


We can arrange the vectors which are rational multiples of 7' in a series 
by correlation with their measures, putting vectors with smaller measures 
before those with larger measures. The ordering relation is Т., where 


T.-x1ApH' Df. 
Similarly the members of к, which are positive or negative rational multiples 
of T may be ordered by the relation Tw, where 


T=" ApH, Df. 

We prove that change of units makes no difference to Т., ie. if S is any 
member of к whicl: is a rational multiple of Т, then S, = Т, (ж359:45). The 
corresponding proposition holds for Ту, if S has a positive ratio to Т, but if S 


has a negative ratio, Su = T. (ж852:56:57). 


If к is a serial family, T, is the converse of U. (cf. #886) with its field 
limited to rational multiples of 7 (4352772). This proposition connects the 
generalized form of greater and less represented by U, with the form of 
greater and less derived from greater and less among the measures of vectors, 
since it shows that, in a serial family, the vectors which have greater measures 


4 
come later in the series U,, and those with smaller measures come earlier. 


We next proceed (X353) to consider “rational” families. These are 
families in which every member is a rational multiple of some one unit 7, 
ùe. in which 

(ЯТ). Teng к С Ap OH’. 
It is obvious that, given any family, the rational multiples of one of its 
members constitute a rational sub-family. In a rational family, rationals 
are sufficient for measurement, and irrationals are not required. If the 
family has connexity, it will be serial; in fact, if 7 is one of its vectors and 
а is a member of its field, we have (cf, *353'32'33) 


Up=0} ApH к= Agel ApH. 
Thus both U, and 8%; are ordinally similar to НД 2,4%. If x is sub- 
multipliable, U, is ordinally similar to Ё' (ж358:44). 


We proceed next (ж854) to consider “rational nets,” which are important 
in connection with the introduction of coordinates in geometry. A rational 
net is obtained from a given family, roughly speaking, by selecting those 
vectors which are rational multiples of a given vector, and then limiting their 
fields to the points which can be reached by means of them from a given 
point. In order to make this more precise, we proceed as follows: Let us 
define as the “connection” of а with respect to x the class As «,, т.е. all the 
points which can be reached from а by a member of «,. We will now define 
as the “a-connected derivative of «” the class of relations obtained by limiting 


27 
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the field of every member of « to the connection of a with respect tox. This 
class of relations we denote by cx;'«, putting 
CXar =~ (Aae) Df. 

Instead of x, we take, in order to obtain a rational net, all the rational 
multiples (in к) of a given member T of к, їе. C'T,. Then ex, СТ, is a 
rational net, namely the rational net associated with the origin a and the 
unit vector Т. 


In proving propositions concerning the rational net cx,'C*7,, we often 
require the hypothesis that x is а group. In order to avoid having to make 
this hypothesis concerning our original family, we construct a closely allied 
family, which is always a group when « is connected. This family, which we 
call gj, is obtained from x by including the converses of those members of x, 
if any, whose domains are equal to their converse domains, i.e. we put 

Kg ку Спу““(к 877207) Df. 
Then if к is a connected family, ку is a connected family which is a group 
(354-1416), and (ку). = к. (#85415), Then putting X = xg, we take ох C'T 
rather than ex;'C*T, as the rational net to be considered. If к із an open 
and connected family, this rational net is a family which is open, connected, 
rational, transitive and asymmetrical (ж854:41). 


We proceed next (ж856) to the application of real numbers to vector- 
families. For the application of real numbers, it is essential that our family 
should be serial. Given a serial family in which a given vector S is the limit 
(in the series 0.) of a set of vectors which are rational multiples of another 
vector R, it is natural to take as the measure of S, with the unit В, the limit 
of the measures of the vectors whose limit is 8, It is convenient to take our 
real numbers in the relational form given in x314, i.e. if 8 is а segment of Н, 
ме take 8 as the corresponding real number. Thus positive real numbers 
are the class 24040, while positive and negative real numbers together with 
zero are the class 84090. If £e СӨ, a vector which has to В a ratio which 
is а member of Ё has a measure which is less than 58. The class of all such 


. > - . P H B > . c t 
vectors Is “А, te. if X = МЕ it is Х В. The limit of such vectors in the 
series U,, if it exists, will naturally be taken as the vector whose measure is 
X. Remembering that U, proceeds from greater to smaller vectors, we see 

> 
that the first vector which is greater than every member of ХЕ will be the 
> 
lower limit of X'R with respect to U.. Hence, if we write X,‘R for the 
vector whose measure with the unit R is X, we have 
E 
ХВ = prec (U.) X* R. 

Hence we may take as our definition of X, 

xi 

X.-prec(U,)| Xfx Df 

Then X, is an “applied” real number. 
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The properties to be proved concerning applied real numbers almost all 
require that the family to which they are applied should be serial and sub- 
multipliable, and most of them also require that Cnvfs*e, should be semi- 
Dedekindian. Assuming this, we can prove that, if X, Ves*C, X, рк is 
one-one, and, with varions hypotheses, 


(XE х (Урю= (Хх, V) к 0835631) 
X,| Y, 2 (X x, Y), («356:33), 
(Х.К) (УА) = (X +, YR. (435654). 
These are the essential properties required of measurement, as in the 
analogous case of ratios. 


We might proceed to consider "real" multiples of a given vector, and 
“real” nets. But these subjects have less importance than in the analogous 
case of rationals, and are therefore not discussed. 


The Section ends (ж859) with a number on existence-theorems for vector- 
families, The most important of these are derived from rationals and real 
numbers. The family whose members are of the form (+, X) [ C*H', where 
X ОН”, is initial, serial, and submultipliable («359:21). The family whose 
members are of the form (4 u) [ СӨ, where we CO’, is initial, serial, and 
submultipliable, and has Cnv $5 = ©’, so that Спу% о e semi Ded («359:31). 
Finally we prove that the properties of families are unaffected by the 
application of eorrelators, whence it follows that, given any series P whose 
relation-number is і +, or is 6’ where +1 = 0, there is an initial serial 
submultipliable family x such that Спу “к, = Р. Such a family may be 
used for the measurement of distances in P. 


It is of some interest to observe that, given a suitable family к, ratios 
with their field limited to ка form a family whose field is ка. In this family, 
the zero vector is (1/1) ур, and the family is connected if ж is a rational 
family. If we wish to obtain a serial family, we must limit ourselves to 
ratios not less than 1/1, ùe. to 


c 
Eua Ha L/1). 

This family is serial, and if we call it A, we have (with a suitable hypothesis) 
89.5 = Ue «s. 

It is necessary, however, if we are to obtain a family, that our original family 

should be submultipliable, since otherwise we do not necessarily have 


‘XP к= ка. For this reason, we cannot use the family of ratios without 
a frequent loss of generality in the resulting theorems. 

The theory of measurement developed in this Section is only applicable 
to open families. The application of ratio to cyclic families is more complicated 
and is considered separately in Section D. 


4350. RATIOS OF MEMBERS OF A FAMILY. 


Summary of X350. 


In this number we introduce no new definitions, but merely bring together 
the propositions of *308 on the pure theory of ratio, and the propositions of 
x333 on powers of vectors in open connected families, especially ж888:47:48, 
We thus find that, if к is an open connected family, and p, v are inductive 
cardinals which are not both zero, 

М (ар) к). =. М, New JIMAN”. (4350-4) 
-M,Nex,.rep,'M* = rep N" (#35041), 
while if R, T are members of к, 
Е (ри) Т. =. В = Te (ж850:48). 
We prove also, by means of «333:53, that if L and M are members of к, other 
than Z lsI**«, they cannot have more than one ratio, t.e. 


x35044. Fixe FMapconx. X, YeCH'. dX Pega Ук: D. X=Y 


We next prove that any ratio other than 0, and оо , becomes one-one when 
its field is limited to ж, (ж950:5), while 0, becomes one-many (ж850:51) and 
о q becomes many-one (*350°511), 0, being in fact the ratio of the zero vector 
І} “к to any member of «,, and © а being the converse of 0,. 

We consider next the multiplication and addition of ratios, but in this 
subject we cannot obtain some of the main theorems without the hypothesis 
that our family is submultipliable (introduced in x351). In the present 
number, we prove that, if к is an open connected family, and y, v are inductive 
cardinals other than 0, 


Ш 


(р кау жару, (350-58), 
алх Л) «ед 985054) 
QD) лур к. иж рх, 085058) 
анд A/a) к. Пл) Ei = La хоо) Ee, — (350756). 


Hence we find that, if X, Y are ratios other than 0, and xq, 
X t к, Yt e CU x, Y» к, (ж850:0), 
while if Je, S. T ure inembers of к, 
RXT.SYT.D.(R'S(X +. Y)T (ж350629), 
and if L, M, № are members of <, 


LXN.MYN.D. rep (LiM) (X + ТУМ (#35063). 
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We then prove similar results for subtraction, and thus arrive at the following 
proposition concerning generalized addition of positive or negative ratios: 


#35066. F:keFMapoonx. L, М, Ne. X, Ye C'H,. LXN.MYN.3. 
rep. (L| M) 2 (X +, Y)E «^N 


#3501. bree FMap.2.x, CRelnumid. ко C Rel num 


Dem. 
Е. *333'101. ОР:Нр.Гек,.2.1е1-1.1,6/ (1) 
F.(1).x8003.2 F: Hp. 2. к. C Rel num (2) 
F.x3331101. ЭР: Hp. Lex, 5.2 LGI. 
[*300:325] D. Le Ве! num id (3) 


F.(2).(3). DF. Prop 
x*3502. Р: кеРМарсопх. Ч! ко. 2.Infinax 


Dem. 
Е. *330'624 «33315. D F: Нр. Lew. 2: Ave finid*L: 
[1211112] D:veNC induct. 2,. (go i)  L(z ey) ev 1: 
[x1203] 2:Infinax :. ОР. Prop 


#36021. big! FMapconx~1.3.Infinax [x33418 . 3502] 


#36031. Fs. xe РМ ар сопх , р ие МС 4 — 0. M,N e«5.2: 
M (uf) N.= qa! МАМЕ 
Dem. 
F .«803:L. (ж802:02:08) . *113°602. 2 
Би Нр.2:. М (шу) N. =: (Яр, о, 7). p Prno . re NCind— “0. 
итлрхот.у-а хот. Я ! Mov ^ №. +0. 4+0: 
[333-48] = : (яр, о, T). p Prme . те ХСшд-(90.р-0.040. 
изэрх,т.рэох,т: ! МА №: 
[3113:602.(x302:02:03) = : (Яр, е). (р, 0) Prm (р, v) s Ч! МА Ми: 
[#302'36] =: Я: МА Ne: Db. Prop 


X35032. | :. Hpx350:31. 2 : M (ujv) М. =. rep, М” = rep, Уи 
[4350:31 . «333:47] 


ж350:33. Е: хе FM apconx p, ve NCind—10. М= Грак. Мек. 2: 
M(ujv)N.S.M- N.S.g M" AN" 
Dem. 
F.x3013.43332.2 F :: Hp. 2:e eNCind 260.2. М - M (1) 
F.(1).48031.2 
Fi Hp.2:M (р/у) Т. =. (9р, о). (pc) Prm (u,v). Я! МАМ. 


|ж888:101| =. (Яр, а). (р, c) Prm(u v). M- №. 
[x302:36] z.M-N. (2) 
[(1)9331:42] =. ЯМАМ» (3) 


F.(2).(3).2 F. Prop 
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x350331. Е:. ке FMapconx.u,veNCind - v0. Мек..М= Ips'Q*x.2: 
M(uj)N.2.M-N.s.q!M*^ М [35033 . 30313] 


x35034. Е:. ке РМарсопх . ие NCind - 0. M,Nex,.2: 
M(0j) Т. =. М= к 


Рет. 
Е.Ж308151 ЭР: Нр.2: M (0v) N. 2 МЕЈ. 1 СМА CN. 
[*830°43°61] =. M=If Ок: 3+. Prop 


x30035. F:xeFMapconx.veNCind - v0. M,Nex,.2: 
М(0/») Т. =.91М № 


Dem. 
F.x3012.2F: Hp. Digi Mr Nes QIM АГРА, 
[«333:101.4331:12] z.MeI[pee (1) 


F.(1).435034. ЭН. Prop 


ж350'351. К:. xe FMapconx. e NCind - v0.2: 
M(uj0ON.2.N-I[ps'Q'w [035035 . 43081181 


43504. F:.xeFMapconx. кие ХСшд .~(u=v=0).9: 
Мо) к). =. М, Nen qt Mv АМ» (ж85081:88:381:35:351| 


x35041. Р: Нр «3504.2: M((uv) к) N =. M,N ex. rep, М” = rep, N” 
Dem. 
F.x332243.x3013.2 H: Hp. М-1 (8“1“к.Э.гер”-М (1) 
F.(1).«35033:331.32. ОР. Prop 


x35042. Р:.Нрж3504.0. E, S, Tex. 2: 
(018) (ињ) (8 Т). =. Q^ Re = $» | T+ [435041 . 433253] 


x35043. F:. Hp #3504. В, Tex. D: R(y/v)T.=. Е’ = T» 
Ipse Грк 
Q, 


ЕШ 5 


#35044 Р: кеРМарсопх. Х,У «СН? ин Х| ка Урко.2.Х=У 
Пет. 
F.x3504.2 EF: Hp. 2. (HL, M, pv, p, o). L, Me eis. 
ЖРА Me. qi АМ". Х = ји. У = ріс: 
[«333:53] 
[«303:39] 


Xm =V X p: X= шъ. Y = plo. 


Э.и 
2.X:-Y:2F.Prop 
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350:5. bi xe FM арсопх . p, ve NCind— t0. D. (ujv) E €1—1 
Dem. 
F.x35041.2 b; Hp.2: 
L,M,Nex.L(u|v) N.M (uj) N . D .rep.'Z rep, N^ = гер М». 


[x33341] D.L=M 0) 
F.(1). Dt: Hp. D. (ujv) [ xe 1— Cls (2) 
Similarly БР: Hp. D. (и) p æ. e Cls 1 (3) 


F.(2).(8). D F . Prop 


*35051. F :xeFM ap conx .veNCind-10.D. 
(0/v) p. « e 1 — Св. 1*(0/v) E e = к, . 40/0) E e m I se [x35034] 


ж360:511, +: Нрж35051.2. 
(0/0) E «уе Cls — 1. D'(/0) [ к, =. 09/0) к= tI | “Ак 
[4350-51 . 303-13] 


«35052. Г: ке РМ ар сопх . Хе С“Н.О. Хрк, 1—1 
[4350°5 . «304/34 . ж333:2| 


x850621. F: ке РМ ар conx. Хе 0“Н’.2.Х | к,є1-э Cls 
[*350:52:51 ,ж308:11 


ж360:53. +: Нрж3505.2. (00/1) Ee] HOA) æ} € Qu) E 
Dem. 
F.x3504 .2 F: Hp. (и) e] М.М (f) Ee] У.Э. 
І, М, Nex. А М». ДАХАМ. 


[x33348] Э.1,М,Хєк,.- 11” А М Е ВА M. 
[433347] D.L, М, Nex. rep, Ч = rep, Мех" = гере №". 
[435041] 2.2 ((ulv) ку N:D F. Prop 


#36064, К: Hp«3505.2 . (GE M DE e} = (p/v) E к. 
Dem. 
F.x35041 . #332241. D 
Fe Hp. Ds LOMY е) ЛА. =. 
(ЯМ). Г, М, N e x, . rep, L' = M = тер №. 
. Г, N єк, . rep, I? = гер №. 
- L(ulv) N :. +. Prop 


[«332:22] 
[435041] 


Mt 


Ш 
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«35055. F:Hp«3505.2.((u/1) E] ((9/1) Dal = (Ga x91] b e 
-(01) J GIDE к} 
Dem. 


F.43504.2 E: Hp. D LUDE (лук. =. 
(gM).L M, Ne. 3LA М.Н МАУ», 


[433347] z.(qM).L, M, МЕ... Я! о М. M rop, №. 
[x333:21] zLQN ep! Ln (rep. №)". 

[4383347] =. L, N e r. L= тер,“ (тер МУУ. 

[x333:24] =.L,Nexn,.L=rep,(N’Y. 

[*350-41.#3015] — 2.4 их MI «ДУ (1) 


F.(1).x11327 . 2F . Prop 


«30056. +: Нрж950:5.2.((1/и) «J| (Lv) Ei] = Дахи) E к. 
= (60) к«1((1/6) к] [35055 . #30313] 


«3006. Р:кеҒМ арсопх. X, Ув (Н.Э. (Хр к.) | (рю) (Хх, У) к 
Dem. 

|. ж20434.2 

Е: Нр.2. (р, рр, о). pv, p,o e МС іпдасб-40.Х-ш/у.Ү-р/с (1) 

F. #35054. D F: ке FM ар сопх . pv, р, o e МС induct — 60. 2. 


Кай) на) fo) к) = ФЕ а Уа | (Jo) 101 4 
[935075354] сач» E edi Оо) ed GUIDE «) HI E] 
[350-56-55] х,о) fe xs pYT] к 
[#350°54] © (ах, P/P хо) [ к. 
|ж805:141 € {uly xs pjo} к, (2) 


F.(D.(2).9F. Prop 


#35061. F:.xeFMapconx. ХєС“ЧН.Э:М-(Х(| кл. Х-(Х | «УМ 
[*350:52] 


*30062. F:keFMapconx. X, YeCH'. Б, 8, Гек. RXT.SYT.2. 
(RSX УТ 
Dem. 
F.«x35043.2 Ft Hp. X =p/v. Y=p/o.d. 
Бу = Те. 8° = Te 

[x301:5] 2. Вих = Тихое | Syxco — Пехар, 

[ж330-57] 2. (R| Syser Төхснөхр , 
[4350-41.4300-14] 2 . (R LS) (X +, Y) T: 2 Р. Prop 
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#35063. bike FA apconx. X, Ув СН. 1, M, Nex LAN. MYN.D. 


сері М) (X +, Y) N 
Рет. 


k.x35041.2 

brHp.N = ufo. Y= pja. D тер, L хор, N” тер, Me = тер Ne. 
[#332751] 2. rep 1/7 = гер, Neer. төр, MY"? = rep, No, 
[*332:33] 2. гер, 7° | М9) = rep, IN emi omen, 

[13328] D. rep (L! M)?" = rep, Михея te tren , 

[x33282] 2. тер, гер, (7.12)? = rep, AN ehem e erem | 

[4350-41] D. гер, M) (и хе) +e Xe pv хо) N 
[30614] 2 . {rep (Li MY (X +, Y) У: ЭР. Prop 


435064. Е: НржЗ50-63. ХНУ. Э. пер Му (У, 3) N 
Dem. 
Б.ж332:15:51, DF: Hp. 2 тер, = Оау(тер, Л)” (1) 
Thence the proof proceeds as in x350:63. 
«85065. +: Hpa35062.2.(R|S)(Y —, X) T. [35064 . x30821] 
x85066. bine Мар сох. Л, М, Мех,.Х, Уве CH, LXN.MYN.2. 
тер. (L| Му-(Х +, У) р к М 


Den. 

F.«35003.2 

Е :. Нр. W= герк (LI M). 2: X, YeCH.2.W-(X +, Р) eN (1) 
Е. 35064. D F: Hp(D. X «С“Н,, YeCH.2.W =(X 4, Y) N (2) 
Е. ж350-63 43011. ЭР: Hp D X, Ye Hp. D. W- (ХР) км (8) 
F.«35034.2 F: Hp. X 20,. 2. rep,'(L] M) - M 

(308511 =(X + YP км (4) 
Similarly F:iHp.1Y20,.2.rep,(L] M) - (X +, У) х (5) 


F.(1).(2).(3).(4). (5). DF. Prop 


R&W. UL 


#351. SUBMULTIPLIABLE FAMILIES. 


Summary of *351. 

А “submultipliable” family is one in which any vector can be divided 
into и equal parts (where v is апу inductive cardinal other than 0), т.е. in 
which, if Век, there 13 a vector S which is a member of к and is such that 
5’ = В. The definition is 
ж351'01. FM заб = 

FMnk{Ren.veNCind—w0.32,,.(qS).Sex.-R=} Df 

In open families, such ав we are considering in this Section, S will be unique 
when R and > are given. But in cyclic families, as we shall show in 
Section D, there will be v values of S. For example, let к be a family of 
angles. Then the vector-angle 2ит/р has its vth power equal to 2т for any 
integral value of и, since 2шт is the same vector as 2т; and 2дт/и has v 
different values, since, considered as a vector, any angle 0 is identical with 
0+ 2т. In the present Section, however, these complications are excluded, 
owing to the fact that we confine our attention to open families. 

In virtue of «33727, a family is submultipliable if it is serial and 
Спу “ку is compact and semi-Dedekindian (ж951:11). 


When к is a family which is open, connected, and submultipliable, if 

Lex, and we NC ind — #0, we have 

(ЯМ). Мек, „тер, “МЕ-- L (43512) 
Hence if X is any ratio (excluding 4, now and always henceforth), we 
have 

E'X[x'L (#35121). 

In order to obtain the same result for x, we have to assume that all powers 
of members of к are members of к (ж351:22), but we can obtain the same 
result for x v Cnv**e without this assumption (*351'221), because of ж381:54, 
which shows that in any connected family all powers of members of км Спу“к 
are members of км Спу“к. 

In virtue of the above propositions, the prupositions on products and 
sums of ratios, which in x350 only stated inclusions, now state identities. 
Thus if X, YeC*H’, we have 

(Хк) НҮХ = (Хх, Уу к, © (#251831), 
rep. (Х EL) (Үй к) = СХ Уур к“, (35142), 
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where Lex,; also 
тер (CX E eZ) (Y Ч - (X 2, Y) E rL (85145). 
The corresponding propositions for ratios confined to к instead of to к, 
require the additional hypothesis s‘Pot“« C x, because this hypothesis is 


required in «351.22; on the other hand, in the analogue of «85142 “тер,” 
does not appear, and we have (with the above hypothesis) 
(XEXR)|(Y Ex«*R)- (X +, V) 0 eR (#35143), 

where Rex, For ratios confined to x v Спу“к instead of to к, the corre- 
sponding result can be proved without the hypothesis s'Pot^'y C к (ж351-431). 
It will be observed that the hypothesis s‘Pot‘‘« C x is satisfied if к із a group, 
though it may also be satisfied when « is not a group. Since a transitive 
connected family is a group, a transitive connected family always satisfies 
8“ Рок C к, as has been proved already (#334132). 


«36101. FM subm = 
FM aR Век. ие МС а — 1'0 . Dr, (A8). Sex. R=8} Df 


ж8511. Ес РМ забт. =: ке FM: Век. veNCind—10.dz,. 
(18). 5ек. А = 8° ((ж851:01)) 


49513101. К: ЯЕРМ заб. 2 .Тобо ах {[ж3511.*301`16.%30014] 


*95111. bike FM sr. Спу<$“ ку e comp n semi Ded. D , ке РМ subm 
[*337-27] 


ж8519. b: ке РМ ар subm сопх.Э: ие МС ша -— #0. Лек,. 2. 


(ЯМ). M ex. rep,'Me = Г, 
Dem. 


F.43511.2 E: Hp. pe NC ind - 0. Q, Rex. = Q|R. 2. 
(38, T) S, Ler Q=. Re Te. 
(ж399:58) D. (g9, T) 8, Рек. Lrep,'(S| Тус: 2F . Prop 


#35121, К: Нрж3512. X eC H' Рек. 2. E! XE к, 


Dem. 
F.x351:2.«332:61.2 
Е: Hp. y, se NCind — (0, X = p/v. D. (ЯМ). M ex, тер, Ми = тер”. 
[k350:41:5] DEUX к, а) 
F.x35034.2 
b:Hp.p=0.veNCind 240. X = uf». 2. X к= I ps Gne (2) 


F.(1).(2). DF. Prop 
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«36122. HF: Hp #3512. Рок C e. ХСН’, Век. D. E! Хк 
Dem. 
F. ж301:22. 2+: Нр. ре NCind.v $0.2. еск. 
[#3511] 2.(Я5).бек. Hee А. 
[4350:4.«331:12] 2.(48).8ек.8(шэуВ (1) 
Fa (1). #850521. DF. Prop 
#851221. г: Нрж9851:2,ХєС“Н”,Х-кмСпу“к, ReX.D. E! XEM 
[Proof as in #35122, using ж331:54] 
ж3513, F:Hpæ*3512. p, veNCind.v40.D. 
Кирк Ce) «(ийэ к, 
Dem. 
F.x35041.,2 F:; Hp. 40.2: 
Li(ulv) к, N.=. LN en тер. -тер Үк. 
[48512] =.(ЯМ). L, M,N e, . L= rep, M* төр, Ч = rop, №. 
[38324] =. (qM) . L, М, М e x.. L= rep, Мк. rep Ме = тер,“ Үк. 
[*333:44] =. (qM) . L, M, ек, . L = тер.“ M* . rep,*M* = rep N . 
[#35041] =. (qM) . {ик} M. M (jv) к4 N (1) 
F.«35084.2 FE: Нр.ш=0.2: 
ІШ «| N.s.L-ITs'G"k.N ex, (2) 
F.«35034 .«35121.2 FE: Нр.шр= 0.2: 
1.(и/1) р к (Abel М. =. = ТР“, New, (3) 
F.(1).(2). (3). DF. Prop 
x80131. F:Hp«3512. X, Ye CH' .D.(XE)i(YE«)S (X x, Y)E к, 
[Proof as in «3506, using *351:3 instead of ж850:58) 


#3614. Fixe FMapsubm conx.p,v,p,c¢eNCind. и +0.0 +0. Гек,. 2. 
rep. Қы) к) | (e/a) к) = (uly + plo) E eL 


Dem. 
F.x85041.2F: Hp. up 0. p0. M = (ш/и) «ЧЭ . rep Mr жгер е. 
[*333-44] D. тер,“ M ее = терех (1) 
Similarly 
К: Нр.р+0.рф0. N — (pla) ке. >. гер Ме = rep ехе (3) 


F.(1). (2) .333:34 . #339-33.Э 
+: Hp(1). Hp(2). D . rep (M| Мух = гер, (ехе | Len] , 
[*301.23.«4333:24] D. {rep (M! Мур = гер, х9 etse , 
[*306:14.ж350-41] >. rep. (М! №) = (м/о As pfo) L (3) 
F. (3). #35121 .ж350-34.2 H. Prop 
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#86141. Б: кеРЛар subm conx . s'Pot**« Ск. 
u,v, p,aeNCind.v+0.040.Ren.d. 


(lv) p eR} | (ofa) p eR} = (uiv te pio) «В 
Dem. 


F.«35121:22.2 
Fi Hp. 2. (ufo) Е (uf) кеВ. іе) eR = (plo) «AR а) 
Е. (1), «332241 ,ж881:24:58.2 
F: Hp. >. (uf) E eR] ipfo) кА) = тер, др кеВ) Loo) к ЕД 
[4351:4.(1)] = (ulv s plo) р &*R:2F . Prop 
ж361:411, +: Hp&3514 A = кчо Onv'x.86eX.2. 
(aul) EAS) | (pla) E M8 = (u/v +2 pla) MS 
[Proof as in «35141, using ж381:54] 
#36142. F:keFMapsubnconx, X, YeC*H'. ек,.Э. 
тер, (Х  «21(Ү «Ч2)-(Х-,Ү) к [351-4] 
#85143. F:ke FM ap зат conx . sPot^k Ck, X, Ге 0“Н’. Век.2. 
(ХЕ (Y| R)=(X +Y) eR [x35141] 
351431. F: Hp*35142. A = ко Спу“к.8ел.Э. 
(XEMS)| (PEAS) = (Хх, Р) ря [#351411] 
ж85144. F: ce FM ap subm conx . 
pv poeNCind.vx0.o40.(plo) Н' (шо). Еєк,.2. 


rep. Lujo) к) Lolo) к. ТД] = (uly -i plo) к. 
Dem. 


As in #3514, 
Е: Нр. М (al) E eL. N = (ple) к Э. 

(rep. Qf | Nee = хөр, ея | Leer} (1) 
|. #30123 . «30813 .2 F : Hp. т — (a X, о) — (V хар) D. 


төр, ахо | Loo] = rep, Lr | Loo | Leen} 


[#7 2:59.ж382:25| = тер," (2) 
F. (1). (2). «35041.2 
F: Hp(1). Hp (2). D. rep (Mi N) = |т/(> x, o E eL (3) 


Е. (3) *308:24. 3+. Prop 
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#351441. F: xe FM ар subm conx. 
p vpcoceNCind.v0.cs0.(ulv) H (р/в). Гек.2. 
тер Ln) ке | (alert = (ulv а plo) ка 
F. #33215 . #30319 . 2 
F: Нр. 2. тере Tiu ке ojo) E «= 
Onv'rep, (pfo) E xL) | (ар) к] 
[435144] = Cnv(pla — p/v) р «*L 
[303-19] = (ple ~, ujv) E «Ч 
[430821] = (u/v —, p/a) ка: D+. Prop 


Dem. 


#36145. Р: кєРМ apsubm conx . Х,ҮсС“Н”,Їїєк,.Э. 


тер, (ХО крк) = (X — 214727 
Dem. 


F.x95121.435084 «30812. 2t: Hp. X = Y.2. 
тер (X E ^D) (Y EZ) = раак (XP) beth (1) 
F (1). 35144441 . 2 +. Prop 
#35146. Р:ке РМ apsubm conx .s'Pot*e C x. X, Ув ОН’. Век.2. 
(Cnv*Y ке) (X E «Bye к, 


Dem. 
F.«35122.2 FE: Hp. D. X [ &*Rex. Ук Век. 
[37:62] 3.X D kR ex. Onv*Y [ &'ReCny'*&:2F . rrop 


x35147. k: Hpx35146. 2 . (Cnv*F [ &*R) | (X p R) - (X —, Y) p eR 
[x351:42:46] 


*852. RATIONAL MULTIPLES OF A GIVEN VECTOR. 


Summary of «352. 


By a “rational multiple” of a given vector in a family x we mean, if we 
are dealing with «, any vector in the family which has to the given vector 
a relation which is a member of СН”, and if we are dealing with x., we mean 
any member of к, which has to the given member of x, a relation which is 
a member of C‘H,. We will call the former “rational «-multiples” and the 
latter “ generalized rational multiples" It will be observed that if « contains 
pairs of members which are each other's converses, only one member of such 
a pair сап be contained among the rational x-multiples of a given member 
of к, provided к is an open family. Hence the rational «-multiples of a given 
vector all have one “sense,” even if this was not the case with the original 
family. 

Rational multiples of a given vector 7! can be arranged in a series by 
correlation with their measures with 7 as unit. These measures are ordered, 
in the case of rational x-multiples, by the relation H’, and in the case of 
generalized rational multiples, by the relation ‘H,. Moreover if X is the 
measure of a given member of к with 7 as unit, the given member of к is 
к] A7 X ; while if X is the measure of a given member of «x, the given 
member of x, is к,| 4, Х. Hence the rational «-multiples of T are ordered 
by the relation x 1 4,2 H', and the generalized rational multiples are ordered 
by the relation & 1 Ap Н. These two relations, therefore, are the relations 
we shall consider in this number. We put 


x35201. Т,-к«14,Н Df 
ж35202. Т. =к,145Н, Df 
We assume throughout this number that к is open and connected. In 


dealing with 7,, we assume 7'ex;, and in dealing with 74, we assume 
Текә. We then prove the following propositions among others: 


к14т|рС“Н"е1->1 (435212), 
к1 А-7 С“Н,є1-»1 (885215), 
i.e, the relation of a rational multiple of T to its measure is one-one. 
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Т,,Т.ебег (ж852:10:17). 


Observe that this requires only that « should be open and connected, The 
serial property results from the correlation with H' or Ну. 


OT, = kn Ap CH СТ, = к, л Ap OH, (352331). 


If Sis any non-zero member of C*T,, CS, = С“ Т, (ж852:41), ie. the rational 
x-multiples of 7 are the same as those of any rational «-multiple of Т; with 
a similar proposition for 047, (#352°42). 


RT,S.2:HR,8ek n Ap CH: (Дрю) pve МС ind. <v. R” = S« (#835948). 
This is a convenient formula for Т,, and leads immediately to 
Т,- EAD) рео АН") (#35244). 
Observe that Han) is the class of rational proper fractions, including 0,. 
By «35244 and ж352:41:3, we see that, if S4+ | “к, 
SeC T, D, S, — Т, (k35245), 


‘ie. the order of magnitude of a set of vectors which are rational «-multiples 
of а given unit is independent of the choice of the unit. 


In order to establish the analogous property for Тш, we first prove a 
formula analogous to 352-44, namely 


T, = Сауу алу (сл A50 H) $ 
| HCD) Ben Ag OH’) (435254). 


Here the first term gives the. series of negative multiples of Т, while the 
second gives the series of positive multiples of 7 (including I | sCI**«). 


From the above formula it follows, as in the case of T, that if S is a 
positive multiple of 7 (not including Z[sI*«), S, = Teo while if S isa 


negative multiple of T, Sk = 7, (#352°56'57). 


Finally we deal with the relation of U, to T,. Here we have to assume 
that « is a serial family. We then find that U, with its field confined to 
rational «-multiples of T is the converse of 7,, 2.6. we have 


x35272. Fixe FM sr. Tex, dD. UTC T, — «1 ApH’ — T, 


835201. Т,-к14Н” Df 
#36202, Т.-ж1АЯН, DE 
83621. Fu АТК. =: В, Чек: (ЯХ, Y). XH'Y. RXT.SYT [(#359:01)] 
X35211. b: ВТ.5.-: В, ек: (4X, Y). XH,Y. RAT.SYT. [(&35202)] 
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35212. H:xeFMapconx. Terz. 2.к1 Arf C'H'e1—1 
Dem. 
#3361. ОР: (14: СНУХ.-.Век.Хе ОН’. RXT (1) 
2350521. ЭР: Hp. E, Sex. XeCH'. RXT. SXT.2. R8 (2) 
.ж35044. Эн: Нр. Rexa. X, YeCH' . RXT. ВУТ.2.Х=у (8) 
«9503404. D 
SHHp.R-IDSOCA.X,YeCH'SRXT.SYT.D.X-0,.Y-0, (4) 
(3).(4), 2F: Нр. Век. X,Ye СН’. RXT. SYT.2.X—Y (5) 
. 1). (2). (5). D К. Prop 
#36213. Е:кес PFMapconx.Texg.d.n,.n Ат“ 0“Н C s 
Dem. 
F.«8504.2F: Hp. Rena A, CH .Э. 
(gu, у) u, veNCind — (0.41 Rr A Te. 
[#333101] Э. Века: 2+. Prop 


#362131, к: НржЗ5213.2. кп A, CH, = бук, л АОН) [43071] 


т т T т т т т 


4362-132. +: Hp*35213.2 . к.п А:“0Н, Ско [435213131] 


886214. Р:кеРМарсопх. Гек. 2. к,п Дү СН л ACH, =A 
Рет. 
Fx307:1.48504.4«352132.2 +: Hp. RSen. Ве Ap OH, 86 A,"CHT'.2. 
(gu, po) -u,v,p,ceNCind.v0.p0.o F0. Rexa. 

тер е = гер,“ Тн. rep, S? = rep, ‘7? . 

[33344] Э.(ди,>,р,т). и, v, p,c eNOind. и+0.р+0.с +0. Кек. 
rop, RX? = гер, х= = тер, 687%". 

[#33347] D. (TE n). Ene МО ша. E£0.q1 REAS. Regg. 

[#711192] 2.(gE з). Ё ле МС ша. 40.41 ГАН 5". Reng. 

[x333 101.Transp]D. В+ S12 F . Prop 


ж369:15. Е:кє РМарсовх,Тєкд.Э.к«14:| CH, 61 51 

Dem. 

F.x0361.2 FE: Hp. R(e, 1A CH) X Re 1 Az p CH Y 2. 
Век. . X, Ye CH,. EXT. RYT (1) 
F. (1). #35214. DFs Нр(1).2: , 

Век, . X, YeCH'. ВХТ. RVT. v. Rex. X, Ve CH,. RXT. RVT: 
[4307:1.4350:44.435213132] D: X = Y 2) 
H3361. D H: Hp. RG 1 А ОЧ) X SQ 1 Az ГОН) Х.Э. 

R,Sexn,.XeCH,.RXT.SXT. 
[ж350:291.%3071] D. RS (3) 


+. (2). (3). ЭК. Prop 
эз 
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435216. Е:к«ЕМарсовх,Тєкд.Э.Т,єбеєг [#35212 . x30448] 
#85217. Е:ке FM apconx. Тека. 2. T, eSer (ж9852:15.ж807:45 .«304-23] 


#85218. +: ке FM apconx. ‘Pot x; C ку. ком Опу“ко-- A. Ге к.Э. 
кө ACH, = А 


Dem. 
Р. x35043. D 
Fs Hp. reNCind — 60, X= (иь) | Cnv Sew .2:8XT. =. 8" = Te, 
[Hp] D. S” erga Спу“кд (1) 


F.(1). Transp. ЭЕ: Нр.Э.сч(ЯХ, S). X eCHH,. Sex. SXT:2F. Prop 
ж352:181. Fixe FM init. Тека. Э. ка Ar CH, =A [#35218 . #33521] 
#3522. РікеҒМарсопх. Terg. D. (Isae) T.T 


Dem. 
H. ж350-34 . #33122. DF: Hp. 2. (Fa) Т (1) 
F.x35031. 2F:Hp.2.7T(1/)) T (2) 
Һ.ж304:45:48. 2F:Hp.2.0, H' (1/1) (3) 


|. (1). (2). (3). 43521. 2 H. Prop 
«35221. Е:кеРМ арсопх . Гек. D. (ГК к)Т.Т [Proof as in ж329:2) 
4352-22. Е: ке М ар сопх . Гек. 3.417, [#3522] 
8852:23. К: ке FM ар сопх.7єко. 2. ! Ta |ж852:211 
ж3023. К: ке FM apconx .Tex4. 2. C T, = ко АОН’ 


Dem. 
+. *350°31 . #30448. 2 


F:Hp.XeCH'.X41/.2. X (Hio НЭ) (Л). Т) T. 

[430641] 2. X «(Нә НА ук (D 
F.350:34 . #331-22 . #3044548. D 

F:Hp.X-1/1.2. ХАТО, (Гек) 0, T. 2 Ps TC ex. 


[430611] 2.X eH de (2) 
F.0).(2). 2F:Hp.2. CH'C (I o Hy Аук (8) 
H. 4150-201. DF : Hp.d. CT, = & 1 AH" ә ВЭА к. 

63) Э.кТА,“ОЧИ”СОЧТ, (4) 


F (4) .#150°202. DF. Prop 
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#35231, b: xe FM apconx. Terg. d. CT, — aa Ag CH, 
Dem. 


As in 435233, k: Hp. D. CH’ C(H,o Йу“ Age а) 
F 35031 . (430705) D H: Hp X eCH, .2 X H,O/1) T (4/1) T. 

[4336-1] э. X e Hy Аек (2) 
F.(1).(2). Dh: Hp. D. CH, CH, o HA ye (3) 


К. (3) .3150:201.202 . DF. Prop 
#35232, H: НржЗ52:3.Х,ҮсСФГ.Е-Х|«Т.8-Ү|«Т.Э: 
ВТ,8.5.ХН"Ү [4852-1 . #350521] 


#35233. Fi; Hp#35231. X, Ye CH, R- X [e/T. S2 YET. 2: 
RT.S.-.XH,Y [43521115] 


885234 Fi Hpx3523.2 : RT, T. s (qX). XH’ (il) Ro X pe 
[3591 . #35052131] 

*352:341. :. Hpx3523 2 1 ТТ, В. (ИХ). П) НХ. RS X pe 

ж352:86 Р: Hp435231.2 : ВТ, Т. =. (ЯХ). ХН,(1Л). Ве X E eT 
[4352-11-15] 

8352:351. F:. Hp 435231. 2 : TT. R 2 (ях). а) HX Re Хк 


| 


x35236. +: НржЗ52-3 . sPot** Ск. D. Ром iT C TT 
Dem. 
F 435043. 2 F: Hp.ve МО ша — 10-01. D. T* (v/1) T. 
Гж304-4.ж352:3411 2. TT, T* D+. Prop 


c 
ж352:37. F:Hp«35231.7 ex v Опучк. 2. Pov TT C ТИР 


Dem. 
Е. 43312454. 2 F : Hp. 2. Pot/T C к 


Hence as in «352/36. 


c 
«35238. +: Hp«35231. 2 . rep, (Pot!7 — T) C 7,47 
Dem. 
F.x33261. 2 +: Hp. D . rep,«(Pot*T — LT) Ск 
Hence as in #35236. 


x*35241. F:x eFM ар сопх. 8, Теко. 86С%7,.2. 
CS, = C T, = ка AL “СН = ка А; “СН 
Dem. 
k.x3523 435043. D H: Hp. D (gps ») i ve NC ind—10.S#=7". (1) 
[#8523] 2. Te CS, (2) 
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F.(1).«3523. «35043. 2 F : Hp. Re C*8,.2. 


(Яир, в). j,v,c e NCind — 0. pe NCind. Se— Т”. Re — 5. 
[4801504] 2 (Яр, p, o). pv, ce NCind 0. p e NC ind. Rox = exeo, 


[43523.435043] 2. Re OT, (8) 
к. @). O) R. Е: Hp. ReCT, 2. Rel, (4) 


Е. (3). (4) #8523. D H. Prop 


x35242. Һ:кеРМарсопх. 8, Тека «е CLs Э. O Su = OTe 
Dem. 
К. #352'3 ,ж9504 .ж807:1.2 
Ес. Bpod: (дм, v) p ve NC ind = v0: 1 Sea Te vp 1S" А Te: а) 
[359-31] 2 : Ге C'S, (2) 
|. (1).ж3523 . ж350-4 ,48071.2 
bi Нр. Re CSu. D: (Hu, v, p,a): pv, се МС ша — (0.реМС ша: 
ALS АТ». (SA Tei URS A Sov i Re Аб»: 


|ж388:48| D: (qav, p,a): „ә, авс МО ша — 10. peNC ind: 

ml Rox А TeX үүд! Roxen A Тее: 
(ж859:311 2i:ReC T, (3) 
EDG) one Dh i Hp. Re OTa. D. Re CS, (4) 


Е. (3). (4). DF. Prop 


#85243. Рике РМ арсопх . Terg, Di 
RT,S.2iR Senn Ap CH’ : (qu v). pv e NCind y <v. Re = Se 
Dem. 
k.ox3317.2 b: RT,S. S. R, Se CT.. RTS a) 
Е. (1). #35231 ,к35048 D Fi: Hp. Di 
RT,S.=: В, еко ArH’ : (ap,o,€,).0,€,n e NCind—10.pe NC ind . 
р Хез «ох E. В = То. Sn = Té: 
[43385] = : R, Se n Ap C H’ (яр, со, E, т). с, E ле NC ind — L'0.peNCind . 
р Хет} La X, Ё. Бех = Toxt бел; 
[#12614] D: А, бека а, “СН (qu, v). лье МС 9. pcr. RY = н (2) 
Е. ж350-43 . #3044. D 
Fi В, Senn А, “СЕН” (ди, v). p, veNCinl.u « v. Б = 84:2: 
В, бека ACH’ (ДХ). XH' (1/1). RXS: 
[33361] 2: R, Sek :(qX, №, Z). XH' (1). V, ZeC H'. RXS. ВУТ. SZT: 
[43506,4305 71:51] 2: R, See: (AX, Z). (X xZ) TZ R(X x, Z) T. SZT: 
[ж359-1] Э:ВТ,8 (3) 
F.(2).(3). DF. Prop 
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435244. +: xe ЕМ арсопх. Текҙ.2.Т,- (“алу | (ко ALIO HT) 
Dem. 
Е. 35243 . «3044. 2 FE :: Нр. 2:2. 

ВТ.8. =: В, Sexo ACH’ :(qX).XH'(A/l). ЕХЕ: DE. Prop 
435245. Р: кеМ арсопх. S, Тека: 860 7,.2. 8, — Т. [4352-4441] 
#3525. РікеРМарсопх. Terg. 2.01 Ap H'— k o ALFOCH' 

[Proof as in «352:3] 
#85251. F:keFMapconx. Тек,2.2.С%,1 АН, = e 6 АОН, 
Dem. 
F.150902. 2 - : Hp. 2 . Ce, 1 Ай Ни C, п А “ОН, а) 
Е.н352131, DH: Hp. Rema dp OH,.D (ЯХ).Х OH. Rex RXT (2) 
+. 430493. Dh: Hp.XeCH—e(i/l). Rew, RXT.2. 
X (Hw DAN). Век. ВХТ.Т(ЛУТ. 


18307:1.4336:1 э. ВеО A Hn (3) 
L.435238. ОН: Нр. X 21/1. Нек. ЙХТ.2. В («1 ApH) (ер, ТЭ). 

[307-1] D. R cC ApH, (4) 
+. (8). (4). 2FtHp. X eC H. Rex ЁХТ.Э.Вебк)1АН, (5) 
+. (2).(5). ЭР: Hp. dima Ag OCC | АН, (6) 


F.(1).(6).2F. Prop 
«35252. Б: кєЕМар сопх. Тека. 2. Tu= JA He ApH’ 
= Спек, 1 ASH te ApH’ 
Dem. 
Е. ж160-43 . («30705). D 
F.T.- e 1ApH, o А Но (к. 1 Ap OH) 1 (ЛАОН) (1) 
Е. (1). 43525-51 . #3071. D Р. Prop 
#35253. Е: кє РМ ар сопх. Текә. 2. 
> 
K1 Ar H' = (4H 1/1) р (ко Ат“ СН”) [Proof as in #35244] 
2 < 
ж352:531. Е: Нрж359:53.Э.к,14:0Н-(8Н4(1/13) | ко: СН) 
[Proof as in «352-44] 
PR 
x35254. +: Hp«35253.2. T, = Озу H (1/1) (ко ALI CH) $ 
-» 
8“Н”(1/13) (кол ArH’) [k352:52:53:531] 
ж9852:55. К: кєРМар сопх. 8, Teka. Sek п Ат“С“Н.Э. 


x, ^ As СН” = кп А,“СЕН” к, п ASCH = к, Ap OH 
[Proof as in «352:41] 
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#85256. Е:кеРМ ар сопх . S, Teng. Senn At CH D. Ви = Te 
[x352:54:55] 
835257. Е:кеРМ вр conx. S, Тека. бек, o АОН... Ты 
[359-5455 . ж807:1| 
#3527. Е.ксРМьы.Х,Үс(0Н .Тєк,.Р,фєк.РХТ.ОҮТ.Э: 
PU.Q.=.XH'Y 


Dem. 
Е. #35918. ЭР:Нр.0!Рек,.Э.0|Р-ьеАү ОН, 
[x35005] Э.Х-,ҮеСЧ” а) 
Е.ж350:58. Dt: Нр(1).2.Х+У (2) 
F.(1).(2).433641.2 F: Hp. PU,Q.2. X , Ye CH. 
[«308-12:19. Transp] Э.ХЙ'Ү (3) 
Р. ж836:64. DF: Hp.~(PU,Q).9:P=Q.v.QU,P: 
[4850:44.(3)] 23:iX-Y.v.YH'X: 
[+30448] Эс-(ХЇНҮҮ) (4) 


F.(3).(4).2F. Prop 


x35271. bi. ке FM or. Tex,.P,QeOT,.3:PUQ.=.P(ApH)Q 
(ж352:1:31 


x85272. Б:кєРМьг.ТєкьЭ.П.|ОТ,-к14:0Й”-Т, [#35271] 
#35273. bk: keFMsrsubn. X, Ув СН’. Теко. 2: 
QUT) U (Урт). =. ХНУ [4852-7 85122] 


*353. RATIONAL FAMILIES, 


Summary of «353. 

A "rational family" is one which consists entirely of positive rational 
multiples of one of its members. We denote rational families by “ FM rt”; 
the definition is 


«35901. FM rt=FM nk (qT). Гек. eC Аг О«Н | Df 


It is obvious that, if x is any family, код “СН”, which we considered 
in the last number, is а rational family. If « is а connected family, it does 
not follow that «a A,“‘C‘H' is a connected family, but the proofs of its 
properties, as we saw in X352, make use of the fact that it is contained in 
a connected family. Many of the most important properties of connected 
families hold equally of sub-classes of connected families, notably the property 
that two members of к or x, whose logical product exists are identical 
(%331:4224). In dealing with rational families, a good many propositions 
ean be proved by merely assuming that they are contained in connected 
families We put 


435302. FMcx=FM aX (Ню). ke FMconz.A Ск} Df 
x35303. FM rtcx= FM rta FM сх Df 


We will call а family * sub-connected " when it is contained in a connected 
family. When а family « is open, rational, and sub-connected, any member 
of x} may be taken as the T of the definition ж358:01 (this is proved in 
ж858:18) ; and if S, 7 are any two members of «5, some power of S will be 
identical with some power of Т (35312). An open rational sub-connected 
family is asymmetrical (ж858:2), no power of а member, and no product of 
two members, is the converse of a non-zero member (#353'22'23). Hence by 
*331:54:33, if the family is connected, and not merely sub-connocted, it is 
a group and transitive (*353°25'27). 

If X is a family which, besides being open and rational, has connexity, 
then if a is a member of the field and Тек; we shall have 


= ASAT ADH Uy =r АЙ’ (43533233). 


That is, the series of points in the field and the series of vectors are both 
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ordinally similar to part or the whole of the series of ratios; they will be 
similar to the whole if X is submultipliable (#35344). But when X is 
submultipliable, a smaller hypothesis suffices, for in that case we can prove 
that if А is connected, then A, =» v Соус (35341), во that А has connexity, 
and is serial («353:42). Thus we have 


ж353:44. F:Xe FM ap conx rtsubm . 2.40.) smor Н 
ж353:45. F.FMapconxrtsubm C FM sr 


x35301. FMrt=FM л Т). Тек. «CA, CH} Dt 
«35302. РМех-ЕМоХ (Як). ке РМ осоих.^ Ск} Df 
ж358'03. FMrtex =FMrta FM сх Df 
#3531. Мике FM rt. =: ке FM i (ЧТ). Гек. к CA ‘CH’ [(*35301)] 
x35312. Fire FMaprtex. 5, Terg. AC А,ССЧГ.Э. 
(жш v). p, veNCind.v 0.5 = T^ [435043] 
435313. F:xeFMaprtex. Terg. 2. AC Ag CH’ 
Dem. 
F.x35312. 2E: Hp. Ser, С.А “СН”, Rex .2. 
(Яш, v, p, с). pre NCind.p#0.v0. 0o40. В" = Se, Te — Sh. 
[4383:5] 
2. (Juv, p,a). шыр, ве NC ind. pH O.v40.o 4g O. Reo = Sexee = Тихсо , 
[435043] D. Re Az CH’: D+. Prop 
#35314. F:Hps350313.2 AC А, “СН, 


Дет. 

F.x35318.2 EF: Hp. R, 5ел.2.(ЯХ, У). X, Ye CH' . RXT.SYT. 
[*350:65] 2.(R|S)(Y — X)T. 

[*308:2] D. R| Se A, CH, Э. Prop 


#35315. Һ:ке ЕМ сопх. Те ю.Э.ка Ат “СН є FM тех 
[35371 . («353:02)] 
X3532.  F:xeFMaprtex.2.35 ava, = A Xx e FM asym 
Dem. 


F.x3531213.2 

F:Hp. R, Redz. D. (qu, v) uv e NC ind (0. Re = Re а) 
Е. (1). 4301-28, : Hp (1). D. (ди). ve МС а — 0. В+ @1 (2) 
FOXMERIOI. — ЭЕ: Hp(1). D. Pot RC REJ (3) 
F. (3). (2). Transp . (#38405). D F . Prop 
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«35322. +: Hp«3532.D sf Pot Ag a Onv'A4— А. 
Dem. 


Е. #353-12-13 3015.2 H: Hp ee NCind 2 0, R, Reer. D. 


(qu, v) - uve NOind- v0. Rox = Re, 
[430123] 2. (Ju, и). u,v NC ind - 0. Вике © | (1) 
F.x333101.433023.2H:Hp.ReX9.2.PotRGJ.ÀcePotR. (2) 
F.(2).(1). Transp. 2F: Hp. EeX;.2.c gq! Ро “В п Cova: Db. Prop 


ж358:23. t: Hpx3532 . 2. (s'A| “хул Onv A5 = А [Proof as in «353:22] 
LE 

ж85324. F: Нр ж358'2.лє FM conx. Э.8“Ройб, CX — [435322 . ж881:54| 

ж353'25. F:Hpx35324.2. 5A: A CA [435323 . ж3317381 
121 


ж35326. +: Hp #35324. 2.35: “См 
» 


Dem. 
|. #3531213. D+: Hp. R, Seg. D. (Я, и). ve NCind (0. RY = 68. 
[*330°57] Э.(яш»). p, veNCind-—10.(R|S)r = Sater, 
[¥333°101] D.q! PRSY a RI. 
[*301:3. Transp.*331-23] D. R| Se ВУ (1) 


. (1). 4352:25 . D К. Prop 
«35327. F:Hp»35324. 2. A e FM trsasym [4853262 . x33413] 


ж3533. H: Hpx3532.ve NCind — 10. Рока Cà. D: RU,S. 2. RUS 


Dem. 
F. 33641. D F: Hp. D. (917). Тело. R- TIS. 


[4330:57] Э.(я7).Тєхд.В”-Т 5%. 
[*336-41. Hp] 2. RU,S 2 . Prop 


#35831. Е:. ле FMaprtconnex. В, Sex. ре МС ind — 20.2: 
RU,S.=. RUS 


Dem. 
b.*336°62.>+:Hp.R+S8.~+(RU,S).9.SUAR. 
[x353:3:24] 2.50.8. 
[4336:6:61.«353:27] D.~ (RUS) (1) 
Е. 3366. Эн: Hp.R=S.3.~(R'U,8") (2) 
Е.(1)-(2)-ЭР: Нр. ~ (RUS). D. ~ (RUS) (3) 


Е. (3). x3533. D F. Prop 


R&W Ill. 
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ж35332. Fixe FMaprtconnex. Terg. dD. UL 2 A1 Api 
Dem. 

k.x3531213.x3505.2 F: Hp. R, SeX. R48.2. 

(ящура) «ws v p, e NCind 0.40. Rr Т“. 87 To. ufo р/с (1) 

F.(0).435043.2 Ес. Hp(D.2: RO 1A) 8. у. SOJA HR (2) 

Е. ж301`5.2 

Е: Нр(1) mv, p,a eNCind. v+0.040. R = Te. № = Te. ux o Сих,р-Э. 
БҮХ : у Хос = Тхор -ciuxco) (8) 


F.83421 D E: Hp(3).2. | Sex v Cnv“. 


[4331544832941] — 2. (fti SP% = rep, В | бет 

[332:53.(3)] = Tien cen (4) 
F.(4).34353242 ЭЕ: Нр(3)-Э.Ё Ser. 

[¥336-41] 2.80,8 (5) 
+. (1). (5) 8044.2 F: Hp ЁОЛ 4,НЭХ.Э.80,8 (6) 
F.(2).33044.2 F: Нр(1). ~ (R1 AT) 8]. D. SQL 1 ASH В 

[(6)] D. RUS. 
[4336:6:61.4353.27] D. ~ (SU,R) (7) 
F.43366.2 F: Hp. = 8.2. (SUR) (8) 


F.(6).(7) (8). D F. Prop 
x35333. F:Hpa35332 .a es AA. D. i= АА ADH’ 
Dem. 
|. «336-43. Dr: Hp.2.U, 2A 1 А, (1) 
F.(1).43862. ЭР:Нр.2.496- Aa U, (2) 
Е. (2). #35332. D F. Prop 
ж353:34. +. FMaprtconnexC FMsr [4353-27] 


ж3534.  F:xeFMaprtex.s'Potf'NCA. ела. 2. 


(Яс). сє NCind — #0 . гер eX м Cnv“ 
Dem. 


F.43531213.2 

F: Hp. D. (guv, №, 8). ve NCind. В, Sex. Lo RIS. pty. Rr S». (1) 
F. x30123. D 

Fi Нр. миє NCind R, Ser. Hr St. Dip <v. D. R| I=, 
[#33-53] Э.тер„(Ё|8у ел (2) 
Similarly Ес. Hp(2). D 1p > v. D гер. (В) 8) еСпу“к (8) 
F. (1). (2). (8.2 К. Prop 
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Ж35341. F:Xe FM ар сопх ri subm. Э.А, = A v Сау “А 
Dem. 
+ .*353'4.9 
ЕсНр,ЇсХд-Э.(ЯБ,о). Вело Cnv . се ХС104-190 , rept = Re, 
(ж388:41| 3.Lex м Сву 12 Н. Prop 


ж353:42. F:Hps«35341.2.Xc FM er. (ж95841 . #383426 . 35327] 


*35343. F:xe FMapecxrtsubm . Гела, Potid/TCX.2. CHC А. 
Dem. 

F.x3511.2 FE: Hp. uve М№Сіші.и +0. 2. (98). Ser. P = Ти. 

[35043] D. (48). Ser. Slup) T (1) 

F.(1).«3361.2 t: Hp. X e C*H'. 2. (95). Ser. SALX:2F , Prop 


*35344 F:Xe FM ар сопх rt subm . D . “Ао smor m 


Dem, 
F. #3534233. 2bk:Hp.oest(*4.2.3055— AAT APH’ (1) 
|. #35343. 2F:Hp(D.2.C'H' CG(A4,1X144) (2) 


F.x3362 «35215. 2 k: Hp (0.2. ALIAM Az CH’ cll (3) 
К. 1). (2). (8). ЭН. Prop 
#35345. F.FMapconxrtsubm C FMsr [35342] 


X304. RATIONAL NETS. 


Summary of *354. 


The subject of “rational nets,” which is to be considered in this number, 
is of importance for the introduction of coordinates in geometry. We have 
three stages in the construction of a rational net. First, taking any vector 
T in a family к, we construct C*T,, 1.6. the positive rational multiples of T, 
as in *352. The result is, as a rule, a family which is not connected, even 
when the family « is connected. For if there are in « any vectors other 
than C‘T,, any point of the field which is reached from a given point a by 
one of these “irrational” vectors cannot be reached from a by a member of 
C'T, though it will be in the field of С“Т,. Thus in order to obtain from 
СТ, a connected family, we shall have to limit the fields of its members to 
the points which can be reached from a given point 4 by one or more 
rational steps backwards or forwards, 1,6. to the points A4,*(C*7,). It will 
be observed that whereas, in the construction of C'T,, only positive vectors 
are used, negative vectors, 7.6. the converses of positive vectors, are also 
admitted in constructing what we may call the "rational points" with 
respect to а and Т. Having constructed these points, te. the class 
44(С Т.А, we then proceed to the third and last stage in constructing a 
rational net, by limiting the field of every member of СТ, to A, (CT). 


Many of the propositions concerning rational nets require the hypothesis 
that the family concerned is a group. If this is not the case with the 
family к from which we start, we replace к by ку, where ко is formed by 
adding to к the converses of those members of к (if any) whose domains 
are identical with the common converse domain of members of «. The 
definition is 


435401. к, = ко Coven 08096) — Df 

We put also 
x35403. FM ртр = FM n (ste | “к Ск) Df 

We then easily prove that if к is connected, ко is а group (#35414), aud 
if к is open and connected, к is open and connected and a group (ж35417). 


If к is connected, (xp) = к, (#35415), so that properties only dependent ou 
к, like that of openness, always hold for к, when they hold for к. 
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Next, we prove that if « is open, connected, and a group, С“Т, is open, 
rational, sub-connected and a group (ж35422). Hence if к is open and 
connected, and № = ку, C'T, is open, rational, sub-connected and а group 
(4354-24). 

The “rational points” with respect to а and 7 are A, (С“Т,,. In order 
to study them, we consider Аа СО, where X is а family concerning which we 
make hypotheses which will be fulfilled in the case of C*T,. We prove that 
if X is a family which is a group, and SeA. a es‘, then 

Aah CS Ag, (435431), 
whence SE (Aa N) = (Aa ANIS = ВР (Аа) (#354812), 
Next we prove that, with the same hypothesis, if 0 is any other member of 
Aa ^, then 
Aa m 4,42, (435433). 
Thus the rational points with respect to a and T are the same as the 
rational points with respect to b and T, if b is one of these rational points. 

The “rational net" is the family [ {åa (0“ТӨ OTe. Writing à for 
CT., this becomes | (4,4043. In order to obtain the properties of the 
rational net, we therefore continue to consider a family А, concerning which 
we make hypotheses which are verified in the case of C*T,, and we put 


#35402. cx, A= (A, A) Df 

Thus ex,fC*T, is the rational net defined by к, T, and a. We prove 
(#0544) that if X is a group, сха із a family whose field is 4,44. We 
prove that if X is a family, and а a member of its field such that any 
member L of А, for which L'a exists is a member of X м Сау А, then a is a 
connected point of схо, d.e. 


435432 Fire FM. aes AA.A п СА, СА ч Cnvf*A.D.aeconxz'ex,'A 


The hypothesis А, п GA, CX v Onv*'A. would be verified if X were a 
connected family and «a were a connected point of A. But we want to be 
able to replace X by C*T,, which is in general not connected. The above 
hypothesis, unlike А e FM conx, is satisfied by C*T,, provided к is open and 
а group and а is a connected point of к (x35434). Hence it follows that if к 
is a family which is open, connected, and a group, and a is a connected point 
of к, cx, C*T., is open and connected, and а is a connected point of ex, CC T, 
(#354401). Again, in virtue of «354312, if X is а family which is a group, 
and а is any member of its field, сх. is a group (#354313); hence when 
к is a family which is open, connected, aud a group, сха“С“Т, is а group 
(#354402); and it is easy to prove that it is also a rational family 
(ж354-408). Hence, by «35327, ex, C'T, 1s a family which is open, 
connected, rational, a group, transitive, and asymmetrical (ж854:404), If our 
original family is open and connected but not a group, we only have to 
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substitute к, for к, ùe. putting А = ку, we only have to take сх.“ СТ», in 
order to obtain a rational net with all the above properties. This is stated 
in the proposition 


x35441. bine FM apconx.Teng.aeconx'e.X= ку. О. 
ex, C* T, e РМ ap conx rt trs asym 


*35401. ку-кч Опу (к „аку рғ 
835402. ex, (Аа) De 
«354083. FM отр= РМ ^ (век Ск) рғ 
48641. bu Век. =: Еек.у. Re к. (В = “Ок. [(%35401)] 
x35411. Fixe FM conx. В, Sex.2. Е | бек |ж881:33 . 4354-1] 
435412. |: НржЗ5411. D/R -24496к.2.Ё(8-8|Ё.Ё|8єк, 
Dem. 
F. 33052. ЭР: Hp. a econx'e , Э.Е! RS a. (RS) =з “к. 
[4831-11-42] э.Ё\|8ек v Cove. IR S) = “к. 
(4354:1.«330:561] 2.R18e«,.S| = 18:2 F. Prop 
435413. H:Hpu35411 DR DS - s(I* 2 . Е Sen, 
Dem. 
F.333133. DH: Hp. 2. Él Se u Cave а) 
+ .437-323. 2 E: Hp. D. (R8) = “е (2) 
Е. (1). (2). 33541. D F. Prop 
«36414. Е:кеРМсонх.Э. 8 | “кр Ск, [x3541112131] 
x35415. Fixe М conx .O (rg) = к. 
Dem. 
F.x3541.2F :. Hp. В, Век. 2: 

R,Sex. v. В, Sen v R,Sen.v. R, Sex.(I*R- 99 =“ ик (1) 
F.x3304. Эн: Нр. А, Sex. D. Ri Sex, (3) 
F 43318324 2 E i Hp: Sex. v. R,Sex:2. R| Ser (3) 
К.я35%12. Эк: Нр. Ё, бек. (*R-Q*S-5Qe.2.R|Sex, | (4) 
К. (1). (8). (3). (4). DF. Prop 
#354-16. Е:кеРМсопх,Э.кус FM соох [#854112] 


435417. Fixe FMapconx.2 . «y e FM ар conx ртр 
[*354-16:15:14 . 333-101] 
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«95418. F:keFMgrp.z:ke FM: R,Sex.Dgs. Е|8єк  [(k354:08)] 
X35419. F:keFMgrp.2.s'Potx Ck [#35418 . Induct] 


ж3542. Б: кєРМарсопк. T erz.. CT, e FM ap rt cx 
[435315 . ж352:3| 
ж354:22. F:ke FM ар соцх ртр. Тека. 2. CT, e FM ap rt cx ртр 
Dem. 
Б. #35062 . ж35418.2 +: Hp. А, S, Тек. X, Ув С“Н’. EXT.SYT.2. 
(R|S)(X +, Y) T. Ri бек. 


|ж806:67.ж352:31 2. R|S«eC'T, (1) 
Fa (1). #3523. DF: Hp. Е, SeC'T,. 2. RISe C'T, (2) 
F.(2).«3542.2 +. Prop 


x35423 bine РМ rtconx. Гек. 2. C T, — [#35313 . #3523] 
#85424. FikeFMapconx . Terg. A= ry. D. CT, е FM aprtex grp 
[3549217] 


*36431. bide FM ртр. аєа. Ser. D. A, X. С S^ Agr, 
Dem. 


F.43361.2 Fi Hp 2 12e AMD. (ЯР, Q) P, Qew. = Ра. 


[4330-56] Э.(ЯР,0)-Р,Оск.8ч- Ба. 
[435418] 2. (aP, В). Р, Век. Sæ = Ра. 
[13361] 2. See ASI. 

[#37106] 2e S 4,50, 1 2 F Prop 


ж854:311. Е: Hp «35431. D. SYA,UX C ASA, [354531] 


x364312. +: Hp«35431. 2 . SP (Aa N) = (4,7) 19 = ВР (Аа и) 
[35431811] 
#854313. H:A eFM grp. aes AN. и = схил. О. ва | Си 
Dem. 
Е. #354312 .5 
FrHp.B,Ser.d. {RE (Aa)! SE (А АЛ = CR] S) E (Aaa) (D 
Е. (1) #35418. 
Е: Нр. В, бел. 2.18 АЛХ LIS (А. А eex I: DE. Prop 


x35432. г:леРМ ве“. Мм п ПА, СА о Опус. Э.аевсонхех, А 
Dem. 

Е. ж3361. ЭН: Hp. 2:ge ALI, D. (qb). LeX = Ма. LeT Аа. 

[Hp] D. (qb). Lex o Су“. s= Lia. 

[3330743] Э.(яМ).М ecx,'A u Onvex, A .m— Mar 

[x33111] 2: а econxfex,'A :. ЭК. Prop 
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435433. Fire FM grp. aes TEN, be Agi. 2. AS, = А, 
Dem 
F.«3361.2 


Е: Hp. ce As. 2. (ЯР, 9, В, S) P,Q, R, S ew c КМ да. 


[x33056] 2.(gP, QR, S). P,Q, R, Sex. co RPS Qa. 
[+35418] Э.(ЯМ,М).М.Хєк.с- Уа. 

[#3361] Dice Aah, (1) 
Similarly Е: Hp. ce Aaa.. 2-06 Aur, (2) 


F.(D.(2).2 F. Prop 


#85434 F:ke FM apconx отр. Tex; А = C'T, .aeconxíe.2. 
X, ^ (IA, CX ч Cnvr 


Dem. 
k.x35422.  2HF:Hp.2.XeFMaprtex. 
[*353'14] 2.^, а (кч Сиу к) СА м Сау А (1) 
F.x3311132.2 EF: Hp. Lenn GA,.2. Lek ou Onv'*x. 
(13) Э.ЇеХм Спу“Х: ЭР. Prop 


x35435. Р: «еРМар сопх. Тек; .ш-ку.А-0%7,.а econx'k.2. 
№ о 154, СА о Опус [#3543417] 


#8544.  F:xe FM отр. aes A.D. ex, e РМ. s "GC ox," = 4,9. 
Dem. 


Е.ж330:52. Dt: Нр.Э.сх(ОС1-»1 0) 
L.4354311.2 Fi Hp.D: Rer. D. R= А. D'RCQ*R (3) 
+. «354312 , ЭР: Hp. R, 863.2 (RI (A ASE А rd} =(B ] S) 43292) 
[x330:5:52] =(8 ЕЁ) (As) 

[x354:312] = (ВСАА) (ВШ (Aa Ad} (8) 
Б. (3). «3305.2 F : Нр. 2. сх, є Abel (4) 


F. (1). (2). (4) 330752 . D E . Prop 


ж354:401, Е: ке FM apconxgrp.aeconx'e. Гек. D. 


cx, C*T, e FM ap conx . асесонхбоха 5 Т, 
Dem. 


R.x354432. ОК: Hp. dD. cx C T. e FM (1) 
kox35434322.2 E: Нр.Э.авсопхбхү C7, (2) 
F. (1). (2). #333101. D+. Prop 


»354:402, F: Hp #354401. D .cxa(“T e FM grp |ж854:318:22:401) 
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#854403. |: Hp 354401. Э..сх, СТ. e FM rt 


Dem. 
|. #35312. 43542. D 
F:Hp.SeC'T,. = С*Т..5. (яру). p veNCind.v +0. 8 = Te, 
[4354:312. Induct] D. (Tuv). uveNCind. v 0. 


{SP CASA)" = 8°} (Aa Aa) = THp (Аа) = (PE А АУ». 
|ж350:48.5354:4011 


Э.(ярь») uve МС ind.» +0. {SP 45:90 (и) {Т (4 30 0) 
F.(1).33531 . D F. Prop 
#354404. F: ке FM ap conx ртр . а є сопх“к. Тека. 2. 
ex, C*T, e FM ар conx rt бгр trsasym — (к854:401:402:408 . 4353-27] 


x35441. Е:ке FM apconx. Texg.aeconx'k.X— ку. 2. 
ex, C'T, e FM ap conx rt тв asym [#35417404] 
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*356. MEASUREMENT BY REAL NUMBERS. 


Summary of «356. 

In this number we consider the application of real numbers to the 
measurement of vectors in a family. The principle of this application is 
as follows: If a given set of vectors, all of which are rational multiples of a 
given vector R, have а limit with respect to U,, and if their measures 
determine a segment of H, then we take the real number represented by 
this segment as the measure of the limit of the given set of vectors. 
For the sake of homogeneity with rational measures, it is wéll to take our 
real numbers in the relational form given in «314; те. if £e СӨ, we take 
БЖ as the corresponding real number. With a suitable hypothesis, the 
result of the above principle for applying real numbers is, where rational 
multiples of the unit R are concerned, to replace the ratio X by the 


rational real number “НХ, as the measure of the vector Хк 
(cf. «356:63). Then the measure of the limit of a set of rational vectors 
will be, by our principle, the limit of their measures. Thus our principle is 
conformable to what is required for an application of real numbers. 


It should be observed that, if any application of irrationals is to be 
possible, it is necessary that the vectors of the family concerned should 
have a serial or quasi-serial order, independently of the order generated by 
their measures. The order generated, among rational multiples of T, by the 
ratios which are measures of these multiples, is Т, (cf. «352). А vector 
which is not a member of С“Т, cannot be the limit of any set of vectors 
with respect to T,. But we saw (352/72) that if к is a serial family, 

T, = О. CT.. 
Hence when к is a serial family, a vector which is not a member of C'T, 
may be the limit of a set of members of C*T, with respect to U,. It is the 
existence of an independent series U,, not generated by measurement, which 
makes the application of irrationals as measures possible. 

The following phraseology may be found convenient. Taking a unit T 
in a family к, and an origin « in its field, if X € C*H' and S= X «Тан 
в = ба = (Х Туа, we call X the “rational measure" of S and the 
‘rational coordinate" of x. Ме have, in the same circumstances, 

8-к14,Х.ш-4448- 4,1 4:Х. 
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We will call S the vector of X, and т the point of X; and the same 
phraseology will be employed for the vectors and points obtained by 
measures which are real numbers. We may now state the principle 
according to which we apply real numbers as measures as follows. Given 
a segment £ of H, take all the vectors of Ев: these form the class кп А, 2, 
Then the real number 848 is to be the measure of the limit (with respect 
to 0.) of the class кт АЕ. Since U, has the opposite sense to that of Т., 
т.е. U, proceeds from the vectors with bigger measures to those with smaller 
ones, the limit we shall have to take will be the lower lim. with respect to 
U.. Thus the vector whose measure is 8% will be 


prec (U,) (£ 4,46). 


> 
Now И we put X 2 &K£, А, = ХӨТ, and X is a relational real number. 


Hence using *206°131, the vector whose measure is X is prec(U,)‘X‘T. 
Hence if “ X,'T" represents the vector whose measure is X (unit 7), 
we put 


— 
#35601. X,-pree(U)i Хк Df 


Assuming now that к is a serial subinultipliable family, in which we take 

R as the unit and a as the origin, and putting, for notational convenience, 
P- U,.Q- ius, 
we have first a set of preliminary propositions (ж8561--191), of which the 
most important are 
Н--(СНУЛАРР-(СН914,24,50 (435613), 
PLCR,-«1A,)H'. (435614) 

giving the relations between the series of ratios, the series of their vectors, 


and the series of their points. 


We proceed next (*850:2— 26) to the proof that X,|«el—1. This 
requires, in addition to our previous hypothesis, that Q should be semi- 
Dedekindian. With this hypothesis, we first prove that if X, У are 
relational real numbers, 

АХ, = (Y, = ка: X,— ee X= (ж25621). 
We then prove, by the help of some arithmetical lemmas, that the lower 
limit of the submultiples of a given vector is the zero vector, 1.6. 


18 (See: (qv). В= 8] =I TQ (*356-22). 


Hence we easily prove that, if R is any non-zero vector, and X is a class 
of vectors having a lower limit Z, the lower limit of the relative products of 
R and members of X is the relative product of R and L, i.e. 


ACK. L=thpr. Век. D. RIL=tl В! “д (356221). 
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Remembering ‘that the relative product is represented arithmetically by 
the sum, we may express the above proposition by saying that the limit 
of the sums of a given vector and a set of vectors is the sum of the given 
vector and the limit of the set. From this proposition we easily deduce that 
if RPS, XE + XS, whence it follows that 


Х.|ке1->1 (*356-26). 


Our next set of propositions («856:3— 33) is concerned in connecting the 
relative product of X, and Y, with the arithmetical product X x, Y, where 
“x,” has the meaning defined in ж314 Неге we only require that к should 
be serial and submultipliable, and we obtain 


Xa Yes (X x, Y) (485633) 


This proposition is the analogue of ж851:31 (except that к, is replaced by к); 
it has a similar importance, and calls for similar remarks. 


Our next set of propositions («356:4—:43) is concerned in proving that 
the limit of the points of a segment of ratios is the point of their limit, in 
other words, that the limit of a set of points whose coordinates are a segment 
of rationals is the point whose coordinate is the limit of the segment. Here 
we again require that our family should be semi-Dedekindian; then if £ is 
a segment of ratios, and X = 4%, the above proposition is 


-» 
(X, Ry a = seqo Аа“ ASIE = sequ А“ ХВ (&356:43). 
> 
Неге X,‘R is the vector of X, (Х„ Ва is the point of X; Ар = ХВ, 
E 
and each is the class of vectors of members of £; and A," As" ог 4,“Х“Е 
is the class of points of members of & Moreover X is a relational real 
number Thus the above proposition states that the point of X is the 


segment (ùe. the limit) of the points of the ratios contained in X ; т.е. of the 
ratios which may be considered less than X. 


We next proceed (ж856:5--54) to connect the relative multiplication of 
vectors with the addition of their measures. Here we require that « should 
be semi-Dedekindian as well as serial and submultipliable. We then find 
that if X, Y are relational real numbers, and is a non-zero vector, 


(ХК) (ҰС Е)-(Х-,Ү)“Е (ж356:54). 
This proposition is the analogue of ж851:43, and calls for similar remarks. 
The proof proceeds without much difficulty by means of ж856:43. 
Finally we have a set of propositions (ж356:6—:63) to prove that the real 
number which measures à rational vector is the real number corresponding 
to the ratio which is its measure; Ze. if X is a ratio, the vector which has 


2» 
the ratio X to the unit has the real number НХ for its measure. It is to 
be remembered that rational real numbers must not be identified with ratios, 
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any more than integral ratios (1.6, ratios of the form v/1) must be identified 


with cardinals, The real number corresponding to a ratio X is ma. ; this 
is what we call а "rational real number," In measurement, when we are 
measuring by ratios, if R is our unit, X will be the measure of X { ке; but 
when we are measuring by real numbers, the measure of X | «*R must be a 
real number. The real number which is the measure of X | «В will, by our 
definition, be a real number Z such that 


> 
X «R= prec (17„)‹7‹ В. 
Thus we have to prove that, if X is a ratio, the above equation is satisfied if 


> 
we put 2= НХ. This requires that к should be serial, submultipliable 
and semi-Dedekindian ; we then have 


> 
ХєСН.Э.ӨЧИХ),-Хүк (485668). 
> 
Thus although the “pure” real number & АХ is not identical with the 


“pure” ratio X, yet the “applied” real number GEX у‹ is identical with 
the “applied” ratio X p к. This fact explains why the results of the habitual 
confusion between a ratio and a rational real number have not been even 
more disastrous. 


> 
x35601. Х.-ргес(0)|Хїк Df 
83561. F: Rex. D:9=X R.=.3=prec(U, XR [(35601)] 
x35611. H: Rex. 2:9 =() “В. =. 6 = prec (U) As" 

[+3561 . 33612] 
#85612. Е :. ке FM srsubm. 

X, YCH .Rerg.aes Ar. Q= Р= 0..2: 

ХНУ. =. (X) eR) P(Y EER) =. (Хр Ryfa] Q (Үс) 

[«35273 .ж386:4| 
«35613. +:xeFMsrsubm . R еко. aes“. Q= seg P= 0..2. 

НЭ-(0“НЭ14,5Р-(СЧРУ14 ЗА. [485612] 
435614. |:НржЗ5618.2.РЕ “В, =«1 АН’ [#35272] 
> > 
435615, +: Hpx35613.X СОН, Хв. Э. maxp X Raw} Ag waxy 
Dem. 
> > 
F.x83241. — ЭЁ:Нр.2.ко XRC OR.. X*R = Arh (1) 
э ә > E 

H. (1). 35614. 2 F: Hp. 2. мах» ХЕ = max UE CUR) HR 
[35614] —-&1Ag'max4 :2F . Prop 
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> > 
#35616. F:Hp35613.X € CO. X= 5.2. тахь XR = А о [#35615] 
> 
«85617. +: Нрж35616.2.Х,-1 ХГС [335616] 


#35618. bine FM соппех. 2. Х,є1 — Cls 
[*206:161 . 33662 . (4353:01)] 


835619. Fi.ce FM sr. P= л 23iZeCH.2.ZpoPGCP 
Dem. 
F.x336511.2 FE: Нр. А, Sex. veNCind-('0.Z = рју. 2: 
RPS.z.R«PS. 
[x35043] D: RPS. M = (uj) к“&. N = (ujv) | «S. 2. МҰРА». 
[3336511] 3.MPN :. D+H. Prop 
x356191. H: Нр ж35619. X es*C9, 2. Крк: РЕР|Хрк 
Dem. 
Е. ж35619.2 
Ес. Нр,Э:ХєСӨ,Х = A. ZeX.2D.ZExk| РЕР үх: DF. Prop 
< 
«3562, +: Нрж356:16.шє0. еш. Э.к | Ap Lep PAg pu 
Рет. 
c 
F.x31011.2 E: Нр,Э.ЛсрчН“и. 
ж---- 
[4206:6.4352:12] Э.«14,4єрх14,8Н“Ади 
c 
[3356141 Э.к1А‚„ Lep PCA gui db. Prop 
#35621. Е:. ке FM sr subm . Cnv's'e; esemi Ded. X, Үег СО 9.2: 
OX, = СУ, =к:Х,=У,.=.Х=У 
Dem. 


Е. «35616 2147.2 
F:Bp.X,ueC 9. Хе». Vasu. Веку. Э.Е! ХИВ. ЕТУ ИВ (1) 


F.(1).43362. DF: Hp(1).P=U,.qta— ped. (Y R) Р(Х) (2) 


Similarly F:Hp(D.P-U,.q!u —X.2.(X,R) P(YA4R) (3) 
E.(1).(2).(8). DF: Hp (1). X R= YR. 5. л=и. 

[Hp] Э.Х-Ү (9) 
F.(1).(4).2 F. Prop 


#356211. F: o, re NCind – 10. veNC ind -10—41.2. 
(а T) > а” +, (и Хо” хот) 
Dem. 
F.x113:43:66 11634. 2 F (о x, T= o? (2 хов хт) Б, т? (1) 
Е. +1265. DF: Нр, О: (о T) > а” (v хе a"! х„т).Э. 
(о +, Tt! part +, (и хо” Хот) Helo” хот) (9) 
Е. (1). (2). Induct. +. Prop 
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+356212. kip >o.p,a,CeNC ind. 2. (qv). veNCind. pro» o" x,t 
Dem. 

F.x3562110.2 

F:Hp.reNCind.po- 7.2. р’ >o Хе lo +e (v x) (D 

F.(D.x12651.2 E: Hp(D.o +, (ихт) 0 x,C.D.p' > o" xf (2) 

E. (2). x11343. 120-436 1265.2 

Е: Hp(1). so 72» ах, (8-1), D.p оў XE DE. Prop 


*856218. К: р> с.р, с, É. 3e МС ш4.1+0.2. 


(qv). »eNCind.p* x,y > ох, Ё 
Dem. 


F.x356212. 2E : Hp. D. (up) -veNC ind. pP 2» o* x Ё: ЭР. Prop 


x356214. Ғ:р,о«ХСіпі-40.р>в.ХеСН.9. 
(qv).veNCind.(pley HX  [x356213] 


x356215. F:AeC'8.p, ce МС ша - 150.02 0.2. 


(ЯХ). X eX. X x, pla c€X 
Dem. 


Е. ж805:142. Induct. OF :. AC C H gp ! 4.» e NC ind — 10: 

Хел. Эу. Хх, plaeXi21XeX.Oyg. X x, p'lo" eX: 
[4356214] D: Нч“ «CH (1) 
Е. (1). Transp. ЭР. Prop 


ж856:22. HF: Hps35613.Q esemi Ded. 2. 
del S |S екг (gr). R=} = ГО 
Рет. 
L.4336511.2 FE: Нр. L = Up (qv). R = 8] ое NC ind 00.2: 
Век. S R.D. LPS": 


[30175] 3iTexk.Te^  R.D. LPT: 
[Hp] 2iLP.L (1) 
F.4«33721.2 E: Hp.» eNCind — 0- (1. Лека. 2. LPL" (2) 


F.(1).(2).3F  Hp.D. Бека: ЭН. Prop 


x856221. H: Hp #35619. Q = ig AC Д = tf Векь. 2. 
Ri Lo R,“ 


Dem. 
F.x33415.4336411.2 Ес. Hp. 2: LPM . 2 .(Rj D) P(R| M): 
[Hp] 2: MexX.2. (R|D) P(R, M): 


(ж87:611 2: ві СРВ! Г) а) 
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Е. #33641. DH: Нр.(В!Р)РМ.3. (ЯМ). Меж. М= В|. 


[+33031] D.(qN). Хек. R[M - L|N. 
[4336:41.4334:13] 2.LP(R|M).R|Mex,. (9) 
[Hp] D.N). N ex. NP (RM). 
[«336:411.(2)] эя). Ner. (RIN) PM. 
[+371] э. Мерен | (3) 


Е. (1). (8) #20721. D H. Prop 


4356-23. +: Hpx356-22. RPS.2 (qv).veNCind -v0.[((v-,)/v] E &*R] PS 
Dem. 

F.x35622:221.2 F: Hp. à= P {7ек: (ди). R=}. D. tR = R. 

[Bp] 2.(gT). T «X. (R| T) PS. 

[Hp] Э.(нуу-ис МС ind — #0. (R | (jy) [ &*R] PS. 

[x350:62.«334:32] 2. (qv) . v eNC ind — #0. [{(v +, уу В] PS: D+. Prop 


#356231. |: Hp «35623 . 2 . (gv). v eNCind — 10. SP[{(p ^, )/] E x‘R] 
[Proof as in *356°23] 


«35624 +: Нр 435623. X càC9.0 . XE XS 
Dem. 
Б. ж356'28.2 E: Hp. Ae C9. X = 8.2. 
(Tp a). p, o eNCind - 0. p >o . (pfo) кВ] PS. 
[356215] 2. (тр, о, У). р, oe NC induct — (40.p 2» с. Y eX. Y x,p/o ven. 
(Je) t eR) PS. A 
[x336:511] Э.(яр,о, У). рсе МС ич-и0,р>о. Y eX. Y x, plo ep H. 
ПУТ е) eR) PAY Les}. 
[435131.435613] 2. (gp, o, 1). Y p (plo) Rep Pex Ra PXS. 
[356-1] Э.Х,В+ФҮ,“В:Э К. Prop 


«85625. HF:Hpx35622. X sO... XR C Q 


Dem. 
Б.ж3561:21. DF: Hp.2. X,/Eex; а) 


Е. (1) .ж4113. DF. Prop 


*35626. +: Нрж356:25. Э.Х,|кс1-э1 
Dem. 
F. 35624 . Transp. DF: Нр. В, Sek; K,'R— X,/'S.2. R58 (1) 
Е. (1). #3561821. DF. Prop 
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ж3563.  F:.«e FM ар сопх subm . 3 Роб“ к Ск. рр ve СӨ. К, бек. 2: 
В (их, $v) B. =. В (sp) к (3) 8 
Dem. 
Б.ж314:14 , 481321, DH: Hp... их, = Ss p x, “> (1) 
К.(1).ЭҺ:.Нр.Э:ВЁ{(4“и x, i v) S. e (ЯМ, №). Mep.Nevy. (Мух, М). 
[43513122] =.(ЯМ, №). Иер. Хеу. В (Мк | №) 5:. DF. Prop 
ж366:31. Р: ке FM ap conx subm. 5“ Роб“ к Ск. X, Yes*O@O. 3, 
(Хх, Y)be- QI Eo. (4568) 
#85632. F:keFMsrsubm. X, Y eà**C*O. Кек. 2. X/'Y/R—(X YR 
Dem. 
> > > 
Е. ж356'191.2Е:. Нр. 2: бека ИЕ; Э.ко Ри: 
[x37:63] D: Xen PRC Р“ХЗҮ, «В (1) 
Е. ж3056. ЭР:Нр.ХеСӨ.Х-ғл.2,7/7ел.2Н2.Э. 
ZYY RSZ «Ч2| )| RVR. 


(835612 D.Z KY Rez ye PYR. 
[+35617] о. руле Pe PVR. 
#35619 D. ZYK Y Re PHZ Pe VR, 
[ 1 
H э. ку Re РАХЧУВ (2) 
р 
-» > 
К.@).(@. DF: Hp. D. P*X*YXR = PX YR 
[4356-1] 2.(X Y) Ro XV ER: Db. Prop 


x35633. F:Hpx35632,2.X,| Y,- (X x Y) [#3563132] 


ж3564. Fixe РМ conx . 0 = Спу ка. Sek .a C OQ. g!a. Е! веда. D. 
S'seqofa = segg Sa 
Dem. 


К. *330°563. D F: Hp. 2. S'seqofa ep Qs (1) 
Е. ж371, | 32b Hp.2:. Se дер ача, = 

(яу): 26а. Dy. 80у: у05%: 
[*330:542] (Яо): теа. Dy. Sx Q Sw: Sw Sa: 
[x208:2] : (gw): we! еа.2,.а0ш: wz: 
[437-1] =: zeip Oa (2) 
F.(2). Transp. DF :. Hp.D: деәедер ч. = =. Stem e бер УТ (8) 
H. (1). (3) -*330:542 . D Р. Prop 


в. & W. OL 
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435641. Е:. eFM conx trs. P= U. Qi; ae CQ. AC kg 023.2: 
М = ведь. =. № ек. sequ Ao = Na 


Dem. 
F.x336:43:2 . x20661 . D 
Fi Hp. D:N =seq à. =. Мек. Aa N= seg (0 | Дак) Aa A (1) 
F.x206211.2 E : Hp. р = sequ 447A. 2. (QR). Re X. Вар. 
[Hp] 3.(qy9).Sex.bSa. 
[x33611] 2. b e Age (2) 


Е. (1). (2). 2Е:. Hp. 2: = ведь. =. ek. Aa М = seqoA,X (3) 
К. (3). #88611 . DF. Prop 
x35642. +: Hp *356-41. Е 1 зець. 2 . (seqp'AYa = веб 4a A — [356/41] 
«35643. F:Hp«35622. £e CO. X — # Ё.с 009.0. 
> 
(Х«Вуа ot вед Ag A “Е = зе‘ A, X *R 
[4356421121 ,ж886:12) 
*3565.  F:Hp«35622. 
> > 
X,Y es 0 ® „а. 00. Век. л=ка ХВ. um ko Ү“В.Э. 
> 


-> 
(XR) У, R)'a = segg ведо p'a 
Dem. 


F 35643 . X33612, D F: Hp. D. (X В) fa = sego A (Y R)'a 
E > 
[*356-43.ж386-12] = ведо 8 A seqo's*ufa : DF. Prop 


«35651. HF: Hp«3565.2.(X +, Y), = ведь | би 
Dem. 
F.x35611.x31413. DF: Hp. E, ge C9. X= FE Y —d6g.2. 
(X + YR s ведр A s «(E Жа 2) 
[4312:32.4311-11.x308:32] = seq» A дб“ +, 
” 
[*33611]=seq Ñ (q1, M). Le£. Men. N=(L +, M)} xR) 
[435143] = вед (gL, М). Le£. M eq. (Ер В) (Mp кВ) 
[Hp] =ведь Â (qU, W). Uer. Wew.N=U|W}:3+. Prop 
x35652. F:Hpx3565 2 . ((X +, Y), Ва = seqq (9A) а 
Dem. 
F «35651. ЭЕ: Hp. D. ((X +, Y), Ера = (ведь | шуа 
3 


[0356-42] = водо | “и 
[433611] = sequ' (AX, У). X eX. Үе вүе-(Х Руа 
[+4111] =3е40“8 (JX). X eX. e Хера) 

[4111] = seqq (iN) pta :2 F. Prop 
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-» > > 
*356`53. F: Hp #356°5 . D . seqo's Абед “ии = seqg (SA) s ufa 
Dem. 
1 -» > > > 
Е. «35616. DF: Hp. 2 .seqo's'A seqofsfufa = Ное оиа 


[4111] = №8 ЕР). Lex w= Тодора) 
[43564] = 1662 (FL). L eX . а = едо u'a} 


> 

[4356:16.Hp] -18 (042) Led «a = ligt Lipa) 

[420755] — —lto's'& (НБ). Ler. a= Гера) 
> 


ж41:11 = lto (85A) “Su'a 
[ 1 (SA) 
> 
[*856-16]  =seqg (39) ша: DF. Prop 


#35654. Е: ке FM srsubm. Спу к. esemi Ded. X, Уєз“С‹®, Re K.D. 
(XR) (VER) =(X +, УУ В [435655352] 


43566. Р: е РИвг. Века. Р = 0,. 08ка. ХеСН.Э. 


ә ә 
k^ АЕН ХСР Х DR 
Dem. 
> 
Е. #376. Dh: Hp. 2: Me A HX .=.(4Y). YHX . MYR. 
[3527] 2.МР(Х | к‹Е):. DF. Prop 


x35661. |:Нрж356:6. кє РМ ват. Qesemi Ded. SP (X p &*R).2. 
AY). YHX . SP(Y p кВ) 


Dem. 
F.x856231.2 F: Hp. 2 (42) .» eNCind — 0. SP [((v ^ Пр ef XE xR] 
[435131] Э.(яо ve NC ind 00. РЦ, Dv, X} ER] 
[4305751] 2.(gY). YHX . SP(Y E кВ): Dt. Prop 


435662, +: Hpx3566. «є PM subm . Qesemi Dod. 2. 
> > 
PAX ERC PCA “НХ [x35661] 
= 
30663. Е: Нрж356:62.2. (НХ), = [к 
Рет. 
= 
F.x356662. 2 E: Hp. dD. XP eR = ltr A HX . 
> 
(43561111 э. Хр (НХК a) 
F.(1).35621.2F . Prop 


#359. EXISTENCE-THEOREMS FOR VECTOR-FAMILIES. 


Summary of «359. 


In this number we prove that, assuming the axiom of infinity, there are 
vector-families of the various kinds considered in previous numbers. 


If P is any well-ordered series having no last term, the converses of the 


interval-relations, 1.6. the class finidP, form an open family of ОР (ж359:11). 
If P із a progression, this family is serial and initial (x35912). 


The family consisting of additions of positive ratios to positive ratios 
(including 04), ле. consisting of all terms of the form (+, Х)[ CH’, where 
X eC*H', is initial, serial, open, and submultipliable (ж359:21), assuming the 
axiom of infinity. ‘The family consisting of generalized additions of positive 
ratios to generalized ratios is serial, open, and submultipliable, but not initial 
(#35925). 

The family consisting of multiplications of positive ratios not 0, by positive 
ratios not 0, is open and connected, but not serial or submultipliable (ж959:22), 
if we confine the multipliers to ratios not less than 1/1, the family becomes 
serial («359-25). 

The family consisting of additions of positive real numbers to positive 
real numbers (including 150) is serial, initial, and submultipliable («359:31); 
the family consisting of generalized additions of positive real numbers (including 
140,) to generalized real numbers is serial and submultipliable, but not initial 
(*359'32). Similar propositions hold for multiplication, provided 4%, is 
omitted; but the resulting families will not be serial In the case where 
the field is confined to positive real numbers, however, the family becomes 


= 
serial if the multipliers are confined to such as are not less than H*(1/1), 
which is the real number 1. 


The last set of propositions in this number (ж859:4--44) are concerned 
in proving that, given a family x whose field is 8, it S is a correlator of 
а апа В, St**« is a family whose field is a, and which has the same properties 
of being connected, open, etc. as the original family ж. Hence if x is а family 
whose field is the real numbers, and we are given any class а similar to the real 
numbers (in other words the field of any continuous series), if S is the correlator 


SECTION С] EXISTENCE-THEOREMS FOR VECTOR-FAMILIES 458 


of this class with the real numbers, S1**« gives a family whose field isa. Hence 
from our previous existence-theorems we derive the existence, for a, of an 
initial serial family, giving us a system of measurement for a. Similarly 
if & is similar to the rationals. 


*3591. F:PeO.- ELB P.D. finid'P сСехег СР 


Dem. 
k. x2602328. D F: Hp. D. finid PC1>1 а) 
=. #121302. 3F:Hp.2.D*P,- CP (2) 
Е. (2). ж121-302'35 . «26028 . D 
Е: Hp.»eNCind Л Р, = CP . 2. DP, = CP (3) 
H. (2). (3). Induct. DH: Hp.Refnid*P.2.D*R- 06Р (4) 
=. #121322. ОЕ: ВейнаР.2. RCP (5) 


Е. (1). (4). (5). «3301. D F. Prop 


x35911. Р: Pe OQ. SE! ВР. . üinid P с fm apC P 
Dem 


|. #26028. 4121352. F : Hp. 2. finid*P e Abel а) 
Е.ж7119. DF:Hp.u,veNCind.ġ! P, P,AJ.D.u+v (2) 
=. #12135. — ЭН:Нр(?).и>ь.2.Р, P, G P, 


[*91:6.121:36] 5.(P,| P). EJ (3) 
Similarly Е: Hp(2).» >p. D. (Pa| P), EF (4) 
H. (2). (3). (4). DF : Hp. Le(finid'P),,.3.L,, EF (5) 


Е. (1). (5). «3591. 2F . Prop 


838912, H: Pew. r= finid P.D. к e fm srinit*C*P ка P 
Dem 


ЕН 
Е. ж263-14-141 1221. DE: Hp. D. eB P = CP (1) 
F.x26314141. 3F:Hp.2. ife; - P. (3) 
[3343135911] 2.ke FM sr (3) 


Е. (1). (2). (8) 83514. ЭР. Prop 


*3592. H:Infinax. «=Â (НХ). XeCH'.R- (S Х)ГОН).2. - 
kc FM .i'x4— H' 


Dem. 
Е. 3065425 . ж304:49 DH: Нр,Э.кС1-э1 (1) 
|. ж306:25 . *304-49. ЭР:Нр.Век.Э.Ч4Е-С“Н”О“НСС“Н” (2) 
F «30610131. ОЕ: Нр. R,Sex.2. RIS-S|R (3) 
+. #306-532. Он: Нр.2. =’ (4) 
Е. (1). (2). (8). (4). D E. Prop 
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x35921. Е: Hp #3592. D. x e FM init sr subm . ix, = Н 
Dem. 
; > 
L.x30634 . 2 F: Hp. 2 .&x!0, = СН” (1) 
F.x30641.2 
Fi Hp. Хе СН’. p, veNCind — #0. S= (e, X x, 1jyJ E H.D: 
Se= {H(X хурд) E OH 23088 = [S (X ох, lv) E CH: 
[Induct] D : S = [ (X х,о) CCH’: 
[380551] 2 : 3” = (+, X) E OH (3) 
F. (2). ж3511 . ж359'2. D F: Hp. 2. x e FM subm (8) 
F. (1). (3) -359:2 . #33431 . D Р. Prop 
#35922. F:Infinax.«— Ё KAX). X eCH'. R- (e, X)ECH.». 
кє FM srsubm . 5%; = H, 
The proof proceeds as in «35921, but in this case there is no origin. 
Every member of к is a connected point, ie. a member of сопх‘к. This 
results from ж308:54, If, in «35921, we substitute H for H’, the proposition 
holds except that x has no origin. 


ж359:23. Е: пбрах.к= В (НХ). X CH. В (x, X)EC'H].2. 
x e FM ap conx 


The proof proceeds as in *35921. We bave to take H instead of H', 
because (х,0,)| C*H' is not 1—1. We do not get кє РМ subm, because 
not every rational has a rational vth root. 


x35924 +: Infin ах, 
к= (X). X CH, —10,. R= (xp X)E (Hg 099.2. 
xe FM apconx 
The proof proceeds as in «35923. 
#35925, Р: Табпах.к= f (ЯХ)-0Л)Н.Х.В-(х,ХЭрй“Н).Э. 
ke PM sr. ёко-Н 
The proof proceeds as in ж359:21, 
#35931. b:Infinax. «= Ё (ди). ueC 9 . Ro (+, p) СӨ. 
x e FM sr init subm . ix; = Ө’ 


Dem. 
=. ж31174. ЭВ:Нр.Э.хС1-1 (1) 
Б.нЗ1127. | ЭР:Нр.Кєк.Э.ЧЕ-СОӨ DRC’ (9) 
F.x31143. DF: Hp. D.t} 04 = init (3) 
F.x31112121. 3 F: Hp. 2 . e Abel (4) 
Б.н31165. ЭР: Нр.2.#к.=6' (5) 
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Б. (1). (2). (3). (4).(5). ЭЕ: Hp.2. e FM srinit. ёко- (6) 
F.(6).x310151.x35111.2 E : Hp. 2 e PM subin (7) 
һ.(6).(0.ОР.Фтгор 


#35932. +: Infinax.«=R (qu). веб. Re Gu) СӨД-2. 


x e FM sr subm . “ку = 8, 


The proof proceeds as in «35922, Similarly the analogues of #359'23'24'25 
can be proved for real numbers; the resulting families, in these cases, will be 
submultipliable, but it will be necessary to omit 1*0, from their fields. 


ж8594.  F:xeOlex'cr'B. Seagm g. D. ST'*« e Cl ex'er'a 
Dem. 


F.x3301.471252. | 2HF:Hp.2.S81*«C121 (1) 
F.«15021211.43301.2 E: Hp. Re Ste .2. IR — S8. D'R CO*Z. 
[73:03] 2.аЕ=а.0ЕСа (2) 


F. (1). (2). «3301. 2 F. Prop 


ж859401. F: ce Abel. SeCls— 1.5*TI*x C A'S. D. Вк e Abel 
Dem. 


F.XT2601.2 F Hp. 2:P,Qex.2. P|SISe P. Q]S|S- Q. а) 
[#1501] >. (St P) (8t Q)- 8121018 
[330-5] -8|QiP|8 
[(1):1501] -(StQ)GtP) 0) 


+. (9). ж8805. D Р. Prop 
#35941, Б: ке. 5еавт B. 2. Бекеша [#3594401 . x33051] 


ж359:411. E: ee РМ. a econx'e Sel 1.8k = 18. D. 5а єсопх к 
Dem. 
Б. ж15111. Db: Hp. P=Sis%e. D.S eP smor ($“к). 


[x15133] 2. Pesta о Pesta = кеде о Seduta 
[x3311] = SEIS 
[3330:13.150:211] -4998к 

[Hp] = ЧР (1) 
F.x15016.2F : Нр(1).2.Р=594к (2) 


Е.(1)-(2) 43311 2 F. Prop 
ж359:412, Г: кей сопх“В . Seasm 8.2. Зк ет сопх‘а |(ж859:41:4111 
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ж359413. Г: ке РМар. Sel 1.5 Ge = (5S. 2. STi e FM ap 
Dem. 


+.#72601. ЭР: Нр.Р,Феҝк.2.(85 Р)|(850)= 85 dio а) 
H. (1).ж1504. 0+: Hp (D. 109 P) (890) 7.3. ЕР Ау. 
[4333-1011] ».PIQ GJ. 
[420021] э. Si (PIO CJ. 
[150-83] 2.15; (P| Qin eJ (2) 
F.().(2). nHp.2:iX e Реб. я YAJ.2.(Y Yo CJ (3) 
ЭР” ТЭГ Эс LD. Stee PM (4) 


Е. (3). (4) 838101 . D F . Prop 


«309414. Е: ке РМ. 5 е1-›1. Пк = П. а= init. D. 8а =init к 
[Proof as in #359-411] 


x359:415. Г: xe FM subm. Sell. 0:8 = зк. D. 519 ee FM subm 
Dem. 
F.x30121. 2k:Hp.Yex.veNCind. D. += үү (1) 
F.(1).x72601 .2 F: Нр. SP = (83 Yy D. $ Petra (si Yee (2) 
F. (2). Induct. ЭЕ: Hp(1).2. 8 Y* =(93 Vy (3) 
F.«3511. 2b:Hp.veNOind- 0. X ex.D.(gY).X = Yr. Y ex. 
(ӘЛ D.(qV). Vex. SiX=(S3 Fy (4) 
F.(4) #3511. x35941. D F . Prop 


#35942. HL:ntfmconxapsubm'8 . asm 8.2.1! fm conx ар subm‘a 
[3359:41:412:413:415] 

x35943. b:Peiin.d.q! FM initsrsubm n (ка = P) 
|к359:42:21:414 . «27444 , 4123-18 . ж304:47 . ж278:4| 

x35944. F: NP kie 0.2 91 FM init srsubm a 2 (i; = P) 
[x35942 31414 . «2753 «31015 . #20447] 


SECTION D. 
CYCLIO FAMILIES. 


Summary of Secton D. 


The theory of measurement hitherto developed has been only applicable 
to open families, But in order to be able to deal with such cases as the angles 
at a point, or the elliptic straight line, we require a theory of measurement 
applicable to families which are not open. This theory is given briefly in the 
present Section. 


When a family is not open, two vectors which have one ratio will usually 
also have many others, 26. we shall not have 1Х кАҮ к.2.Х-Ү, 
where X, Y are ratios. Also a ratio confined to the family will not usually 
be one-one. Under these cireumstances, it is necessary, if measurement is to 
be possible, that there should be some way of distinguishing one among the 
ratios of two vectors as their * principal" ratio, and of then showing that, by 
confining ourselves to principal ratios, the requisite properties of ratios re- 


appear. 

The case of angles will serve to illustrate our procedure. Considered 
geometrically, not kinematically, a vector which is a multiple of 2 is identical 
with the null-vector, and if @ is any angle, 6 = ит 4-0, where v is any integer 
positive or negative, Weare here considering an angle as a vector whose field 
is all the rays iu a given plane through a given point. Thus there will be two 
angles which are half of the null-vector, namely т and 27, and four angles 
which are a quarter of the uull-vector, namely 2/2, т, 87/2 aud Zw; and 
so on. Тие ratio of т/2 to т is any number of the form (2u + 1)/(4v + 2); 
thus two terms may have niany different ratios. 

In order to evade this difficulty, we first arrange angles in a series ending 
with 2v, and having no first term, but proceeding from smaller to greater 
angles. Then the angles which have a given ratio w/v to a given angle will 
be finite in number, and therefore one of them will be the smallest. We take 
this as the “principal” angle having the ratio w/v to the given angle, and 
define “(ujv)” to mean the relation between two angles consisting in the 
fact that the first is the “ principal "angle having the ratio ш/у to the second. 
Then of all the ratios between the two angles, the ratio р/у may be regarded 

30 
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as the “principal” ratio. It will be found that, with suitable hypotheses, 
(u/v). has the properties required in order to make measurement possible. 


In order to make the above method feasible, certain properties must be 
assumed to hold concerning the family ж. (These properties are all verified 
in the cases that arise in practice.) We shall therefore only speak of a family 
as cyclic when it fulfils the following conditions: 

(1) It must be connected. 

(2) It must contain a non-zero member which is identical with its 
converse. This is the property which makes the family cyclic. In the 
case of angles, the member in question is 7. 

(8) It must be such that «;1U, is transitive. This is the property 
which enables us to arrange the field in a series. It will be observed that 
0, cannot be transitive, since, if К is the member which is its own converse, 
we have 

(LYS Ar) U, Kee К, О, (Трак), 
but we do not have (Гк) U, (Гк), because U, is contained in 
diversity (by *336°6). 16 is, however, possiblé that U, should be transitive 
so long as we do not start from J | 84 “қ, and this we assume as part of the 
definition of cyclic families. 

(4) In order to avoid trivial exceptions, we assume that к does not have 
only two members, since otherwise it might consist only of I | 541“к aud К». 

We are thus led to the following definition : 

ҒИ cycl = (FM conx — 2) & {x31 U, ctrans (ЯК). Кек. К-К) Df. 
We prove that there is only one such relation as К, and therefore put 
K,=(0K)(Kexg.K=h) Df 

Also for the sake of brevity we put 

І,= 1814 Dt 

We then prove that « is a family having connexity, and satisfying the 

condition 

ек = к, 
ie having the domain of а member always identical with the common 
converse domain. Thus by «33421, к, = x v Спу“к, 

In a cyclic family, км Cnv**« consists of two mutually exclusive parts, 
namely ко and K,j**«,. (In the case of angles, K,|R would be т R. 
Thus æ, would be the angles from 0 (exclusive) to т (inclusive), and K, | “ко 
would be the angles from m (exclusive) to 2m (inclusive) Also A,| “x, 
consists of the converses of к —UK,. 

We tak»? пр next (ж871) the question of arranging км Спу“к іп a series. 
For this purpose, in order to avoid circularity, we have to erect a barrier at 
Some point; we choose 1, as this point. Ву the definition of cyclic families, 
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«31 U, is transitive; lence, since the family has connexity, (7, ж; is serial. 
This relation therefore arranges all the members of «5 in a series, beginning 
with К, and proceeding towards Г,. In order to extend our series to 
К.1 “ка, we only have to make К,| R precede K,|S if R precedes 8, where 
Е and S are members of xg. That is, we arrange К,| “ко in the order 
Ж. қа. This gives a series which begins 
with Г, and proceeds towards К, without 
reaching it. Thus taking the sum of the 
above two series (in the sense of X160), we 
get a series whose field is км Cnvf*x, which 
begins with .,, travels through Ж, |а to К., К, Г. 
and on through кә towards Tą, without quite 
reaching Г, again. This relation we call W,; 
the definition is 


W.= KU. ко Шук, Df Ky | ‘ka 


Taking an arbitrary origin, a vector may be indicated by the point to which 
it carries the origin. Thus in the figure, Г, is at the origin, К, is opposite 
the origin; the upper semi-circle, including both ends, is «; not including 
the right-hand end, it is ко; the lower semi-circle, including both ends, is 
Спу“к, including K, but not 1,, it is Сау“ка; including Г. but not Ky, 
it is K,|''«3. Then И, starts from Ї,, and proceeds through the lower 
semi-circle first, and afterwards through the upper semi-circle, stopping just 
short of T.. 


И к is cyclic, W, is a series. Under most circumstances, if Век, we 
shall have 


кд 


PW.Q.5.(Pi R)W,(Qi В). 
The investigation of the various cases in which this holds occupies a large 
part of «371. 


In the remainder of this Section, our work becomes more full of ordinary 
arithmetic than it has been hitherto. We shall therefore, where cardinals 
are concerned, abandon the explicit notation we have hitherto employed, and 
substitute the ordinary notation, Thus we shall write д + v in place of p t, v, 
and д» in place of рхи. We shall, however, retain и —,v for subtraction, 
in order to avoid confusion with the sign of negation of a class. 


We proceed next (*372) to consider what is in effect the class of vectors 
not greater than the vth part of a complete revolution (eg. in the case of 
angles, not greater than 27/v). We define this by means of the relation W,. 
It will be seen from the figure that if H is a non-zero vector, we shall have 
Re+ у, Ве, unless R” belongs to the lower semi-circle and E**! to the upper, 
in which case R° W,R**'. The first time this happens is the first time that 
Вен becomes greater than one complete revolution. Hence if, for every 
number с less than v and not zero, E**! W, R7, it follows that R” is not greater 
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than one complete revolntion, and therefore В is not greater than the ий 
part of a complete revolution. The class of such relations we call v, ; thus 
we put 


v, = (ко Coven (7 <v.c+0.2,.R™W,R) Df. 
The main propositions to be proved in this subject are 
Pev. PWQ. 2. PW.Q 
and (what is an immediate consequence) 
P, Qem. D): P= ф.=.Р= 0. 
This latter proposition is the foundation of the theory of principal ratios. 


Another important property of р, is 


ТУ, C», 
so that v, is an upper section of W,. 


We proceed next (4373) to consider submultiples of identity, т.е. vectors 
В such that &”=J,, where v is a cardinal. We assume here, and almost 
always henceforth, that « is a submultipliable family. We first consider 
vectors which can be reached from J, by successive bisections. We know 
that K=T,; if №=К,, then Аф К,, because K2+K,. Hence by con- 
tinuing th: same process we arrive at the existence of a vector Q such that 

Q = Г p2. р+ 0.5). 0% 1.. 

Hence we easily arrive at the result that, if р is any inductive cardinal, 
there is a non-zero vector whose yth power is /„. (This does not follow 
from кє FM subm alone, because Г, = Ї,, so that from the definition of 
ҒИ subm we cannot know that there is any vector except J, whose vth power 
is I,.) Thence we prove that there are non-zero vectors whose ий power is 
І,, and which are such that no earlier power is Г,, te. we prove 


(ЯА): Reng. К’ = 1,:0 < v.o0.2,. ReH. 


The class of such vectors we сай (/,, v} If Ris such а vector, the number 
of different vectors which are powers of R is у. Hence the powers of E have 
а maximum in the order W,; since W, proceeds from greater to smaller 
vectors, this will be the smallest vector, other than Z,, which is a power of R. 
Concerning this vector, we show that it is a member of »,, ùe. it is such that, 
ifo<v.o+0, R^ W, К°. Finally we prove that there is only one member 
of ve whose vth power is [,. This will be what we may call the “ principal” 
vth submultiple of 7,; in the case of angles, it will be the angle 2«/v. It 
will be observed that 2тш/у always has identity for its vth power, and has no 
lower power equal to identity if д is prime to и, Thus the uniqueness of the 
* principal " yth submultiple depends upon the fact that it is a member of ис, 
so that, by what has been proved in the previous number, no other member 
of v, has the same ий power. 
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We next, in a short number (x374), extend the last of the above results 
to any vector, proving that, if E is any member of км Сау ж, there is a 
unique member of v, whose »th power is В. We may call this the “principal” 
vth submultiple of R. We prove also in this number that, if S is the principal 
»th submultiple of Z, ух consists of all vectors not earlier than S in the order 
W,, ùe. of all vectors not greater than S. 


Finally (*375) we define “ principal ratios" and show that they are one- 
one and mutually exclusive. We denote the “ principal rat >” corresponding 
to шу by “(ш/о)”? This is defined as the relation holding between R and S 
when the principal АҺ submultiple of В is identical with the principal vth 
submultiple of S; that is, we put 


(и, = ÊS (AT). Teu ov, В TH». S- T) DE 


It is obvious that (uv), (w/v) ж; aud there is no difficulty in showing 
that principal ratios are one-one and mutually exclusive. 


We have not thought it necessary to carry the development of this subject 
any farther, since, from this point onwards, everything proceeds as in the case 
of open families We have given proofs rather shortly in this Section, 
partienlarly in the case of purely arithmetical lemmas, of which the proofs 
are perfectly straightforward, but tedious if written out at length. 


870. ELEMENTARY PROPERTIES OF CYCLIC FAMILIES. 


Summary of «310. 

In this number, after the definition of cyclic families already cited, we 
proceed first to prove that only one non-zero vector is equal to its converse 
(«370:23). This опе we define as K,. Next we prove that, if А is a non- 
zero vector other than K,, В| К, is the converse of a non-zero vector, and 
RIK, is a non-zero vector (ж870:81:311), whence it follows that 

РА =4Е = “к (x37032), 
whence further we obtain 
Рек = (I.e FM соппех (*370°33). 
Hence further, since by definition «57 U, is transitive, it follows that «371 U, 
is a series (*370°37). The remaining propositions (98704--44) are concerned 


with the relations of the two semi-circles ку and К, | “ка (cf. figure, p. 459). 


We have 
Ünvf' = К, | “к (ж370:4), 


ке Onv'Ge 11, o EK, (ж9870:42), 
К, |", = Опубк- “К, (ж37048), 
and куб K,| 5 — А («370:44). 


ж87001. РМ cycl = 
(FM conx — 2) o £ {ко | U, € trans: (НК). K exg .K - K| Df 
487008. К.=ОК)(Кею.К=Ё) DE 
x37003. Г, = Тһе рғ 
ж8791 Б: кеЕМсусі. =: 
кє FM сопх-2.кҙ1 О, etrans:(qkK). Keng. К-К [(«370:01)] 
887011. Г:кеРМ сопх. 2.10. CJ. (ж9866.(ж886011)) 


#87012. F:kee FM conx. xz} U, "trans. В, Зеко. RU,S.SU,T.D.R T 
[37011] 


887013, РікеРМ.Кек.К-ЖК.Э.Ю:-1,. [333031] 
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48702. К.к е FM conx . 51 U, trans. Kerg К K 2: 
Кєк. RE ex.D. RU, (R| K). (В: K)U,.R 
Dem. 
F.«37013. 3F:Hp.52.R К'= Е a) 
Е. #33641 . (1). 2F: Hp. 2. RU, (R| K). (R| K)U.R: ОН. Prop 


#37021. Е:НржЗ102.Веко-В|Кєк.Э.Н|К-1, 
Dem. 

F. x37012 . Transp. 2 F: Hp. RU, (R| K). (R| K) U, R4 2. Ri K ~er (1) 

Е. (1). ж8702. D F. Prop 


437022. Р: Нр 3702. Кек -К.2.К|К оек 


Dem. 
F.x37021.x330325.0 F: Hp *870-21.5.R=K (1) 
Е. (1). Transp. D F. Prop 
837023. +: Нрж8702. Века. R=R.D.R=K 
Dem. 
F.«33133. 2F:Hp.2. R| K ek o Спу“к 0) 
F.9805:52 4342 DH: Hp. 2. В| K =Cnv(R] K) (3) 
+. (1). (2. эк:Нр.Э.В|Кєк. 
[*370°22,Ттапзр] 3.R=K:5+. Prop 
487024. bie FMcycl.>.E! Ky [4370:1:29.(4870:02)] 


ч 


437025, Fixe М оу. 2: Век. R=R.=.R=K, [331024.(437002)] 
437026. bike FM cycl D. Куех. Koo Ke. Em I, [4870242513] 


43703. F:keFMcycl. RU,K,.D. R=], 


Den. 
F.x33641.2 F:: Hp. D: Аек: (д5).,8єко-8-К, 18 (1) 


=. (1) 43702124. 2 F . Prop 
«97031. Р:кеГМеусі. Векь —K,.2. Ri К, єСпубко 
[4331.33 . 4370-22] 
4370311. F: Hp37031.2. К.ек; 
Dem. 
F.x97031.2 E: Hp.d.K,| Rens. 
(ж380:5.431096| >. Ri Ker; :2 F. Prop 
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#37032. F:keFMcycl.Hex.2.D'R - (QR = “к 


Dem. 

К.ж50°5°52. DF. DY, = ОЧ, = к (1) 
F.«37026.«33052 . D H: Hp. Э.ТУК,-4К,-8“Чк (2) 
Б. ж870°31 . 38052.29: Hp. E exo — U K,.2 . DR] K,) = Пк. 
[4330:52.34:36] 2. DR zs (3) 


F.(1).(2).(3).2 +. Prop 
#387033, bine FMcycl . D. рек = A. ке FM connex 
[370-32 , 334-42] 
#37034, Р:кеҒМсусі.2. 0, есоппех [*370°33 . x33662 . (ж336"011)] 
#37035. F:Hpx37031.2. K,U,R .  (RU,K,) 
[437078 . Transp . «370:34] 
#37036. Fixe FM cycl .2. x37 Ux єсоппех. Ос] 0, = x 
Dem. 
Е. #33641. — DF:Hp.2.0*51U, Cx (1) 
F.«37034. Dh: Hp. R, Serg. R48S.D: 
R(«91U.) S.v.S(x51U) 8. (2) 
L.x33641. — DF:Hp. Нек. 8 1,2. R(,1U.) S (3) 
438641. — ЭЁ:Нр.8єко.Ё-1,.3.8(61008 (4) 
b.(2).(3).(4). DF: Hp. B, Sex. R48.2: 
Е(ку1 048.у «S («51 0.) Е (5) 


T 


F.(1).(5). ЭЕ. Prop 

*37037. Е:ке FM cycl. D . x31 0, єЅег [*370 11 t36] 
#87038, H:xeFMcycl. R, Sex.D.R|S=S|R [x330561 . x37032] 
*3704. bi xe FM cycl, 2. Cnv**k = К, | “к 


Dem. 
=. #37031 33305. 2 H: Hp. 2. К, | “(ep~ VK.) ССау“« (D 
Е. (1). x37026. 2Е:Нр.2.К, | “к С Спуск (2) 
Е. ж370-311-26. Он: Нр. Rew. D.R| Koen 
[370-26] 2.095). Sen. R=S K.. 
[4330-5.437-6] 2. Re Kt (3) 


+. (2). (3). DF. Prop 
#37041. |:. ке РМ сус!. В,бєк.Э:(К, | BR) Ve (К, |8). =. RUS 
Dem. 
|. ж336:54 . x37033 . D 
Ha Нр.2:(К, |В) У, (К, 8). =. (917). Гек. К,А ТК, |5. 
[+330-5.ж370-26] = (7). Тек. Re T|S. 
[433641] RUS 22D. Prop 


i 
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#87042, Fixe FMcycl. Э.коСпу“к-( Ч, vik, 


Dem. 
Е. 487022, Db: Hp. Ree; -“К,.2.В|К oen. 
[*370°311.Transp] 2.Ееоєкӯ- “К, (4) 
F.(D. Эн, Hp. 3: R, Нек. 2. Веи, ovK, (2) 


К. (2) 37026 . D К. Prop 
481043. bre FM су. D. К. “кое Спуче — Ж, [33704] 


#37044. Р: кеЕМсус!. 2. коп К, к= А. [ж370-42:43] 


в. & W. ш. 


#371. THE SERIES OF VECTORS. 


Summary of «311. 

In this number, we begin by defining the relation W,, which takes the 
place, for cyclic families, of the relation V, defined in #336. The definition 
is 
#87101. W.=K. U.P «5 + Орк Df 

Then if «isa cyclic family, W, іза series (#371-12), and its field is км Сау”к 
(37114), which = к, since к has connexity. It will be observed that V, is 
not a series if к is a cyclic family; we have eg. Г.У, Ku. K,V.I1,. The above 
relation W, is constructed so as to make a barrier at 7,, thereby preventing 
the relation W, from being cyelic. 

If P, Q are both members of кә or both members of К, | “ко, 

РУ,0.-.(яТ).Тею.Р-0|Т (87115151). 
Most of the properties of W, depend upon the fact that ка] Uù is transitive, 
in virtue of the definition of cyclic families. If к is any connected family, we 
have 
кӯ1 Un etrans.=: P,Q, Q| R, PHQ| Век. Век. Эров,Р|Феко (9712). 
"This proposition is required for most of the subsequent proofs in this number. 
Tt leads at once to 
x97121. Е:кє РМсуо!Р,0,0| 8,Р(0| Reng. Ёек.Э.Р| фекд 

Most of the propositions of this number are concerned with the circum- 
stances under which we can infer (P| E) У, (Q| В) fron PW,Q. We have 
*37131. -:.кЕРҒМеусі.ЕВекҙ:Рекҙ.у.Р|Веген:ӘО: 

EE PW,Q.2.(P| R)W.(Q| E) 

Another useful proposition is 
4871-27. F: ке РМ осу. P,Qexg.3:PW.Q.=-QW,.P 


ж31101. У,-К.р0, tU, ко Df 
3711. biz. ке FM cycl. 2: PWR. =: P,Q e Kuj “ко: 
(qB,S8).R,Sexg-RU,S.P=K,|R.Q=K,\S:v: 
ВР,дею.Р0,0:у: РеК,! “ко. Qe x; 
|ж202:55 . «37034 . (ж371:017) 
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887111. bike PM. Ken. >.(K|)Peel—l 
Dem. 

F.x33031.2 F: Нр. Е, Sex. KIR- KI8.2. RS 8:12 E . Prop 
#87112. bike FMoyd.2.W,eSer [43703744 437111 4204-01-51 
#87113. bie FM cycl. 2. У, =У, [ (Cavite — *K,) Ф 0, ко [33704145] 
x37114. bine FMoycl.2. С, = км Опу к = као K, | “xg 


Dem. 
Б. ж202'55 .«370:34 #16014. D F: Hp. Э.С“Р,-К, | “ком ку 
[4370-43] = ко Сук: ЭН. Prop 


ж37115. F: хе РМ сус!. P,Qe ;.2:1PW,Q.z.(qgT). Тек. P2QIT 
[4370-44 . 4336-4] . (#37101 
«B71 151. Ес ке РМ cycl. P,Oc K,| “ко. 2: PW,Q.z .(qT).Tex;. P-QIT 
Dem. 
|. ж370-44 .«33641.2 F :. Hp. 2: 
PW.Q.z.(qR,S,T). R, 5, Tex. R- S|T. P- K,| R.Q—- K,|S. 


[#37026] =.(ЧТ). Тек.Р=09|Т:. DF. Prop 
x371152. FE: ке PM cycl. РеК, | “ко, беку. 2. РИО) [8711] 
#87116. Е:ке FMcycl.Pex;. PW,Q.2.Qexs [ж370-44 . 371:1] 


4871161 bree FM cycl 0еК,| “ко, РУ,О.Э.РеК, ey 
[x37044 .ж371-1] 
#387117. F:xeFMcoyc.Q, Te«;.2.(QI T) WQ. (IT) WT 
(ж371:15:1521 
= € 
#87118. Р:кеҒМсеусі.2. У.К, = К, | “ка. РК, = ко UK, 
[0371152159 . ж370:311:221 
987119. H: ке FMcydl PHI. D: PWK.. =. KWP 
[4371-18 . ж870-43] 
x38712. bike FMconx.2:. «31 Оке trans. =: 
Р,0,0|8,Р10| Reng. Век. Эров. PlQexa 
Dem. 
Е. ж33641. ЭГ: Hp. 2:7 («5,1U,) S. 8(s510.) E. 5. 
(ЯР,0).Р,0,8,Текҙ.В-ж.Т-Р|8.8-0|В (1) 
F.(1).x1321.2 FE :: Hp. 2 :- 5] Ue trans. = : 
Р.0,0 В,Р| 09| Век. Rex.Dpon-(PIQUR)U,R. (2) 
Е. ж330-815.2 
bi. Hp. P,Q, Век. Мек. Р|01Е= М|Е.2.Р|0=М (8) 
F.(3).x33641.2 F : Hp. P,Q, R, P|Q| Век.Э: 
(P|Q|R)U,R.s.P|Qexs (4) 
F.(2).(4).2F. Prop 
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#87121. F:xkeFMcycl.P,Q,Q] E, P|Q| Век. Rex.2.P|Qeno 
[4971.2 . «37011 


4987122. Fixe FMcycl. Р, В, Р| Век. PW,Q.2.Q| Век 
Dem. 


=. ж371-1516. ЭН: Hp. 2. (37). Q, Теко. Р= QUT а) 
к.а). 2F:Hp.2.(gT). 0, R, . QI T.QIT| Re e. 
[«371:21] Э.0| Века: 21. Prop 

981123. Fixe FM cycl , TW,S.2. TW, (|Т) 

Dem. 

F.433031.437038.2 F: Hp. 2. T2 Sj (S| T) (1) 
Е.(1) 48711516. Db: Hp. T, S| Теко. >. TW, (817) (2) 
F.X9711516. ЭР:Нр.Текҙ.Э.8|Текҙ (3) 
F.(2).(3). Dh: Hp. Terg. 2. РИ, (81 T) (9 
F.x871132. 2+: Hp. Teens. X| Teng. 2. TW,(S| T) (5) 
F.X371151161. ОР: Нр. ел. D. Teens. S| Tex; (6) 
|. (5). (6). ОЕ: Нр. беж. 2. TW, (S| T) (7) 
F.(D.X971451. 2F:Hp.ZS|T-ex,.Sex,.2.TW.(S|T) (8) 
F.(5).(8). DH: Нр. Tees; Sex. 2. TW,(S| T) (9) 
Б. (4). (7). (9). DF. Prop 


487124. +: кеРМсусі.Р, R, P|Rex,.PW.Q.>.(P|R) W. (Q|R) 
Dew. 
F.x8711516.2F: Нр.Э.(я7)-Р,0,В,Р| B, Te, . Р= 017. 
[%371-21 .ж330-5] Э.(яТ)-Р|Е,0| E, Tex; . P| R- QU R|T. 
[*371:15] 2.(P| Е) У, (91 В): 21. Prop 
#871241. F: xe РМ cycl. P, Века. P| Roer. PW.. (PIR) W, (QIR) 
Dem. 


Е. 4871152. DH: Hp. Q| Re 5. 2. (P| ВИ, (Q| R) а) 
Е. ж37115.2 

Е: Нр.0|В-еко.2. (ЧТ). Тек..Р| R,Q| Ёс-еко-Р|8-0|8 Т- 
[#371151] 2.(Р|Е) И. (91 R) (2) 


К. (1). (2). DF. Prop 


#37125. tine РМ cycl. P, Век. PW,Q.D.(P| R)W,(Q] R) 
| ж811:24:9411 
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4371-261. H: x e FM cycl . R, R| Q ex. PW,Q.2 (E P) We (В| 9) 
Dem. 
F.x371:25. Transp . «37112.2 


bree FM cycl. P, Век. (Q| B) W. (Pi R). 2. QW,P а) 
к.а) ФЕР, эк. Prop 
#87126. E: keFMcyc: P,Qewg.¥-P,Qrvengi Э: 
PW.Q.= .(K,| P) W (Ka Q) 


Dem. 


F.X87125.«37026. ЭР: Нр. Рекс, PW,Q.2.(K,| P) W.(K,|Q) 0) 


Е. жЗ71-251 . 487026. Db: Hp. Qeng.(Kx| P)W.(K,1Q).2. PW,Q — (2) 
F.0).(2). Dh: Hp. P Qer. d: PW,Q.z .(K,| P)W,(K,|Q) (8) 
ea 2:419 anas э 

Ес. Hp. Р, Qe ex D: PW,Q.z .(K,| P) W, (K.|Q) (9 


Е. (8). (4). DF. Prop 


937191. Free FM cycl. P,Qexg-D:PW.Q-=-QWeP 


Dem. 
F.x387115.2 FE Hp. 2: PW.Q.=.(qT).Tex,.P=Q|T. 
[437033] ш.(ЯТ).Тек).0-РІТ. 


(ж811:151:19.870:431 .Qw.P 2r. Prop 


x3718. bike FMcycl. Векз.Р| Век. PW,Q.2.(P| R)W.(Q] В) 
Dem. 


b.437127.>+:Hp.>.QW,P. 


[#871-251] >. (ROW. (RiP). 
[x37127] >. (P| R) W,(Q| R) : 2 F . Prop 


X97131. H: се РМ cycl. Reng: Pexg.v. P| В лек: 0: 
PW,Q.2.(P| В). (918) [#371958] 


#872. INTEGRAL SECTIONS OF THE SERIES OF VECTORS. 


Summary of «372. 


The subject of this number is that section of ГА which consists of 
vectors not greater than the »th part of the whole circumference of the 
cycle. This is defined by means of W,, as consisting of those vectors which 
(taking W, as “greater than”) are such that БУ! is greater than R” so long 
as c «v. It will be seen that so long as R” and all earlier powers of В 
do not exceed J,, В satisfies this condition; but if Rte K,|'*«j, while 
R+ e кә, we shall have Е, В+, Thus our definition selects those vectors 
which, starting from any origin, do not, by » repetitions, take us farther than 
once round the cycle. The definition is 


487201. », = (ко Cave) a (с « v.o40.2,. ВН В") Df 
We then have 1, = «v Спу“к (437211), 2,— ко (#37218), y Sv. D. ve Сре, 
4.6, v, diminishes as р increases (ж872:15), v 2» 1.2 . v. Ска (#37216). 
An alternative formula for v,, sometimes more convenient than the one 
given in the definition, is (assuming v > 1) 
v= кул Puc р. О.Р еко, Du. Риека) (37217); 


te. so long as д < pr, either Ре comes in the upper semi-circle, ог P#+! comes 
in the lower semi-circle; that is to say, the step from Ре to Pet! does not 
cross Je. For an even number (not zero), this leads to a simpler formula, 
namely 
(25). = кәл P(u Qv. p 0.24. Риека) (#37218). 
We have next a set of propositions leading up to 

4372-27. b: keFMoyd.veNCind-v0. Pev,. PW,Q.2: 

: Я | в «р. р 40.2. POW 
whence, since W, is а series, we obtain 
437228. Fs. кеРМ cycl.veNCind - 0. P,Qev,. 2: P2 Qr.2.P-Q 


It is largely owing to this proposition that v, is important. 1n virtue 
of this proposition, there is in v, at most one vector which is the ий sub- 
multiple of a given vector. We shall show later that, if x is a submultipliable 
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cyclic family, there is at least опе such vector; hence there is a unique vector 
in и, which is the »th submultiple of a given vector. This does not hold in 
general for larger classes than »,. 

A specially useful case of the above proposition is obtained by putting 
»—2, which gives, in virtue of «372:13, 
ж372'29. |:.ке РМ сус1. P, Qer. 2: P2 Q.z.P-Q 

The remaining propositions of this number are concerned in proving that 
у, із an upper section of W,, 1.6. 


831233. Fixe FMcycl.yeNCind .D. Ж, Су, 


X37201. v= (ко Сау“) л В (о «c v.00. 2,. R^ W,Ro) Dt 


#3721. Fi Кер. =: Беко Onv eio «v.o $0.2,. ВН, Ве 
[(«372:01)] 
ж37211. Б.1,-оСау“к [жЗ72-1 .ж117-58] 


ж37212. bine РМ cycl. Re К|“к„. dD. ВИ, Е 


Dem. 
Е. #871152. +: Hp. tex; 2. В. D 
К.#371044. ЭР: Нр. лек. 2. В, Rewer. Berg В=Е| №. 
[5371151] 99:12: @ 
F.(1).(2). 2F. Prop 


x972121. Е: ке FMeycl. E ex5.2. В, В [437117] 
«372122. bi. ke FM су. D: Век. =. Е.Е («37212121 . x37112] 
ж37213. bie FMcycl.2.2, = кә [372199] 
#387214. +: ке РМ сус. 2. К, ~ е3, 

Dem. b.*871152.3+:Hp.d.Ke2W.K Ee: D+. Prop 
887215. F:psv.2.x Сик [#3721] 
#87216. bike FMcycl.y>1.3.%Cxg [372/1613] 
«87217. Е: ке FMoycdl.v 21.2. 

v, go Ё(и< v. р 0. PH ека. I.» PH eng) 


Dem. 

F.x372-1:16 #37116. 

brHp. dime Cryn P(p « v.p 0. Pet erg. Dp. Риека) 0) 
Е. ж37115. ЭЕ: Hp. Р, P», Pet ека. D. Рин W Р" (2) 
К. ж371159. ЭЕ: Нр. Р, Prex. Ph ex, 2. Peo W, Pe (8) 
Е. ж371151. ЭР: Нр. Реку. Pt, Pe осека. 2. Peti W, Ре (4) 
F. (2). (3). (4). Dk: Нр. Реко: Реко. м. Рин еә ек: D. Рип „Ре (5) 
+. (Б).*3721. ЭР:Нр.О.кал P(u v. 0. Pens. In» Ревкә)Су,(6) 
|. (1). (6).2+. Prop 
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437218. Fixe РМ cycl ис» 0.2 (25), = кп Р(и<».р%0.2,. Pte ng) 
Dem. 
F.x3721. 337112. ЭР: Hp. Pe (2), . D. PWP. 


[«372122] 2.Р”ек; (1) 

Е.(1). 487217... ЭР: Нр.2. (9), Скуп P(u s» ф0.2,. Риека) (2) 

F.X37115152. ЭР: Нр. P, Pheng. D. Peti Рв (8) 

+. (3). #37125. ЭЕ: Нр. Р, Pet Perg. 2. Peter W, Pato 4) 

F.(4). Э.Б:.Рекдсик v.a 0.2,.P*ex5:2: 
p+r. p Sv. Dup. Pete W, Pete: 

[4117-561] Dio < 2v. Da. PWP 

[#3721] 2:Ре(3ь). (5) 

|. (2). (5). DF. Prop 


ж372:19. F:keFMceycl.u, veNCind - 0. P e (pv). 2. Pre vg 
[43721 . 4371-12] 


48722. bine FMcycl.veNCind. Рен. ро. с < n.o 40.2.PW,P* 
[4372 . #87112] 


887221. F:kePMcycl.»e NCind. Pev. 2u Gv.u 40.2. 


Pe WPH. Pe erg 
Dem. 
Е. x83722. Dk: Hp. 2. PW, Pr. (1) 
|ж872:122| 2. Phen, (2) 


К. (1). (2). DH. Prop 


4372-22, tine FMcycl. PW,Q. P, Pt ce; Р:,0*. 2. Pe би 
Dem. 


F.x37125.2 F: Hp: >. Pe WP |Q (1) 
F.x87116.2 E: Hp. D. Q erg. 
[#37195] >. P| ОЧ Qn (2) 


Е. (1). (2) 37112. DF. Prop 
#37223. F:xkeFMcycl.veNCind.Pev,.2u «v.n 40. PW,Q.2. 
Рен, бе [*372-21-22 . Induct] 
4872-24. F: «eFM cyo. oeNCind— v0. Pe(2c),. PW,Q.2: 
ах 9с. p40. D. PWO 
Dem. 
F.x38722128. DH: Hp. £o .n Ko. D. Р", QEe ;. PEW,QE. PPW В". 


[4871-25] 2. Pi WP} Qt. Pa| QW, Qin. 
[4871-12] 2. Pt н: Dt. Prop 
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ж37226. Ё:. ке РМ су]. ое МС 9 i0. Pe(2c +1). PW,Q.2: 
и 0.40.2. РУ, [4372-2415] 
#87226. bree FMoycl.c e NCind. Pe(2o +1). PW. D. Peny Qen 
Dem. 
|. ж372'25. Dkn Hp. D: РН, QH: (1) 
[*371:3] 2i Рт сек. D. PRW Pg (2) 
F.x371:31.(1). Dh: Нр: Pr|Qrti sek. v Qo? ex, :2. 
PEW (8) 
F.4372:21.337115151152.2 Fi. Hp. D : Ре фе, Ре: 


[x37116] 2: Po Q erg. D. Qr" ex, (4) 
Е. (3). (4). ОЕ: Hp. D. Ре |+ И дин (5) 
F.(2). (5). #37112. D E: Hp. Реч сека. 2. PW Quee (6) 
F.«372:92. он: Нр. Pr er. D. Рин У, ден (7) 
F.X37116. 339721. Эс: Hp. PeH erg. D. PY ew; (8) 


Е. (6).(7).(8). DF. Prop 
ж372'27. Fs. w eFM cycl.veNCind- t0. P evs: PW,Q.2: 
uLv.-u40. dD. PW, Q [4372242526] 
x37228. F:.xeFMcycl.veNCind— t0. P, Qen. dD: P=Q.=.P=Q 
Dem. 
F.x37112.2 Fi Hp. P4 Q.2: PW,Q.v .QW,P; 
[037227] 2: PPW,Q м. И.Р: 
[x37112] 2:24 0’ (1) 
F. (1). Transp. ЭР. Prop 
«37229. bree FM cycl. Р, 0ек.2:Р= ф@.=.Р= 0 [43722813] 
48123. +: кє РМ сус. сєеМОіпа —(0. P e(20),. PW,Q.2.Qe(2o). 
Dem. 
F.43721827 .2 Fs Hp.D ip a p 0. 24. Phe e. POW. 
[4371116] 2,. “ек: 
[x372:18] 2:Qev, :. OF. Prop 
487231, Е:. xe РМ су]. сс NCind – 10. Pex,.2: PWP”. D. Pew, 
Dem. 
F.x37116. Dt: Hp. PWP”. 2. Pex, (1) 
Е. ж301:93. DH: Hp. d. P= Pr] pr» 2) 


Е.()-(2)-481115.ЭЕ: Hp. PWP”, 2. P9 ex, :2 F. Prop 
3i 
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x37232. bixceFMcycl.ceNCind. Pe(2c +1}. PW,Q.2.Qe(2c +1) 
Dem. 


F.X37281517. DHr Hp. Dip La. Qend. Qer, (1) 
b 871-16 . 4372271. DF: Hp. Qn ~erz. D. Pr? sens. 

[x37 2:31. Transp] >. PWP. 

[4371-27] >.OW.P. 

[Hp] 2.Q"W,Q. 
[*372:31.Transp] D, QH ex, (2) 
Е. (1). (2). Transp. DF: Нр.2: р 20+1. фек. 2,. Qeg: 
[x37217] D:Qe(20 1) :. D+. Prop 


497233. FikeFMeyd.veNCind.2. бу, Сы, [4872832] 


#373, SUBMULTIPLES OF IDENTITY. 


Summary of «313. 


The purpose of this number is to prove that, in a cyclic submultipliable 
family, there exists a unique vector which is a member of » and satisfies 
R'-—I. This we call the “principal” vth submultiple of 7.. It is the 
smallest vector (other than J,) which satisfies Ry=Z,. The proof of its 
existence proceeds by several stages; the problem is analogous to that of 
the construction of a regular polygon. Suppose the cycle divided into и 
equal parts. Then a vector which takes us from any one point of division 
to any other is а иһ submultiple of identity. If v is prime, every such 
vector will have every power less than the vth different from 1,; but if v 
has factors, say p and c, if БВ” = Г,, (RH?) = I,; thus Re, which is one of the 
vth submultiples of identity, has a power less than the vth which is equal 
to I,. We define (7,, v) as the class of those vth submultiples of 7, which 
have no power less than the ий equal to 7, ; more generally, we put 


x37303. (8,)- P(P- Sie v.o40.2,. P* 48) Df 


We then have first to prove the existence of «yn (Z,, v) when к is cyclic 
and submultipliable. For this purpose, we put 


*37301. M, —QP(Qex,.Qr— Р) Df 


Le. M,, is the relation of a vth submultiple of P to P, when the submultiple 
of Pisa member of кз. It is to be observed that although кіз submultipliable, 
we do not know to begin with that 7, has submultiples which are members 
of кә, except in the case of K,, which is half of 7,. Owing to this, we proceed 
first by bisection, i.e. by means of the relation М». We prove that the 
process of bisection can be applied endlessly to any member of «5, and always 
gives new terms (ж378:14:13), hence it gives a progression starting from any 
member of кә (ж318:141), and therefore the existence of a cyclic submultipliable 
family implies the axiom of infinity (#873'142); also we prove that v bisections 
starting from a member of ка give a member of (29), (x373:15). Hence, 
taking К, as the member of ка to be bisected, we arrive at 


w=Q.D.qhega(le,m) (#87817). 


In order to extend this result to numbers not of the form 2*", we have 
31% 
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first to prove that there are uth submultiples of identity. This we prove 
first for numbers of the form 2”+ 1, then for (20 + 1) 2° +1, and then for 
2c (x373:21:2233); hence it holds generally, ie. we have 


«373-25. +: кє FM cyclsubin. we NC ind — 40 —41.2.(q4Q). Qe a. Qe Г, 


Next, we prove that, if Rex, and Ви = В’ = Г,, ther p, v have some 
common factor р such that R e(I,, р), e. such that Re is the earliest power 
of В which is Г. (#873'3). Hence if u is prime, and Е“ = I,, it follows 
that no earlier power of R is I,, ве. Ве(Т.. ш) (#87332), and that, if 
Re(I,, p) and Re=/,, then д is а multiple of р (ж878:88), 

We now make a fresh start with the general relation М». Owing бо 
#37325, we know that 1,60“М,. Also since к is submultipliable, 
к; C ‘Mu. Hence if а is any inductive cardinal, Г. e I*M,,*. (ж978:404), 
Also it is easy to show that if » is a prime, and QM, I,, Q is the first power 
of Q which is I,. Hence when v is prime, кә ^ (Ге, »*) exists («373/43). In 
order to extend this result to numbers which are not powers of primes, we 
prove 


937345. bie РМ cycl.p Prma. Re(L, p). Se(L, 0). 2. R| Se (Ie, po) 
Hence by the help of a little elementary arithnietic we arrive at 
*373:46. +: кє РМ cyclsubm. peNCind — (0 41.2.5: 1 «go (Z5, p) 


Having now proved that there are vth submultiples of I, which have no 
power short of the vth equal to Z,, we have still to show that there is one 
among them which is a member of ик. For this purpose, we take any one 
of them and consider its powers. It is obvious that it has only v different 
powers (ж878:5), since after reaching J, the previous values repeat themselves. 
It is this fact which makes it easier to deal with submultiples of Z, than with 
submultiples of other vectors. 


Now let В be any vth submultiple of identity, and assume that S, Т are 
powers of E, but Т is not a power of S, and TW,S. Then 8| T is a power of 


R but not of S, and TW, (S| Т) («373:53). Hence Т is not the maximum, 
in the series W,, of the class Pot*R — Роњ‘. Hence by transposition, if T is 
the maximum of Pot'R-- Pot'S, we must have SW,T. Now since Pot*R is 
A finite class, Pot‘R — Pot^S must have a maximum if it exists; but since S 
has the relation W, to this maximum, S is not the maximum of Pot‘R. 
Hence by transposition, if S is the maximum of Pot*R, Pot — Ром is 
null, and therefore Pot‘R = Pot*S (ж373:54). Hence it follows easily that, 
if ЕЁвкоб (I, v) the maximum of the powers of R is a member of 
Ko ^ (Ix, v) (ж379:55), and further that it is а member of v, (ж373:56). Since 
we have already proved (ж878:46) the existence of кә ^ (Г., v), we thus have 


#3736. +: ке РМ сус зош. уе NCind—t0.3.q!y, ^8 (S = Г.) 
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The uniqueness of v. ^ S(S = 1.) follows from ж872:28, and thus the 


principal 


vth submultiple of 2, exists. Hence also it immediately follows 


that the other »th submultiples of 7, are powers of the principal vth sub- 
multiple, and that the total number of ий. submultiples is v (x373:63:64). 


x373:01. 
x373:02. 
4373-03. 
98731. 

*87311. 


x87312. 
x37313. 


4873-14. 
Dem. 


#373141. 


ж378:142. 


ж873:16. 
Dem. 


Mu =Ê (Qera. Q =P) Dft [373—5] 
Prime = МС ш4ор(и=ох.т. 32,80 =l. v.o =н) Df 


(8,0) = Р(Р'= 8:0 <.040.2,.Р"ф5) Dft [¥373—3] 


Е:0М,Р.-.Осёку-Ф-Р [(#373:01)] 
Fixe FMcycl.D. M e1—1 [#372'29] 
Е: ке РМ cycl. >. M, CW, [4372121] 


Fiee FM cycl D. (Moro C Wu- (My), CJ [397812 4371-12] 
Fixe FMoyclsubn.Pexk3.veNCind 20.2. E! М, P 
L.437229 43511. ЭЕ: Hp. D: Qerez. 2. Е! МР a) 
F. (1). Induct . D - . Prop 


"E: 
Е: кє FM cyclsubm . Реко. 2. М, | (MP e Prog 
[4373111314] 
F:ig!PFMcyelsubmn.2.Infinax [373141] 
Е: x e РМ cycl subm. Pex,.veNCind. 2. Ma” P e (2+) 


k.x978114. ЭР:Нр.0-М,-“Р.В-М,“Р.2>.0-В” (1) 
Е. (1). #87218. D Fi Нр(1).06(27),.Э:20:«22".2.ВУєк, (2) 
F.(2).43731. ЭР: Нр(8). 2:9 < 2.2: RY, В+, R, Rens. 


18871:21 2. Rex, (8) 
+. (2).(3). Dkn Нр(2)-Эги« .Э.Нкеко: 

[4372118] Э:Ве( 3), (4) 
F.x37213. 3F:Hp.» 20.2. M," Pe2, (5) 


К. (4). (5). Induct. ЭК. Prop 


#87316. F: xe FM сус subm.ve NCind.Q=M,,K.. D: 
Creal p<. pt0.d,. EHR 
Dem. 
Е. #3731. 3F:Hp.2.Q" - K,. 
[¥371-26] D.Q SL а) 


L.x97915.4372:2.(1). Db Hp. Dip <2W.p4+0.3.QWile (2) 
F.(1).(2) . 2 F . Prop 
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Ж37317. bree FMcyclsubm.veNCind. p= 2+, D. м! кал (14,1) 
[4373:16-14 . (x973:03)] 
831318. FiQeCnvwe,. =I. D. Qerg =I. [360551] 
837319. F:(qQ).Qex, v Cnv*u, Ф = Te. (40) Qe ws. Gale 
[#37318] 
ж373:2. bike FMcyclsubm.ve NC ind. P = M," К». 
Век. S i2 P.P =Q.) QH Qh 


Dem. 
E.«3015. ЭН:Нр.2. 0” = Рт Г, (1) 
F.x3731. 2F:Hp.2.P""- К.Р. 
[37022] 3.P*n&4P. 
[Hp] Э.Р”+ + Sa. 
[«30:37] 2.248 2 (2) 
F.43015323.2 F: Hp. D. Q= (S18 
[Hp] = Р: 
[(2).*379-99] +1, (8) 


|. (1). (3). DF. Prop 
887321. +: кєРМ cyclsubm.veNCind. 422^ 1.2. 
(99). 9 к. Qe =I [x373219] 
#373:22. Р: кє FM cyclsubm о, ое МС 114 . u = (2e -1)2* 1.2. 
(99) - еко. Qr = I. 
[The proof proceeds as in ж878:2:21) 


x37323. Е: кє FM cyclsubm.o eNCind. и —-2c.2.(4Q) .Qe 3. 0-1, 


Dem. 
Ь.ж87026.2 +: Нр.О.Кек;. Ke — T, :2 РК. Prop 


Ж373231. F: re NCind.2:(4go):e eNCind:r-2o.v.r—2o-1 [Induct] 


«37324. F:ipeNCind.p40.2. 
(Тр, 0).v,0¢NC ind .2p+1=(20+1) 2 +1 


Dem. 
b.#117-661.5 
Е:. Нр.Х- 2 (ят). te NOind—¢'0.p =72"}. Diver. 2.р>, а) 
F.x116301.2 F : Hp(1).2.p 5 p2*. 
[10:24] 2.0ех (2) 


F.(1).(2).«261:26 . *263°47. DF :. Нр(1)-Э: 
(я»):»єМ: д > и. негел (3) 
F.x11652321.29 E :p2 727.0220 .2. p o2? (4) 
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Е. (3). (4). Db: Hp.3:(qu,7):y,reNCind.p=72"tu>v.d,. 
c (Ят) ре 12: (Че) .т= 20: 

[x373231] Э:(я»,а).»,се МС .р= (а +1): 
[116-5232] 5: (qw c) .»,c e МС ша. Зр+1= (20 +1) 2" 1 ОР, Prop 
4873-25. bie FM cyclsubm. pe NC ind — 10-11.. 

(0). Ө єкә. 08-41, [3373222423141 
48733. Р: кеРМсусі. 0.00. Века. е = Rr Dc 
(Яр, а В). р+0.р+Т. ш=ар.у= Вр. В є(І,, р) 


Dem. 
F.«30023.2 F:. Hp.2 :(gp) .p 0. R = I, :9«р.0+0.5,. КТ, (1) 
F.«3012. ЭН: Нр. R=. D. +1 (2) 


T 


.«30225.2 F: Hp.peNCind - “0.2. 
(на, В, у, 8). и=ар+В.и=9ур+8.В«р.8«р (3) 


T 


«30123504 .2 

РК:Нр (3). № =I p=ap+ B.v- yp 8. Ке = Hr- I. D. Е = RESI, (4) 

F.(4.2F: Нр (4): <  p.o $0.2,. R F}: 
Итар%В.ужар%8:2.8-0.6-0 (5) 

F.(3).(5). 21:. Hp: p+0.R=I,:¢<p.c40.9,.R°¢],:3. 

(Ядуу). #=ap.v=yp (6) 


T 


- (1) - (2) - (6) . (4873-03). D + . Prop 


Ж878:31. Fixe FM cycl. Reno. 0.v 0. = R = I. О. о (д Prm р\ 
(«373:3] 

*37332. +: кєРМ сус. Rexg.pe Prime. Re I.D. Rell, р) 
(87881. Transp . (*373-03)] 


We assume here that a prime number is prime to all numbers less than 
itself except 1. This follows at once from the definition. 


490333. Е:кеРМсус Reng (Ix p). Re L,.2.(qr).um pr. [873-8] 
83134. Е:ОМ„Р.=.Оею.Р= 0» [06373:01)] 
373401. Ес кє FM суб] вабт . ve NCind 20.2. Z,eQ*M,, — [387325] 
4873-402. Е: e FM subm . ve NC ind — 1/0. 2 . к СОМ, [#3734] 
4873408. H: v e NC ind — 0.2 .DCM, C; [4373-4] 


#373404. Е: кє FM cyclsubm.»,ae NC ind — 10.2.7, e ЧМ" 
[4373:401:402:403 . Induct] 


972-406. F:» ae NCind t0. QMII. D.Q =I, |9734. Induct] 
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319406. Н: ae NCind — 1/0. Re D'M, s. 2. МВ = R^ 
[437374 . Induct] 

«379407. F:v а, yeNCind — “0. RM utle. 2. RYM tde [«373:406] 
«373-41. Р: а 8 eNC ind — (0. QM AT, RM, PI, . a 8.2.Q R 

Dem. 

E .#373'405-407-403. DF: Hp. 2. Q^ = I, . Б exo: Db. Prop 
«373-42. b:«eFMcycl.ve Prime — t1. aeNCind. 
0М,41, с «25.ас40.2.0"44, 

Dem. 

Е. ж373:405 . ж30023.2 


Ес. Нр.Э:(яо):040.0-1,:4« р-о40.2,-0741, (1) 
Ь.ж878:88`405.2 
Ес, Нр:р+0. = Т.: 93 р.в+0.5,. 97+ 1.:2. (чт). vt = pr. 


[Hp] 2. (НВ). po» (2) 
Е. #373407. DH: Hp. 8 a.2. Q^ 4 I, (3) 
Е. (2).(3). 2F:Hp(2).2.p-» (4) 


F.(1).(4).2 F. Prop 
In obtaining (2) of the above proof, we assume that if v is а prime, and 
рт is a power of v, then p is a power of v. This is easily proved. 
#37343. b:«e FMcyclsubm.vePrime — i1. ae NCind — (1.2. 
Яка (Fest) [37940440542] 
#37344. biyPrmp.yPrmo. 2.4 Риш po 
Dem. 
F.x3021. Db: у Prm p. ~ (у Prm ро). ce NCind - 2. 
(чт, а, 8).reNCind—(0—4l.y-ar.po— 87 (1) 
|. ж308:39. эн: Нр(1). теМСіпа — 00-11. у=ат. ро = 87.2. 
ylp=ac/8 (2) 


F.(2). 4303341. D H : Hp (2) . ос Prm 8.2. y = ac (3) 
F.(3).«3021. ЭР: Нр(3). = 1.2. (y Prme) (9) 
F.x113621. 2Е:реМС.в=1. ~ (y Prm pa). 2. (y Prm р) (5) 
F.(5).Transp. ЭЕ:Нр(1).Э.641: 

[(4)] 2F:Hp(3).2.— (y Ргш о) (6) 


Б.ж302:36, ЭЕ: Hp (2) . ~ (ас Prm 8).2. 

(HE, n, 5). EPrmg.t£t1.ae - E£.8— «t£. (7) 
F. #30339. DF: Hp(7) .£Prms. +1.аа = EE. 8 — 5t. 2 . ас/8 = El 
[(2).4303:341] 2.у-Е.р-т. 
(Hp] D. apo = Ву=арёт. 
[ж126-41] 2..= (8) 
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F.(7).(8. 2F:Hp(T).2.(gD.ysar.o = бт. 

[x302:1. Hp] 2.--(у Prm в) (9) 
F.(6.(9). Dk: Hp(2).3.~(y Prm а) (10) 
F.(1).(10). Db sy Prm p.~ (y Prm ps). ce NC ind. D. ~ (y Pim е) (11) 
Е. (11). Transp. ЭК. Prop 


*873 441. F:. p Prmo : (98). 08 = 8o : D (ut) 8 = £o 


Dem. 
F.x12641.2 
F:iHp.p8—8e.p— ёв. ё = ув. EPrmg.2.E8 9o .EPrmg.EPrmo. 
[*873-44] D. EB =по. E Prin ge (63) 
F.(1). 2F:Hp(D.Et1.2.£41.E£—£x,1.5o— £x, B. 
[*302-1] 2.-(£Prm qo) (2) 
F.(2). Transp. (1). 2F: Нр(1).2.#=1 (3) 


F.(1).(3). 2F. Prop 


837345. bree PM cycl.p Prmo. Re(L p) -Se(Lo, 0). D. R| Se(L, po) 
Dem. 


E.x87033. — 2F:Hp.2. (Ri Sys = I, а) 
|. (1). 437381. ЭЕ: Hp. (R1 Syr L, y 40.2: (y Prm ро): 
[437344] D:~(yPrmp).v.~(yPrmo) (2) 


Е. 4370:33 . #301°504 . D 
Е: Hp (2). p =ar. у= Br. 2. I, = (R| 9) = See" = 8%, 


[*373'33] D. (g8). p8 = 8e . 

(ж378:4411 2.(30. 8 - ёс (3) 
+. (3). DE: Hp(3).D.(R]S)r= L.S I. 

[x376:33] 2. "= 1,. 

[#37333] D. (qe). Вт = ват. 

[Hp] 2. (Ян) у= up-u 0 (4) 
F.(8).(4.2 t : Hp(3).3.(qv).y = ре.» 40 (5) 
Similarly К: Hp. (yPnno).2 (Я). у= оро. 40 (6) 
Е. (2). (5). (6). D F : Hp(2).2. (qv) vt 0. y= оре (7) 


Е. (1). (7). 11762 DF . Prop 


4873451. Ес. pe NC ind — (0: ~ (qp, о). ve Prime. p »*:2. 


(ns v). и Рети. р « p.v <р. pur 
Dem. 


F. x26126 . #26347 . D 

F: Нр.2. (Я, а). ye Prime. pe D x,y pre D'x, y pF. 

[*37344. Induct] D . (qy, a, 8) -y « Prime . p = 78. 8 Prmy*. В +1: DF. Prop 
R&W. П. 
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#373452. Ё:. ие Prime.ae NC ind. Э, = ЖЛСЭН” Prm у. фи . gv 5 3 5; 
фФ(ш):Э:реХОіһі-40.2,.ф(р) (ж378:451| 


x37946. Г:ке РМ сусі subm. pe ХС1ад-10-441.Э. ea^ (Lu, p) 
[*373°43°45°18-452] 
#8735.  biwe РМ су]. уе NCind. Rexgn (Ix, v). D. Pot'Rev 
Dem. 
F.«302:25 . ж801:504. D 
Е: Нр.ае МС ш4.2. (зё, т). а= # +7. <. R= R. 


[*120°57] 2. NcfPot' E Sv (1) 
F.«30193. Dh:Hp.p<v.c<p.d. | Re Rr. 
[Hp] D. Re RH. 
[*330-32] >. № Re (2) 
Е. (2). Transp. ЭЕ: Hp.p<v.c<cv.RP=R*.3.p=v (3) 
F.(3).412057 .2 F : Hp. 2. Ne'Pot*Rz» v (4) 
F.(D.(4).2F. Prop 

«37951. F:xeFMoycl. Бек ^ (I, ши). D. Re e (1,, v). Ро Re ev 

Dem. 

F.«301504.2 


F: Нр.2:(А) = 1,:0 < »v.04$0.2,.(R*y FI: DE. Prop 


«37352. Е:кеРМ сус. Rex; ^ (1, )-иРгшь.Э. 
Re e(1,, v) . Роб Re = Pot R 


Dem. 
F.«37333. Dt: Hp. H^ e(1, р). D. (Gr). upvr. 
[*373:441] 2.(qyD.p-o»t (1) 
F.*301504.  ЭЕ:Нр(1).2.(8%) =I. 
[Hp] Ору @) 
F.(1).(2)- Dh: Нр.2. Re e(1,,v) (3) 
F.(3).x37351.2F : Hp. 2. №еРо Re = Ne‘Pot'R =v (4) 
F.x9L6. Dt: Hp. D. Pot Ке C Pot R (5) 
Е. (4). (5) «#120426. Transp. ЭН: Hp. 2. Pot‘ Re = Pot‘ В (6) 
F. (3). (6). DF. Prop 


4373521. b: c c FM сус1. Re (xg v Спу“‘ко) -v e NC ind . Rr I,.2. RePotR 
Dem. 
F.«3012.x1314.2 F: Hp. 2.» £0 (1) 
+. (1).ж301-21. 2HF:Hp.2.X- №: ЭН. Prop 
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#373522. +: Hp«373:521. S, Te Pot*R . D. FT TePot'E 


Dem. 
E .4973521 DF: Hp. 2. Se Potts. 
[#9156] D. Se PoR. 
|ж91:3481 2.8 IT e Pot*R:2 F . Prop 


437353. t: Hp»378521. S, Te Pot*R. Te Pot'S. TW,S.2. 
TW, (S|T). 5 Te Pot*R Рон 


Dem. 
F.x37133. Dt: Hp.d.7W, (SIT) (1) 
=. «373-522. эк: Hp. D. S| Le Pot (2) 
Ь.ж91:36 . Transp. ЭЕ: Hp. D. S| T e e Pots (3) 


F.(1).(2).(3).2 F . Prop 
ж373-531. E: Нрж879:58. 2. ÍT = max (W,)'(Pot*R —Pot*S)) (ж378:58) 
*373:532. Е: Нр ж373:521. Se Pot^ R. T = max (W,) (Pot В — Pot*8). D. 
SW.T (x373:531. Transp . x37112] 
x973:5833. |: Hp «373521. Se Pot^R. E! max (W,)'(Pot* E — Pot*S).2. 
со {8 = тах (И) Ро Б} [ж373`532] 
#37354. +: Нр ж373:521. 5 = шах (W,)'Pot'R.D. Pot* = Pot*S 
Рет. 
Е. ж373-588 . Transp. Dk: Hp. 2. ~ E! max (W,)(Pot*R — Ромб) (1) 
F. (1). 3733-5 . ж261-26. Transp. DF : Hp. 2. Pot*R — Pot*S— A (2) 
F.(2).«916.2 FE. Prop 


#373555. bike FM cycl.ve NC ind — 60. Кєк ^ (Iv). 
S = max (WPot*R . 2 .Se(L,,v) 
Dem. 
L.x373395. ЭН: Нр.2. (зр). реМС 14 — 60. Se(7,, p) .Pot^Sep. (1) 
F. 373545. D F: Hp. 2: Pot'Sev: 
[*100:34] 2: pe NC. PotfSeg.D2.pov (2) 
F.(1).(2).9F. Prop 


ж373-56. t:Hp«37355.2.S ev, 


Dem. 
F.x20521. 3SF:iHp.QePot* E -i/8.2.QW.S (1) 
Е. (1).ж30191. ЭЕ: Hp.aeNCind. 8148.2: 9" WS. S = 888: 
[#37115] 2:5 69.2. 8* exo (2) 
|. (2).ж373:55. DtuHp.2:ad40.a« v. S59 erg. D. Serg (3) 
F.«3T116. ЭӘк:Нр.Э.8ехе (4) 
b.#301-2.41914.3F:Hp.d.y>1 (5) 


Е.(8)-(4)-(5) 3397217 . D +. Prop 
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48736. Fixe PM сус вирт. ve МО та 20.2 у!» л 8(8* = I) 
[373-46:56°5. 261-26 . x37211] 


#87361. F:Hp«3736.2.» 6 N(= L)el [437228 37376] 


«373-62. +: Нр ж373:6.58є,,.8 —7,.2. 
S e(L,, v). Pot'S = РОР" = T) e (к v Сау“) 
Dem. 

+ 4373553661. DF: Hp. 2. Sell v) (1) 
F.x3735654. ЭБ: Hp. Re(L.,v)a ко» Г= шах (W) PotR.D. 

S, Tev.. S" = Т. Re Pot'T. 
[*37 2:28] D.S=T. RePotT. 
[x1312] 2. Re Pots (2) 
К.ж*378:88. ОЕ: Hp. Ав (1, р) око. RY =1,.3.(qr)-v=pr (8) 
Е. «87219. ЭН:.Нр.Э:и-ит.Э.тєдү. 
(С) D. Be Potts (4) 
+. (3). (4). DF: Нр(З). 2. Re Pot*S (5) 
К. (1). (2). (5). 2 К. Prop 


#37363. F:ikePMcyclsubn.»eNCind (0.2. 
B (Pre Тул (ко Сту“) = Pot'QS) (Sev. = Г.) |ж7261:69) 
ж373'64. Е:ке FMcyclsubm.veNCind- (0.2. 
Ne4P(Pr2L)n(eoCnvte)) o». [ж373'685] 


#874. PRINCIPAL SUBMULTIPLES, 


Summary of *874. 


In this number we prove for any vector what was proved for J, in ж878, 
namely that, if > is any inductive cardinal not zero, and Ё is any vector, 
there is just one member of v, whose pth power is R. This one we call the 
* principal" pth submultiple of & The proof of its existence is as follows. 

Assume В is a non-zero vector, and Q is a vth submultiple of R. (Q exists 
provided we assume that к is submultipliable.) Let T be the principal vth 
submultiple of 7,, whose existence has been proved at the end of #873. We 
wish to prove that there is a vth submultiple of R which isa member of и». 
By #372:33, Q is а member of v, if TW.Q. But if QW, 7, then T must have 
a last power T” such that QW, 77, and for this value of с we shall therefore 
have 7°#1W,Q. (We cannot have Tet! =Q, because if Q were з power 
of T, we should have @ = 1. whereas by hypothesis @ = R.) Now if 
TOW, БА ОГТ”, the vector 719 must be less than 7, ie. we shall have 
TW. (Те) 0), and therefore Te | 9 will be a member of v,, by ж872:83. More- 
over since T” = 4, we have QY = 9’=В by hypothesis. Hence Т | 0 is 
a pth submultiple of R and a member of »,. In virtue of #372'28, it is the 
only vth submultiple of R which is a member of »,. Thus the existence of 
the principal vth submultiple of any vector is proved, assuming the family 
concerned to be cyclic and submultipliable. 

We prove also in this number that у, consists of all non-zero vectors 
not greater than the principal vth submultiple of Го, which is therefore the 
greatest member of »,; that is, we have 


yee 
#37421. Е:ке РМ cyclsubm. 3.» = (И) QR) (Rev. RY = 1.) 
48741. Fi ке РМ сус . R, Qera: Q =R. Tev. T=.: 
TW.Q.2.Qev. [*372°33] 
The above hypothesis is not all necessary for the conclusion, but is 
adopted because it gives the construction with which we shall be con- 
cerned. 
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«87411. F:Hpz3741. QW, T. 2. (qo). THW, Q. QW, T" 
Dem. 


F «3015043 2 H: Hp. ce NCind 2. Q4 7 а) 
F.x373625. 2F:Hp.2.Pot'Tev. 
[261-26] 2. Е! min (Wy Pot Ta 490) | 0) 


F.(1). (2) «3721.2 F. Prop 


487412, |: Hpa87411. ZW, Q. QW, T". P Te| Q. 2. P ev, 


Dem. 
F.x38712316. 2 E: Hp. 2: Реко. Terg: 


[x371:25] 2i:1PW,T.2.P|T*W,Te*. 
[Hp] Э.ОҮ Ч: 
[Transp. Hp] 23i1TW,P: 

(ж872:88) 2:Pev,:. D+. Prop 


#87413. Р:кеРМсусі subm . Век.Ә.(ЯР).Ре,.Р-В 
Dem. 


Е. 23741. Dh: Hps3741. TW,Q.2.Qev..Q'e Е (1) 
Е. #37412. Db: Hps37412.2. Pev.. P2 В (2) 
H. (1). (2) X37411 . D H: Hpu9741.2.(gP).Pev,.P*- В (3) 
F.x3736. 2k:Hp.2.(qT). Tev. T* - T, (4) 


F.(3).(4).2F. Prop 

#87414, Р:ке FM cyclsubm. Rex v Спу“к,Э.(ЯР), Pev.. Р’ = Е 

Dem. 
H. x37413. 43736. D H: Hp. Sex, Re B.2. 
(a7, Q. T. Qen. T -L..Q'- S. R- S. 

[x372-27] >. (GF, Q).T, Qev,. TW.Q.(Q| TY -S- R. 
[4371116437233] 2. (aT. Q Г, Qev,. QI Tev,.(Q| TY - Е (1) 
Е. (1). #37413 . #3736. 2 F. Prop 

#3742. F: ke FM cyc subm. Rex v Спуск. Э.р е Pu = В)є1 

[0374-14 4372-28] 


ж374:21. Fine FM суд subm .2 . v, = (уы GR) (R ex, . R” =I) 


Dem. 
F.x9742. ЭН:НЁ.2.Е!@В)(Вви,. R =I) а) 
LF.437283. 2F:Hp. Rey, Br 1,.2 (WO Си, (3) 
F.x972152.2 E: Hp. Rey, . "= Iu. P eves d. R (Woy Р". 
[x312:27] 2. В(ИжР (3) 


Е. (1). (2). (3). D F. Prop 


#375. PRINCIPAL RATIOS 


Summary of ж315. 

In this number we define a relation (g/v), which is contained in 
(шу) «,*, but has the advantage of being one-one, and of excluding (р/с), 
unless u/v = р/с. The relation (u/v), is defined as holding between R and S 
when the principal uth submultiple of R is identical with the principal vth 
submultiple of S, т.е. we put 


87501. (ырь). = ВКТ). Teu ov, Е T^.S- T) Df 
(Here jix A v. = pe if р 22 v, and =», if v > p, by #387215.) 


The properties of (u/v), result from *374°2. We find that, except when 
p-v-0or£z920, 


шо = [ne (иј), = (Е). (#87527). 


If uv, Q*(a[v), = км Сау“ (#375141), 
and реа = (аи). (#37522). 


The principal vth submultiple of S is (1/v),5S, and its wth power is 
(ьо) 8. Also we have 
(Jg. jo). S = (уро) S (481515) 
N ey, .2 . (AY]p) N e(pv). (ж875:16), 
(и), = (ша). (#37572), 


The propositions 
(ш/о). (pla. = (ши ха р/с), 
апа (о/о) R} | (ole). R] = (ыр + р/в) R 
do not hold without limitation. The former requires either 


BBV Vic Sp, 
or that the converse domain should be limited to 


e 
QV (ofp) T. 
ie. to D'(cf[p).. 
The latter requires either 
plv +: plo «11, 
or Ве “(р/у +, plo). 


* Except in the trivial case when a0. »—0. In this case, (ш/у) к, = А but (ufe)e m Ie Ix. 
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937501. (uj). RS (qT). Tem nve Ro Te. S- Т") Df 
83151. К: (|), 5. =. (#7). Тень. R=. S- Т9 (487501) 


437511. Р: кєРМсусі. р, є NCind ~ 0.2. (ш/о), el 11 
Dem. 


F.«37228.2 

Е: Нр. Векч Cuv. T, Weg, nv,. Е Тн We.d.T=W (1) 
F.(1). «8751.2 +: Hp. R (uf) S. Е (ш/о), 8. 2.82 7" (2) 
Similarly F:Hp.R(ujv), S. Е (ши). S. 2. R- Е (3) 


F. (2). (8). D F. Prop 
«37012. H:«eFMceyd.~(p=v=0).D . (p/v) C (uj) e [x37033] 


*37513. |. (v/u) = Cnv(ujv). [43751] 
487514. H: prv. eFM cycl subm . D . D(u/v), = x v Спу“к 
[#3742 . 37215] 


89175141. К: ри. ке FM сус! subm . 2. Яро) = кч Соу [37571814] 


#37515. F:keFMcyclsubmn.Sexv Onv'x.p,veNCind—(0.2. 


(Up). (jv) 8 (py) 8 
Dem. 


F.x397514.  2F:Hp.2. EUP AMS . E Y (1/pv),*8 а) 

F.(1).339751.2 F : Hp. 2: M = (1/p)(1/v), S . =. 
(qN).Nev,. Mep,. NY - S. Me-N (2) 

Б.(1).48151.Э2 Fi. Hp. 2: M = (1/p),/S. =. Ме (ро), . Me = S. 

[37219] 2. Мер». M° ev, (Moy - 8. 

[(2)] 2. M=(1/p)e(1/r) 6S (3) 

F.(1).(3). DF. Prop 

*375151. tice PM cycl.N ev, . 2. N - (1/0), N” [43751] 


ж87516. Р:ке FM cyclsubm. Nev,. pe NCind — 10.2. (1/p),4N e (ри), 
Dem. 
F 337515151. 2 F: Hp. D. (1/р) «У = (1p), N”. 
[3751] 5. (1/p)N є (ри), : D F. Prop 
43752. bree FM cyc. p, ve NC ind 2 0.2. (и), = Quf1l), | (1/v). 
Dem. 


b.a3751. Db: Hp. D: R ((u/D, | 1v] 8-5 - 
(3T). Teu v. R= Ти, S2 Tv i. DE. Prop 
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«875-21. Е: ке FM сус subin . 4 1 аъ), ^ (ро), . Эк шъ = plo 
Dem. 
F.x9751.2F: Hp. P(ufv Q. P(pjo), Q.2. 
(18, T). Sene v, Тєр, no, PS Te. = S" Ре (1) 
F.(1) 33742 437516. D F: Hp (1). 2  (qR, 5, T). Segen ve 
Te pp non. P=Se= Te. = 8° = Tr. = Re. Re(uo)e п (vo),. 
[4301504] 2 . (JR, S, T) S eps v, 
Тєр, ос, Re(uo) n (ив). . Р = St = Te = Re Q= 87 = Те = Re. 
[#37228] 2.(ЯА,5, Т). Бер, ти. 
Тер. га. Ве(ио), е (ис), P= 8“ = Те = Вее. T= В». 


[ж301`504] 2.(ЯА). R e (po); п (vp), . Ё? = Re (2) 
F. #8722. (2). DF: Нр(1). po Svp. 2. uo —vp (3) 
Similarly H: Hp(1). vp > po. D .pr= vp (4) 


Е. (3). (4). DF: Hp. >. uo —vp:2 F. Prop 


#87522. F: ке РМ cyclsubm . u Sv -D .D'(ujv). = Ч АРГ7 229 
Dem. 


F.x3751.2 

Fi Нр.2: Керио), . =. (95, T). Тер, nv, . Е = T^. S— T». 
[x372:15.421:2] =. (4T). Tev. R- T». 

[x37421] =. (FS, T). Sen S" = I,. S (Woy T. R= Te. 
[x372:27] =.(я8, T). Sev. 8” = Г... Se(W)g T^. Е T». 
[Hp] &.(qS). Sev. 8° = I, SE (Weg R. 

[x375 111] =. f(v) T] СИ) Ri. 2 F . Prop 


PME 
ж375'221. bee FM cycl subm . p ze v . 2. ашуы = (Wy (оГ) Ч. 


[27222 Хүйс x31513] 


ж875:23. +: кє FM cycl subm „u, v e NCind. ~ (u =v 20). D . 4! шив 
[4375-14141] 
«876-24. bree FM cyclsubm .(u/v = (plo). 2.u]v- ріс [ж875°21°28] 


The cases when we do not have д, и, p, c € NC ind — “0 require separate 
treatment in obtaining ж375:24, but they offer no difficulty. 
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«37626. bree FM cyclsubm.p Prm o . ujv = ріс. 2 . (ши), = (p/o)x 
Dem. 

Һ.ж303:39. #380235. D H: Нр.Ә.(Ят).ш-рт.утжат а) 

Е. ж37219. 2: Hp. n2 pr.v = от. Тер ^v, . R2 T^, S- Tr. P- 1,2. 
Рерас,..Ет-)Р».8-Р” (2) 

F.(1).(2). 9751. D F: Hp. D . (p/v) С (р/с), (3) 

F.«37515.2 

F:Hp(l).um pr.v—-or. Pep, по. Ё = P. 8= Pr. Т=(1/ту“Р.Э. 
Те,аз,. E T^.S- T" (4) 

Е. (1). (4) X37151.2 FE: Hp. 2 . (р/с), C (ujv) (5) 

F.(3).(8).2 F. Prop 


ж375:26. F:ke PM сус вит. о (и = = 0). (£750). ши = Јр. 2. 


(ши), -(Е/т, 
Рет. 


|. ж303:39 . #30234. D 

Е: Нр. u,v, & ye NC ind. 2. (яр, с). (р, с) Prm (р, и). (р, с) Prm (Ё т). 
[*375:25.x303:211] D. (TP ©). (ple). ujv). « (pla) = (тк. 
[13171] 2. (uv). = (plo). 0) 
F.«3751.3303:1114182.2 

F: Нр. ~ (p v, E 9)eNCind. 2 (п/у), = А. (р/с). = А (2) 
F.(1).(2).2F. Prop 


*37527. |:. ке РМ сус] зор. У (р=и= 0). (=1=0).2: 
шо = т. =. (ији). = (Em. | [39752426] 


+3753. Е: кеРМсусі subm. p,v,p,oeNC па — 0.2. 


(иј) (oj). © (uplvo). 
Dem. 


F.x3151.2 F: Нр.Р(и/”),0.00(р/0) Е.О. 
(98, T). Sep, nv, . P2 89.Q- S'.Tep,no,.Q— Tr. R 7° (1) 
F.«x37514115.2 
F:Hp.Seu, nw. Р= 88. 0 = 8°. Тер по, .9= Tr. Re T*.2. 
(М). М = (1/р) 8 . P = Ме. 0 = Мә = Te. Е = Т.М e(up.- 


[437228] D.(qM). M c(up),. P = Me. T= М. В= То (8) 
F.(2).«3751.2 F: Hp(2). np > vo . 2 . P (pivo) В (3) 
Е.(1) (8)... ЭЕ: Нр(1)-ирэвис.Э.Р(ир/гес)у В (4) 
Similarly F:Hp(l).ve ze up. 2. P (р/с), В (5) 


F.(4).(5). DF. Prop 
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ж876:31. Fi ке РМ сус заб „дит, pce NCind 00 : р 220.0. с р> р:2. 


(арос), = (руу), | (р/с), 
Дет. 


If Р(ир/ув), В, we have 
(ЯМ). Me(up) е (vo), . P =M”. Е = М". 
The result follows by putting Q = М». 
Without the hypothesis uzzv.v.c zz p, we have 
Cepivo) B = (шу (pla) R, 
if R is sufficiently small to ensure (1/vo),* E e (vp),, ùe. if 
(a/p) L (Wy В, 
$e d R e C р/о),. 


#37532, F:ke FM сус! subm. р/у +, р/с <, 11. Rex v Сау“. Э. 
dv) ВЕ) | ple B) = (шу +, pfo), B] 
The proof-follows immediately from the definitions. 
The same result follows without the hypothesis м/у +, р/с <,1/1 pro- 
vided R is sufficiently small to ensure 
(1с), В є (ир + vo), 
4.6. Е e G*(ujv +, р/с). 


